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1. Introduction

Various (explicit and/or abstract) Capelli identities corresponding to multiplicity-free
actions were established in [4]. Among the explicit identities given there, only those
relating skew-symmetric matrices under the action of GLy have not yet been completely
understood explicitly, although their general nature was determined. What is desired
here is to obtain an explicit formula for the skew Capelli element (see p. 592, Remark (a)
in [4] and see also [8]). Since in [4] the skew Capelli elements are introduced through
their eigenvalues in terms of the irreducible summands of the decomposition of the ring
of polynomials on the space of skew-symmetric matrices, it is difficult to obtain explicit
formulae directly from the definition. The main purpose of the present paper is to provide
such an explicit Capelli identity by using the minor summation formula of Pfaffians
established in [5]. In particular, we give an explicit formula for the skew Capelli element,
which in fact belongs to the centre ZU(gly ) of the universal enveloping algebra U (gly),
in terms of the trace of powers of a matrix £ = Ey. Here, the (i,j)th element of the
matrix F is given by the (¢,j)th standard basis elements E;; of gly. In this context,
the expression ‘the Capelli identity’ refers to a description of the invariant (polynomial
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coefficients) differential operators in terms of some suitable elements in ZU(gly) under
the corresponding infinitesimal action of GL .

To find the skew Capelli elements, we look at the following identity as our starting
point (see p. 296, Remark 2 in [5]):

« = (n(n—1))/ —X 1
t X . _1\(n(n—=1))/2 n
tE:O A E pf(X;) pf(0;) = (—1) pf <_In /\8> . (1.1)

iely,

Here, O represents a dual matrix of X = (z;;) obtained by replacing z;; with 9/0x;;,
and X; and 0;, respectively, represent the sub-matrix of X and the sub-matrix of 9
determined by the subscript ¢ (see §2 below for the precise meaning of the notation).
The important fact here is that the coefficients of the A* on the left-hand side give rise to
the generators of the ring of invariant differential operators with polynomial coefficients.
Actually, it is easy to see from this expression that the operators are GL y-invariant.
Therefore, the problem is to determine how we can express the right-hand side in terms
of suitable polynomials in E;; under the action in question. In fact, these polynomials
turn out to be elements of ZU(gly)[A].

Our strategy is to use the idea described above to obtain the desired identities. For
motivation and guidance, we start by considering the much simpler commutative case.
In §2 we recall the classical Newton formula for describing the expression of elementary
symmetric polynomials in terms of power-sum symmetric polynomials and vice versa.
In other words, this is a relation between the trace of powers and the sum of minor-
determinants of a given square matrix. If we replace 9 appearing in (1.1) by a matrix YV’
whose elements commute elementwise with those of X, then we may state a certain vari-
ant of Newton’s formula in determinant form for a skew-symmetric matrix. This variant
describes a relation between the trace of powers and the sum of minor-Pfaffians. This
enables us to establish a ‘commutative’ counterpart (or, rather, the ‘leading term’ of a
differential operator) of a formula for the target Capelli identity (see Theorem 2.7). From
this identity we may guess the explicit form of the skew Capelli elements and the identi-
ties, respectively. In particular, it seems quite reasonable to expect that the skew Capelli
elements can be written nicely using the trace of the matrix powers E* of E. Of course,
if one could compute eigenvalues of tr(E¥) in their entirety, then one might naturally
expect that the final answer could be found by employing the representation/invariant
theoretic characterization of the operators. However, this is not the case. Fortunately,
though, one can determine constant multiples which relate the generators (of the invari-
ant differential operators with polynomial coefficients) and the desired central elements
defined in terms of the various tr(E*). Combining the information about such constant
multiples which can be obtained from Theorem 2.7 regarding the inductive properties
which our expected elements possess, we will finally obtain the sought-after Capelli iden-
tity in Theorem 3.2. It is worth noting that a similar procedure also works when one tries
to find a certain variant (using the trace of the matrix powers E*) of the Capelli identity
for the most standard GL x GLx action on the full matrix algebra (see Theorem 3.15).

