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Uniform convergence and everywhere
convergence of Fourier series. Il

Masako lzumi and Shin=-ichi lzumi

The first theorem shows that the subspaces of the space of
functions with everywhere convergent Fourier series, defined in
our previous paper, is a good subspace. The second theorem
shows that convergence criterion in the previous paper is the

proper generalization of Lebesgue's Convergence Criterion.

1. Introduction and theorems

By ec we denote the space of functions, periodic with period 27 |

whose Fourier series converges everywhere.

LC 1is the space of functions f such that

t
(1) j Lf(z+u)+f(x-u)—2f(x)]du o(t) as t >0 for all x ,
0 \

end # is the space of functions f such that

(2) ' J:r

vhere p > 1,

p
Ai/ du o(l/np+l) as n > ®

£ ()

n

U
fl(u) = I ﬁév)dv for a1l u in (-mw, m)
0’

Ailnfi(u) = fi(u) - 2fi(u-n/n) + fi(“'z"/“) .
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Further we denote by #¥ the class of functions f such that
[==]
) [lam|p+lbm|pJ c oY) as no e,
m=n

where am and bm are the mth cosine and sine coefficients of the Fourier

series of f .
In the previous paper [?], we have proved the following:

THECREM A.
(i) ee>dLC n P for any p =1,

(ii) ee D LC n WP  for ay p>1.
On the other hand we know that
ecn (L%I°)#p (1 <r<s <)
and
ecn (L7-C) # 9 .

We shall prove that the subspaces LC n ¥ (p >1) and ILC n i

(p > 2) have the same property as above, that is,

THEOREM 1.
(i) (tcof) n (L7-1°%) #9 (L <p<pr<sg=w),
(i) (LenfP) n (L7-c) #8 (p > 1),
(i) LC n 8 (p = 2) has the properties (i) and (ii).

This theorem shows that LC n Mp and LC n WP have the first

character of "good subspace" (ef. [2]).
On the other hand, there is the well known convergence criterion of
Lebesgue:

THEOREM B. If f <is an even function satisfying the conditions

t
(1) f(t) = J Fluldu = o(t) as t >0
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and
m du
(%) f 8, f] 5= 0(1) as no>e,
an/n
where Aﬂ/nf(u) = flu) - flu-n/n) , then the Fourier series of f
converges at the origin.

We have proved the following generalization of Lebesgue's Convergence

criterion [2].

THEOREM C. If f <is an even function satisfying the conditions (3)

and

(5) f ;/n

then the Fourier series of f converges at the origin.

2

Aw/n

= o(1/n) as n » =,

du
u

fl(u)

Gergen [1] generalized Lebesgue's criterion as follows: the condition
(3) is replaced by Cesaro continuity of any positive order % , that is,
(3") fi(t) = O[tL) as t >0

and the condition (L) by

T
o [
(F+1)m/n

where © is the limit in the Pollard sense (ef. [11]).

%% =0(1) as n >,

Aﬂ/nf(u)

Similarly we can generalize Theorem C as follows: the condition (3)

can be replaced by (3') and the condition (5) can be replaced by

ﬂ
(5) I
(g+1)7/n
where 0 is the 1imit in the Pollard sense.
We can easily see that (5') is more general than (4').

We shall prove that Theorem C is a proper generalization of Lebesgue's

and the generalization of Theorem C is also a proper generalization of

Gergen's:
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THEOREM 2. (Z) There is a function f satisfying the conditions
(3) and (5), but not (4).

(ii) There is a function [ satisfying the conditions (3') and (5'),
but not (4').

2. Proof of Theorem 2 (<) and (ii)

Consider the even and periodic function f defined by
-0 .
(6) flu) = u sinl/u on (0, =) ,
where 0 =a <1 .
Then

u 1 .
(1) filu) = I —Sin S dv = J %dv = 0(u
/uv

=o(u) as u—+0

and then the condition (3) is satisfied. On the other hand,

1/ (u-/n) 1/(u-21/n) .
(8) 82, f(u) = f -J ]ﬂﬂdu
"/nfl [ 1/u 1/ (u-n/n) 20

siny _ sin(v-n/n)]dv
2 (v—n/n)z_a

fl/(u—ﬂ/n) (

1/u
Il/(u—n/n)

sinv {v2_a-(v-n/n)2_a}dv
v2—a(v__"/n)2—a

1/(u-n/n)
+ 2sin — ! Méz%) dv
2on 1/u (v-m/n)<"

[ m/n %u}a] . 0[5 . _T/n . u2—a] .

ulu-n/n) u(u-m/n)

1/u

then

2 du 1 (" du 1 7 du
Az F1 () —=o—[ —+0—[ -
w/n' 1l u [nz 31/n ua} ln2 31/n u1+a]

I"ﬂ'
3n/n
= 0[1/n2-a)‘ = o(1/n) as n+ =,

Therefore the condition (5) is also satisfied. Now we shall show that the

Lebesgue condition (4) is not satisfied.
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n T
du 1 .1 1 . 1 du
[ flu)-flu-/m)| == = f ~— sin = - sin -
jzn/n u on/n W o (u-/m)® u-m/nl u
T m
N . -T/n 2u-m/n | du A sinlfu
- Il//; SIM Tlucn/n) ©°% ulu-n/n)| O " n fl//rT 2re du
0 m
A J du_ A J du a/2 A
>~ T - = -z An - ————-2A for large n .
RV R A A Vi n(1-0)/2

Thus we have proved Theorem 2 (7).
Theorem 2 (iZ) can be proved by the same example.

We shall remark that the sine function of this example can be replaced

by the cosine and or the exponential function.

3. Proof of Theorem 1 (Z) and (<%)

N

We shall consider the even function f defined by (6). We take

1/s <a <1l/r<1,

then
T . T o
J |f(u)|du5f u du =4
0 0
and
™ T s
I [£(u)|%du = 4 f w o=
0 0

Therefore f € ¥ but f¢ I By (1), f € LC . Now

T > P 3n/n T

3m/n

where

3n/n 3n/n
P=4 J lfl(u)lpdu = A f u(2-0Pg, < A/n(2.0‘)p+l = o(l/npﬂ]
0 0

by (7) and
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2

p
<
_ du = A

A

Lat
A

m
O 5 f du_ o gy, (2-00pl

ep op

v
3
3n/n

o(l/np+l)

n 3n/n u

by (8). Therefore f € #¥ . Thus we have proved Theorem 1 (7).

For the proof of Theorem 1 (i), we use the same function (6) with

o =0 . Then this function does not belong to the space (C and belongs to

the spaces LC n Mp and Loo .
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