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Uniform convergence and everywhere

convergence of Fourier series. II

Masako Izumi and Shin-ichi Izumi

The first theorem shews that the subspaces of the space of

functions with everywhere convergent Fourier series, defined in

our previous paper, is a good subspace. The second theorem

shows that convergence criterion in the previous paper is the

proper generalization of Lebesgue's Convergence Criterion.

1. Introduction and theorems

By eo we denote the space of functions, periodic with period 2ir ,

whose Fourier series converges everywhere.

LC is the space of functions / such that

rt
(1) [f(x+u)+f(x-u)-2f{x))du = o{t) as t •* 0 for all x ,

° \

and AT is the space of functions / such that

( 2 ) ' J * \t?/rf1(u)\Pdu = o[l/r?+1) a s n - - ,

where p > 1 ,

/•,(") = fkv)do for a l l u in (-TT, IT)
1 >0 •'

and
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Further we denote by if the class of functions / such that

m=n

where a^ and b are the mth cosine and sine coefficients of the Fourier

series of f .

In the previous paper [2] , we have proved the following:

THEOREM A .

(i) ea 3 LC n if for any p 2 1 ,

(ii) ec 3 LC n N? for any p > 1 .

On the other hand we know that

ea n

and

{lr-LS) * 0 ( l < r < s < ° ° )

ea n [L°-c] t P .

We shall prove that the subspaces LC n if (p > l) and LC n if

(p > 2) have the same property as above, that is,

THEOREM 1.

(i) [LCnf] n [Lr-Ls] * 9 ( l < p < r < s < ° ° ) J

(ii) [LCnfif] n [L°-c] # 0 (p > 1) ,

(iii) LC n if {p > 2) /zas t?ze properties (i) and (ii) .

This theorem shows that £C n tf and LC n ff^ have the f i r s t

character of "good subspace" {of. [ 2 ] ) .

On the other hand, there is the well known convergence cri terion of

Lebesgue:

THEOREM B. If f is an even function satisfying the conditions

(1) f(t)=\ f{u)du = o(t) as t -> 0
1 ]0
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and

(U) as n -*•
2ir/n

where A . f (w) = / ( K ) - f(u-ir/n) , then the Fourier series of f

converges at the origin.

We have proved the following generalization of Lebesgue's Convergence

Criterion [2 ] .

THEOREM C. If f is an even function satisfying the conditions (3)

and

(5)
3ir/n

— = o(l/n) as n -»•

then the Fourier series of f converges at the origin.

Gergen [7] generalized Lebesgue's criterion as follows: the condition

(3) is replaced "by Cesaro continuity of any positive order i , that i s ,

( 3 1 )

a n d t h e c o n d i t i o n (h) b y

fir

f.{t) = o{t%) as t - 0

du -, .
— = o(l) as n •*

where o is the limit in the Pollard sense (cf. [1]).

Similarly we can generalize Theorem C as follows: the condition (3)

can be replaced by (3') and the condition (5) can be replaced by

(51 f »
du

where o is the limit in the Pollard sense.

We can easily see that (5 ' ) i s more general than ( ^ ' ) .

We shal l prove that Theorem C is a proper generalization of Lebesgue's

and the generalization of Theorem C is also a proper generalization of

Gergen's:
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THEOREM 2. (i) There is a function f satisfying the conditions

( 3 ) and ( 5 ) , but not ( U ) .

(ii) There is a function f satisfying the conditions ( 3 ' ) and ( 5 ' ) . ,

but not (!»').

2. Proof of Theorem 2 (i) and (ii)

Consider the even and periodic function / defined by

(6)

where 0 5 a < 1 .

Then

(T) fAu\

-a .f(u) = u s in l /u on (0, IT) ,

= o(u) as u •*• 0

and then the condition (3) i s sat isf ied. On the other hand,

(l/(u-2-n/n)

v~
(8)

l/{u-T\/n) rl
sini)
2-a

i I lii

sinu
2-a, , <2-av (y-ii/tt)

+ 2sin ^~
(U-TT/M)2 - a

dv

then

= 0 [ Vn . 1 M3-a| + ^U . -n/n . 2-a]

c du

n ' 3^/n u1+a

M2"a= 0(l/M2"a). = o( l /n) as n + <*>.

Therefore the cond i t ion (5) i s also s a t i s f i e d . Now we s h a l l show t h a t the

Lebesgue condi t ion (k) i s n o t s a t i s f i e d .
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L («)-/( U-TT/«)
du I 1 . 1 1 . 1

— sin — - sin r~
a u i , ,a u-u/n

du
u

-ir/n 2u-u/n
sin —; ;—r cos —, ;—>

~ « J, / r 3+« n / r 2+a ~
„

w

a/2

a + 1
sinl/t<
2+a

> A for large w .

Thus we have proved Theorem 2 (i) .

Theorem 2 (ii) can be proved by the same example.

We shall remark that the sine function of this example can be replaced

by the cosine and or the exponential function.

3. Proof of Theorem 1 (i) and (ii)

We s h a l l consider the even funct ion / def ined by ( 6 ) . We take

1/s < a < l / r < 1 ,

then

rV l-TT

J0 J 0

and

du 5 A

\ f ( u ) \ S d u > A \ u
J n Jn

T h e r e f o r e / € h b u t / \ I . By ( 7 ) , f t LC . Now

2 P

'-IT
 n ' n 1

where

r, s " l

by (7) and
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by (8) . Therefore f i If . Thus we have proved Theorem 1 (i) .

For the proof of Theorem 1 (it), we use the same function (6) with

a = 0 . Then th is function does not belong to the space C and belongs to
n °°

the spaces LC n If and L
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