Moreover, in the very final part of the paper, we devote ourselves to computing the
explicit eigenvalues of our skew Capelli elements Ty, (E). In order to do this, we first eval-
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uate the eigenvalues of these elements on some class of representations (parametrized by
partitions of the box-type shape) which consists of a part of the above-mentioned irre-
ducible summands. Indeed, comparing this result with the very definition of the afore-
mentioned skew Capelli elements C;! via the eigenvalues introduced in [4] we finish the
computation. This means that our skew Capelli elements T}, (En) coincide with C{.

2. Newton’s formula for Pfaffians

In this section we give a Pfaffian version of Newton’s formula for a skew-symmetric

matrix.
We first recall the definition of the Pfaffian pf(X) for an 2m X 2m skew-symmetric
matrix X:
PE(X) = ) s8n(0)To()e@) Ta3)0) * To@m—1)o(2m)-
UGsz/%m

Here 9B,, is the subgroup of the symmetric group s, consisting of elements which
preserve the collection of pairs {{1,2},{3,4},...,{2m — 1,2m}}. It is also convenient to
note that pf(X) can be expressed as

1
pf(X) = ] Z SEN(0)To(1)0=(2)To(3)0(4) " ** To(2m—1)o(2m)>
oc¢,,
where we define €, = {0 = (c(1),...,0(2m)) € Gap,; 0(2k—1) < o(2k) (1 <k <m)}.
We now define
I} ={i=(i1,...,ip); 1 <iyp <--- <ip <n}
for n, k € N satisfying k < n. Let X = (z;;) be an nxn matrix. For each ¢ = (i1,...,1) €
1}, we denote by X; the sub-matrix of X defined by
Tiqiq N Ly
X; =
Z‘ikil P xikik
We now recall the minor summation formula of Pfaffians from [5].

Theorem 2.1 (the minor summation formula of Pfaffians). Let T be ann x n
matrix and let X and Y be n X n skew-symmetric matrices. Put m = [n/2], the integer
part of n/2. If we define Z = TY T, then

iVZpf(X»pfm)deuTi)—<—1><"<”1>>/2pf<‘X I">, (2.1)
£=0

; -1, M\
iell,

where )\ is a parameter, I, is the n x n identity matrix and "T" denotes the matrix
transposition of T.
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To simplify the following discussion we assume that n is even throughout this section.

Corollary 2.2. Suppose n = 2m is even. Let X and Y be n x n skew-symmetric
matrices. Then the multiplicity of each eigenvalue of the product XY is even.

Proof. Taking the square of both sides of (2.1) when T = I,,, we have

m 2 2
{;Athf(Xi)pf(Yi)} {<1><”<"1>>/2pf (_f fy>} = det (f fy)

‘el
= det(—X) det(—X ' + \Y) = det(I, — AXY)
= A"det(\"I, — XY).

Put s = A~!. Then the formula above turns out to be the characteristic polynomial of
the matrix XY. Namely, we have

m 2
det(sI, — XY) = {Zsm—t > pf(Xz-)pf(Yi)} . (2.2)
t=0 i€ly,

It hence follows that the multiplicities of the eigenvalues of XY are all even. |

We now recall the classical Newton formula.

Lemma 2.3 (the Newton formula). Let

€k = E Ly Ty« Ty,

i1 <ip<---<ip

be the kth elementary symmetric polynomials and py = Y. x¥ be the kth power-sum
symmetric polynomials. Among these symmetric polynomials the following relations hold:

k
keen=> (=1)'pirexs (k=12,...). (2.3)

i=1

This formula can also be expressed in the following determinant form, which is useful
for subsequent analysis (see, for example, p. 28 in [7]):

P2 P1 2 . 0 0
er = %det : : : N : : . (2.4)
: Pk-2 Pk-3 Pk—4 -.. k—2 0
Pk—-1 Pk-2 Pk—3 --- p1 k-1
Pk Pk-1 Pk-2 .- b2 P
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Definition 2.4. For an arbitrary n x n matrix T and k € Zx, we define Ty (T') by

tr(T) 2 0o .. 0 0
tr(T?) tr(7T) 4 e 0 0
) = gy et G2 (%) T .. 2k-2) 0
tr(TF=1)  tr(T*=2) «(TF3) ... (7)) 2(k-1)
tr(TF)  tr(TFY) te(TF2) ... tx(T?) tr(T)

for k > 1 and Ty(T) = 1.
Using Lemma 2.3 we have the following lemma.

Lemma 2.5. Let n,m € N be such that n = 2m and let X and Y be n x n skew-
symmetric matrices. Then

pf(X) pE(Y) = Ty ("X V). (2.5)

Proof. Let a1 - -y, be the eigenvalues of *XY. If we put s = 0 in equation (2.2),
then {pf(X)pf(Y)}? = a? - - a2,. Take the square root of each side of this relation. Then
substitute an appropriate matrix to determine the sign. This yields

em =pf(X)pf(Y) =ay - am. (2.6)
Thus, since

tr{("XY)*} =2(al +---+aF) (2.7)
for any k € N, the assertion follows immediately from expression (2.4). |

The proof of the following lemma is the same as that of Corollary 2.2.

Lemma 2.6. We retain the notation and the assumptions of Lemma 2.5. We then

have
-X 1
f o | =pf(=X) pf(\Y — X1, 2.
p <—In ,\Y> pf(—X) pf(A ) (2.8)
In view of the minor summation formula (2.1), using Lemmas 2.5 and 2.6 we see that
SN pf(Xa) pf(Y:) det(Ty) = (—1) " DIPT, (AX Z - I,). (2.9)
£=0 i€ly,

We are now in a position to state the following theorem. This theorem asserts that the
minor summation of the product of Pfaffians and/or determinants can be represented by
just one determinant whose entries are given by the trace of the related matrix powers.

Theorem 2.7. Let T' be an n X n matrix and let X and Y be n x n skew-symmetric
matrices. Put Z =TY'T. For 0 < £ < [n/2], the following identity holds:

> pE(XG) pE(Y) det(T3) = Te('X 2). (2.10)

iely,

https://doi.org/10.1017/50013091500001176 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500001176

454 K. Kinoshita and M. Wakayama

For simplicity, we shall give the proof of Theorem 2.7 only for the case of even n. We
need the following expansion formula for Ty (AA + I,,) with respect to the parameter A.

Proposition 2.8. Let n = 2m be an even integer and A be an n X n matrix. Suppose
0 < k < m. Then we have

k .
TeAA+ L) = (7:_;) T, (AN (2.11)

=0

Proof. We prove the lemma by induction on k. It clearly holds when k£ = 0. Now,
suppose that the formula holds for any [ less than k. By the definition of Ty, if we expand
the determinant with respect to the last row, then we obtain

k
1 ’L 7
=5 Z Ltr(ADTe_i(A). (2.12)
Using this relation, by the induction hypothesis and the binomial theorem we observe

k
Ti(MNA+1,) = Z(—l)i_li tr{ AN+ I,)}Tr_i M + I,,)

- S0 g S (s HE (7 mea)

=0

:zk: i k_i(_1)i—121k<;) (k”j Z‘_l z) tr(AP) T, (AN

j=0 [=0

s
Il
_

~

We now divide the sum in Ty (AA + I,,) into two parts. That is, we set

Tr(AMA+1,,) = x1 + X2,

where
k i k—i )
B 171i ' m -l r(A7 J+l
w= R (5) (1) samon
k k—i
X2 = ) ( 1)7:—1% (km .y 1>Tl(‘4))\
i=1 1=0

Now we put t = j+ 1, s = j and t — s = | and change the order of the summations
appearing in y1. Then we have

N

—t

S (T (e

t=1s5=11

Il
o
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We now recall two identities relating binomial coefficients. These identities can also be
easily verified by induction (see, for example, [2]). For any I, m,n € Zx( and r € R, we
have

i(l)i ()= (7). (2.13)

i=0
l .
Ml —1 r r—m-—1
—1)° = (=1)Hm ) 2.14
> o) e (I (214)
Using (2.14), x1 turns out to be
P 1 /m—t—1
- s AT, (AN
=S (M)

Making use of (2.12) again, this expression becomes

N (met T
=3 gl )TN

t=1

Similar manipulation yields

This completes the proof of the proposition. O

Proof of Theorem 2.7. If we consider the case k = m in (2.11), then we see that

E

T(AXZ — 1) = (1) Ty (-AXZ + I,) = (-1)™ Y To("X Z)X\". (2.15)
=0

Since (n(n—1))/2 = m mod 2, if we combine (2.9) with (2.15), then the theorem follows
immediately. |
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3. Explicit Capelli identities

Let A2GLy denote the action of GLy on skew-symmetric two tensors. This is naturally
thought of as the action A(g) : X — gX'g (g € GLy) on the space of skew-symmetric
matrices A%(CY). We use E;; to represent a standard basis of the Lie algebra gly of
GLy. Then, let U(gly) be the universal enveloping algebra of gly and ZU(gly) be the
centre of U(gly). We also denote the derived action of U(gly) by A. Then the standard
basis elements E;; of gl are represented by the linear vector fields as follows:
N
)\(E”) = Z(l‘itajt + l‘tiatj). (31)

t=1
Remark 3.1. In applying this formula z;; and z;; should be treated as independent
variables. In other words, if we regard z;; (i < j) as the standard coordinate functions
on A?(CY), then we use the convention on notation that z;; = —x;; for i < j and also
use the convention 9j; = —0;;. Consequently, the infinitesimal action A is interpreted as
)\(E”) = Zivzl xitaﬁ.
Let P(A%(CY)) be the ring of polynomials on A%(CY). It is well known that the

natural action of GLy on P(A%(CY)) is multiplicity-free and that, in fact, the irreducible
decomposition of P(A%(CY)) under the action of gl is described by

PU(CY) = @ ok,
D

where D = (b1, b1,bs, by, ...) runs over Young diagrams with columns of even length and
with depth(D) < N, and ¥ is the corresponding polynomial representation of GLx
(see, for example, [3]). The fundamental generators associated with A%(C) are given by

D2k:(171717 a"'a1?1)7

2k-terms

and the corresponding fundamental highest-weight vectors are expressed in terms of
(the principal minor) Pfaffians or = pf(X(1,2,... 2x—1,2¢)) (see Lemma 3.8 below). Note
that Q]l\),% = A2k(CN). Moreover, the highest-weight vector ¢% of ok for D = (by, by, ba,
by, ...)is given by Hgi/lz] gozk_bk“. Let PD(A?(CN))“EN be the algebra of GL y-invariant
differential operators with polynomial coefficients on A2(C%"). We now denote a typical
element of this space by X; that is, X is an N x N skew-symmetric matrix, and 0 is a
dual matrix obtained by replacing x;; with 0;; = (0/0x;;). Then it is known that the
canonical generators of PD(A?(CN))FEN are given by

I =3 pE(Xa) (@) (1< k< [N/2).
eI,

The operator I/ is characterized as an element of PD(A%(CN))“L~y up to constant
multiples by the following properties [4].
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(i) 'Y has degree k as a differential operator.
(ii) I'/* annihilates all o} occurring in P(A%(CY)) with depth (D) < 2k.

We now come to our main theorem, which gives Capelli identities for skew-symmetric
matrices in explicit form.

Theorem 3.2 (the skew Capelli identity). Define the (central) elements T; ; €
ZU(gly) by ‘
T;;(E) = tr{H(E — (1= 0)(N — 2t))} (i = 7).

t=j
Also define the element Ty (E) € ZU(gly) by putting

TLl(E> 2 0 0 0
Ty (E)  Taa(E) 1 .. 0 0
Tw(E) = —— det : -
+(E) 2k k! Ti21(E) Th22(E) Tr23(E) ... 2(k —2) 0
Tpo11(E) Trpo12(B) Tr-13(E) ... Tp—1x-1(E) 2(k—1)
Tk)l(E) Tk72(E) Tk,3(E) <. Tk,k—l(E) Tk,k(E)

for each k € Z>1 and TO(E) = 1. Then the following (skew Capelli) identities hold:

ANTR(E) =T} (0< k< N/2), (3:2a)
MTL(E) =0 (k> N/2). (3.2b)

Remark 3.3. The statement (3.20) is equivalent to saying that the elements Ty (E),
for k > N/2, vanish on ¢% for all Young diagrams with columns of even length at most
N.

We shall prove the theorem by induction on N. Thus, it is necessary to have precise
information about the properties and relations for the Ty(E) (and hence the T; ;(E))
between two cases gl and gly_;.

Let Zy = (E1n, Fan, ..., Enn) be a left ideal of U(gly) generated by the elements
{Ejn}j=1,...n of the Lie algebra gly. We now regard gly_; as a subalgebra of gly in
an obvious way, that is, gly_; is a subalgebra generated by {E;i}1<j, k<n—1. When it
is necessary to specify the degree N of gly, we denote the matrix E = (Ejr)1<j, k<N €
Maty(gly) by En. Then we have the following proposition.

Proposition 3.4. For k > j (k,j € Z>¢), the following relation holds:
Ty ;(En) =Ty j(Ex—1) mod Iy.

From this proposition, we have in particular the following corollary.

Corollary 3.5.

Tk(EN) = 'TT]C(EN_l) mod IN.
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In order to give a proof of the proposition above we need to prepare some lemmas.
First we observe the following lemma.

Lemma 3.6. For any k > 0, we have

Proof. It is obvious to see that

N—-1k-1
tr EN = Eiil Ei1i2 ce Eikfﬂ mod IN.
1=1 £=0 1<, yig—1 <N,

#{je(1,...k=1); i;=N}=¢

Take now a pair of indices (j1, ..., j¢) such that i;,, = N (1 < ¢ < ¢) and fix it. Then one
easily proves

N—-1
§ : § : _ k—¢
EiilEilig e Eik_li =tr ENfl mod IN7 (33)
=1 1<i; KN -1 (j#j, for all 1<),
ij=N (j=j: for some t=1,...,0)

by induction on k. Since the number of ways for choosing a pair of i; from the set
(41,...,9%—1) such that #{j € (1,...,k —1); i; = N} = { is obviously equal to (kzl),
the desired formula follows from (3.3) immediately. O

Lemma 3.7. Define the numbers aév (k) by the following equation:

k

fo- N =2z~ (N =4} {e = (N =20k = 1))} =D a’ (k)" ".

Then we have

k
10 = (2 Jat (3.4

k k
S ket = Y () 1),
=1 =1
whence the binomial theorem implies (3.4). O

Proof of Proposition 3.4. We first remark that the equations

Tij(Ex) = Tio1,j-1(En) + 2(k = ) Tr1,5(Ew),
Trk(En) =Tia(EN) = tr Ex
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hold, simply because of the definition of T ;(En). By means of these equations, it is
sufficient to prove the statement in the case of k > 1 and j = 1. Now we note that

k
trTy1(En) = Y _ap (k) tr EY.
(=1

Substituting the relation described in Lemma 3.6 we see

Z (i : ;) tr Eg\lfl mod Zn

j=1
{Z (z_;)aév(k)}trEfv_l mod Zy.

Hence the result follows from Lemma 3.7. This completes the proof of the proposition. [J

terl EN =

et
>

Before going on to prove the theorem, we need the following lemma.

Lemma 3.8. Suppose 0 < n < N. Let * = (x;5)1<i, j<n be an n x n principal
submatrix of the skew-symmetric matrix X = (zi;)1<;, j<n. Then we have

(n<j),
A(Eij) pf(x) = {0 (1<j<n, 1<i<n, i#)),
pf(x)  (1<j<n, i=j).
In particular, if we put m = [N/2], then we have
NET o) =ds (Y ) etr (<)
h=((i+1)/2]

Proof. The first line follows immediately from the expression (3.1). Since pf(*gzg) =
det(g) pf(z), we see that the second and third lines are also obviously true. O

Remark 3.9. If b € GLy is an upper triangular matrix, then the formula

pE(("DXb) (1,2, 2k—1,2k)) = O2k(b) PE(X (1,2, .2k—1,2k))

holds for any skew-symmetric matrix X. Here dax(b) denotes the principal minor deter-
minant of b of order 2k (see, for example, [1]). This formula also implies the statement
of Lemma 3.8.

Proof of Theorem 3.2. By the definition of Ty(Ey), it is clear that A\(Ty(Ey)) is
a degree k differential operator. Indeed, we know that A(Tj(Ex)) has degree k as GLy-
invariant differential operator with polynomial coefficients. (Note also that the abstract
Capelli identity A\(ZU(gly)) = PD(A%(CN))9LN holds (see [4]).) Comparing the defini-
tion (determinant expression) of Ty(FEy) and Theorem 2.7, we see that the highest-order
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term (the leading term as a differential operator) of A(Tj(Ey)) is exactly given by '
Actually, this fact is easily seen from the determinant expression of Ty(Ey) by compar-
ing with the determinant Tj(X9). This implies that the difference \(Ty(Ey)) — I} is
of degree less than or equal to k — 1. This means that if we show A(Ty(Ey)) satisfies
condition (ii) of the characterization of I'/}, then we conclude that (3.2 a) becomes true.
We show the desired identities (3.2a), (3.2b0) by induction on N. First, it is clear that
(3.2a), (3.2b) hold for N = 1.

Suppose that the identities (3.2 a), (3.20) hold for N. Recall the highest-weight vector

[V/2]
(pﬁ _ H (ka*ka
k=1
of oR, where ¢}, = pPf(X(1,2,....26—1,2k)) for a Young diagram D = (b1, by, b2, ba, ... ) of even
length. Note that A(FE;n 1)@} = 0 for any £ less than or equal to [N/2] by Lemma 3.8.
Note also that if depth(D) < 2k (< 2[N/2]), then we have ¢}, | = ¢&¥. By Corollary 3.5,
for each k (0 < k < (N +1)/2), if depth(D) < 2k (< 2[N/2]), then we have

Ti(Ent1)eN41 = Tr(En)eN.1 = T(En)eR.

Therefore, if D satisfies depth(D) < 2k (< 2[N/2]), then Tk(ENH)gng = 0 holds
for N 4+ 1 by the induction hypothesis (3.2a) for N. The remaining case that we have
to show holds is only the case when k = (IV 4 1)/2 and depth(D) = N — 1 = 2[N/2]
for odd N, i.e. T(NH)/Q(ENH)cpﬁH = 0. But this in fact follows from the induction
hypothesis (3.2b) for N. Thus the operator Ty (En+1) (0 < k < (N + 1)/2) satisfies the
characterization (i), (ii) of I/}, whence the identity (3.2a) for N + 1 follows. A similar
argument actually works when proving (3.2b) for N 4 1. This completes the proof of the
theorem. (]

Our next task is to compute the explicit eigenvalues of the Capelli elements 'ﬁ‘k(E) In
other words, by Theorem 3.2 this is equivalent to determining the explicit value of the
constant s, which appeared as a ratio of I'! to A\(C{!), where C{! is the skew Capelli
element introduced in [4] (see p. 592). We shall prove below that s; = 1, that is, C{!
coincides with Ty (E) for each 1 < k < N/2.

To prove this it is necessary and sufficient to have precise information regarding the
eigenvalues of T; ;(E) € ZU(gly) for some special representations. In fact, we shall
directly compute the eigenvalues for each representation corresponding to the Young
diagram of the box-type shape with columns of even length.

Using Lemma 3.8 we have the following lemma.

Lemma 3.10. Suppose 0 < n < N. Let k,b € N. Let = (z;)1<i, j<n be an n xn

principal submatrix of the skew-symmetric matrix X = (zi;)1<i, j<n-
(a) If n < i3 < N, then
MEiyiwBiviy -+ Eiiy) pi(2)" = 0. (3.5)

110k
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(b) If1<ig <nandi; € {infU{n+1,n+2,...,N} forall j € {2,3,...,n}, then

ME;,:. E; - Biyi,) pf(2)? = p#UEZekbits =t 1 ey, (3.6)

10 Higie—1 "
(¢) If 1 < i1 < n and there exists j € {2,3,...,n} such that i; & {i:} U{n+1,n+
2,...,N}, then

)\(EilikEikik—l T Eizil) pf(x)b =0. (37)

Proof. By Lemma 3.8, statement (a) is clear. To prove statement (b), we first assume
ije{n+1,n+2,...,N}forall j € {2,3,..., N}. We carry out this proof by induction
on k. If k = 2, then by Lemma 3.8 we have

)‘(Eillé Ei2i1) pf(x)b A([EiliZ ) Eizil] + EizilEiﬂQ) pf(x)b

= /\(Ei1i1 = Lijyiy + EizilEi1i2) pf(x)b = bpf(aj)b
Assume that the statement holds for any j less than k. Then, since i > n we have

)\(E’ilik T EiSiin2i1) pf(‘r)b
= MEiyiy, - Biyiy([Eigiss Bigiy) + Eiyi, Eii,)) pf (2)°
=N Ei i, EigisEirigEigiy + Eiyiy - Biyiy Biyi, Bigiy) pf(2)? = bpf(2)°

provided i; # 4; for all j = 2,..., k. We next suppose 4; = 4; for some [ (> 1). We may
assume that [ is the smallest among such integers. Then by the same reasoning it is clear
that
)\(Eili171 e Eizh) pf(x)b = bpf(:c)b
If there are other values of j such that i; = ¢, then by repeating the same procedure we
obtain (b).
We prove (c) by induction on [. Let [ be the smallest integer such that ¢; & {i1}U{n+

1,n+2,...,N}. If | = 2, statement (c) follows immediately from Lemma 3.8. Assume
that (3.7) holds for any j less than . Then we have

AN Eivi_ Ei Ei sir_s - Biyi, ) pf(2)°
- A(([Eilil—l ) Eil—lil—2] + Eil—lil—ZEilil—l)Eil—Qil—S T Ei2i1)pf(x)b

= )‘(Eiliz—QEi Eiz—siz—4 T Eizil + Eiz—lil—2Eiliz—1Eil—2iz—3 e Ei2i1) pf(x)b'

1—1%1-2

1—2%1—3

Hence, the induction hypothesis yields

NEiyis Ei,_yis 2 Biy_sis g+ Eigiy) pE(2)"
= )\(Eil_li,,_gEi,i,,_lEz‘,_zi,_g. o Biyiy) Pf(x)b
= MEi_yir»((Bivis_y» Bis_sir_y) + Bir_siv_s Eivie1)Ei_gir_s »++ Eiyiy) Pf(2)°
= N0i,_viy o Biy_yis o Fiis s Fiy_siy_y - Bigiy
+Ei i F EiivyEiy_gis_y+ Eigiy) pf(2)".

12713
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Again by the induction hypothesis, we find

AE:

1i—1

Ei yiy 2By i g Ei2i1)pf(x)b

= )\(Eil—lil—2Eil—zil—SEilil—lEil—3i1—4 c Eizh) pf(x)b'

Repeating the same procedure, we have A(E;,;, Ei, i, , - - Fiyi,) pf(x)® = 0. This proves
the lemma. 0

Corollary 3.11. Let 0 < n < N and let k,b € N. Retain the notation in Lemma 3.10.
Then we have
Atr(E*)) pf(2)® = nb(N — n + b)* 1 pf(z)°. (3.8)

Proof. The definition of tr(E*) and statements (a) and (c) of Lemma 3.10 imply

)\(tr(Ek))pf(l‘)b = Z )‘(Eilik ’ Elslelzll)pf(x)b
1<in,in <N

Z Z A(Ellik - Bigig E’i2’il) pf(x)b

t1=Lis,...ix€{i1 JU{n+1,....N}

k—
Z Z Z )\(E“zk s Eigiinzil)pf(x)b'
1=1t=0

12,0050k

#{5€(2,3,...,k); iy=i1}=t

3

k) such that #{j €

7
;1), by virtue of (b) in Lemma 3.10 we

Since the number of ways to choose a pair of i; from (ig,...,
(2,3,...,k); i; = i1} =t is obviously equal to (k

see that -
Atr(ER)) pf()’ = Y ( >bt+1 —n)F "t pf ()"
’Ll 1t=0
The last expression gives (3.8) immediately. O

We now compute the eigenvalue of the operator )\(']Tk(E)) on the box-type represen-
tation ng” (bDg; = (b,b,...,b,b)). By Corollary 3.11, for any 0 < I < [N/2] and b € N,
it is easy to verify that

i

AT )t =2 (o{ [TE - (- 6 = 20)} )

t=j
21by} (i =14),

= i—1
ab [J2t+b—20)¢) (i > ).

t=j

The following relation can be easily seen from the expression for the eigenvalue of
A(T35(E)):

NTi5(E))gl = {2(i = 1) + b —23N(Ti-1 5 (E))gp - (i > ). (3.9)
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Then, expanding the determinant A(Tj(E)) with respect to the last column and using
(3.9), we have

NTC(B) et = o7 [Tis(B) — 20k — D20k — 1) + b~ WATe 1 (B))d
2k —2+b)(1+1— k)

= L )\(Tk—l(E))SO?-

Hence, by repeating this procedure k times we get

k k
- 1
NI BNl (= o (TuENet) = g T2k =6 + ) TT0+1 - )k
t=1 t=1
= (Hl h2t+b¢ (3.10)
- 3 .
Fl+1-k)(k+1) 4

where I'(z) is the gamma function.

Theorem 3.1 and Corollary (11.3.19) in [4] imply that the operators Tj(E) actually
realize the skew Capelli elements C{! up to constant multiples. By comparing eqn (11.3.6)
in [4] and the actual value (3.10) for the case D = bDq, it is easy to check that the
constant should be equal to 1. Specifically, this implies that the general eigenvalue of the
operator Ty (E) on 0¥ is given as follows.

Proposition 3.12. We have
Cit =Tw(E) (1<k<N/2).

In particular, for any Young diagram D = (b1, b1, ba,bs, . ..) with columns of even length
we have

k
on (Te(E)) = > [Tk 1) +bi,}. (3.11)
1< < <ip<[N/2] t=1

As an application of this formula or the special case of (3.10), we note, for example, the
following simple evaluation of the (simplest) Cayley-type formula (b-function) attached
to A2C?™.

Corollary 3.13. Let X = (z;;) be an N x N skew-symmetric matrix and 0 = (0;;)
be the dual matrix of X. Then we have

[(NV/2]-1

pf(0)pf(X)" = [] (s+2t)pf(X)*". (3.12)

t=0

We finish the paper by making one remark concerning the Capelli identities for the
standard GLy X GLy action on the space of N x N matrices.

Remark 3.14. The procedure developed in this paper may also be used to obtain the
Capelli-type identity for the N x N full matrix algebra under the GLy x GLy-action.
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Actually, we may replace the ordinary Capelli elements (see, for example, [10]) by the
traces of powers of E as central elements of (gl ). Moreover, since the action is faithful,
this new expression for the Capelli identity provides a new type of the Newton formula
which is a variant of the formula discussed in [6] and [9]. Indeed, under the notation
in [4], we have the following theorem.

Theorem 3.15. We have the following Capelli identities attached to the GLy x GLy
action on the space of all N x N matrices:

I, = L(T}(E)) = L(Ck) (k< N),

where we define the element T),(E) € ZU(gly) by putting

T1’71(E) 1 0 0 0
Ty (E)  Th,(E) 2 . 0 0
m=taa| 0 S :
’ Tk—z,l(E) Tk—2,2(E) TJQ—Q,g(E) R k—2 0
Tlé—l,l(E) Tkl:—l,Z(E) TIQ—1,3(E) e Tlg—l,k-—l(E) k-1
Tra(B)  Tio(BE)  Tis(E) .. Ti,q(E)  Ti,(E)

for each k € Z, and Tj(E) = 1. Here the matrix coefficients T; ;(E) € ZU(gly) are
given by
i
7,8 = u{[[E - @ =500 -0} (i)

t=j
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