36

Inequalities relating to some Algebraic Means.
By R. F. MuiragAD, M. A, B.Sc.

The fact that for two or more real positive quantities there exist
three well- known algebraic means, the Arithmetic, the Geometric, and
the Harmonie, which stand in a fixed order of magnitude independent
of the quantities operated on, suggests the question whether there
may not be other algebraic means that stand in a definite order
of magnitude with reference to those just named and to one another.
The following paper supplies an affirmative answer to the question.
The results given in the first section are, so far as I know, novel ;
some of those in the second section are well known, but I hope
some freshness may be apparent in their treatment here.

L

1. Let there be n positive quantities a, b, c..., and let ,P, denote
the sum of the products of all possible p-combinations of a, b, c...,
and ,C, the number of these, and let ,A, denote the quotient
«P,/.C,; then the quantities

1 1 1 1
A GAY)T (LAYE - (0. VA T (A"
are all means of the n given quantities, ,A, being the arithmetic

mean and (,,A,,)’]_' the geometric mean. To fix ideas, we may note
that P, ,P,....P, ., P, are the coefficients of x" 2" .2, 1 in
the expansion of the product (z+a)(x+d)(x+c)...... and that this
expansion may also be written

-1
"(T"O——)"Agxﬂ—'-’ Foe AT+ A,
‘We shall. show that the n means above indicated are in descending
order of magnitude when a, b, c... are not all equal; while of course
each mean becomes =a when a=b=c....

'+ n Axm +

2. We shall first investigate the difference A+ — A7, which
we shall denote by ,A,, using the simplified forms A, P,, C,, A,
etc., to denote , ;A , . ,P,, . ,C,, ._,4,, the letters without prefix
referring to the n — 1 qudntities b, ¢, d... .
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12 1
We shall prove that if A,, A2, A3, ...A"! are in descending
1 1 x
order, then A, ,A,%, ,A®..., A" are so also.
T 1 1 .
Assume in fact that A 751> A 2> A 231, and use the simpler symbol

1
m to denote the mean A ?, and we have

P,_=A,,.C,>m".C_ . . . (1
P=A,, C,<mw? G, . . . (2
P, =m* C, R ¢:))

Thus A, O O+
=.C a ,,P,""" - ucp"“an’i. .
=Cha(aP, + P Y4 - O (aP, + P,)
> .C2u(am?1C,_, + mPC ! — Ot (am?C, + G,
C

C » C C, P
Thus 4, > (am"*’L' +mr—2) - famP—=E +m"+’—’—+’)
nCy ncp n 41 w~p+l

M — p\¢H! 1 —pn—-1\?
N m,,.-l(aﬁ m” P) - mpz(az:i_ + mw)
n n n n

»P—

1
> _F“—[{(a - m)p +mn}rt - mn{(a-m)(p+1)+mn}*]
Thus n*+,4, > m* (v +m - a)* - {v+(p+ 1)(m - a)}o?]
where v=(a - mj(p + 1) +mn
> ne*=lorti[(1 + B — 1 - (p+1)B]
where 8= (m - a)fv

> mpiprt,
Thus §

=(1+By*-1-(p+1)B

_—_(1+,B-l){(l+B)"+(1+B)‘*“+...+(1+,3)+1}—(p+1)B

=B{1+Br-1+(1+BpF? -1+...+(1+B)~1+1-1}

=LA +BP T +(1+BP2+. . + 1} + {(1+ B2+ (1+ By +.. + 1}
+o. +{(1+B)+1}+1]

=B[(1+BP 1+ 2L+ Byt + 3L+ B +. .+ (p-1)(1+B)+p] . .. (4)
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This is essentially positive, since

_ m-a _ m(n —p)+pa
l-*-'8_'1+mn+(a,-—m)p+l_-'m(n—p—-1)+(p+l)a

which is never negative, p +1 being equal to n at most.

Hence ,A, is positive if A"“ > A‘ > A,,{,,’f‘.

2 _py2
3. Now for n=2, we have ,A,‘-’—QA9=(?—;—'—1) ~ab=%)—.
Again, for n=3, we have

a+b+c\2 be+ca+ab
3 3A2 ( ) 3

=Tg{(a =0+ (b -+ (c-a);

3
and ,A, — A= (I"’*_“;*—“b) — (aboy*
[(a by {7abe* + (a+b)e*} + (b-c)*{Tbea® + (b + ¢)a®}
+{(c - ay{7ca® + (c +a)b’} ]
1 1

Thus A, > ;A% > ;A%

Hence by the result of the previous paragraph, similar inequalities
hold for n =4, therefore for % =5, and so on.

Thus the inequalities are established for all values of n. It is
true that in proving the inequalities at the two extremities of each
series by the above method, we make use of the quantities

n—lPOJ n—lPrn n—lCO’ n—lCn 3
which as yet are not defined, but by taking them to mean 1, 0, 1, O,
the proof that ,A, is positive holds for p=n -1 and p=1 also.

But special proofs for these cases are easily found, and may be
written as follows:
P n
4. We have ,A,,,_1=("_?:—‘) — (abe...)

Syt 1 v 1y
_(abc...) {Tﬂ;(-a_+7+ ...) —abc...J

L

b

. ips . . ; 1
which is positive, since the arithmetic mean of e

,+-. 18 greater

than their geometric mean.
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a+b+c+...)2 ab+ac+...
n n(n—1)
1.2

{(n Ie+b+...)—2n(ab+ac+...);}

Again A, = (

(
- m{(n - 1)%a® - 2ab}

= 772(-7—3—:—1—){}3@2 +0%) - 23ab} since N(a?+b%) =(n ~ 1)Sa?
= n2—(nl—_—T55(a - b)?% which is positive.

5. Thus it appears that lying between the Arithmetic and Geo-
metric Means of n positive quantities there exist n ~ 2 other means

1

1
nA2~2_ NA'35_ v AniTl
which form a regularly descending series from the one to the other.
If the quantity ,H, defined by the equation

n 1 + 1 N 1 +

"L TE et

be called the Harmonic Mean of the n quantities «a, , c... we can
in a similar manner find a series of intermediate means ascending

x
from ,H, up to the Geometric Mean (abec...)"
Let ,Q,= the sum of all p-combinations of et %—

1 n
and H,=,C,+.Q,, then Hq y oH3%... ;H 3! clearly form such
a series.

For the reciprocals of these are related to «~!, 7%, c¢71..
1

1 !

exactly as ,A,%, ,,A,,”... are related to «, b, c...; so that
<5 - -1 . .

Hi H -’, ,,H .H, ™ give a series of means of a~', 571...

in descendmg order, begmning with their arithmetic, and ending
1 1, 1
with their geometric mean ; and therefore ,H,, H,*, H*.. H/*

from an ascending series, from ,H, the harmonic mean of a, b, ¢...

1 .
up to ,H,” their geometric mean.
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6. If we assume @ +b=c=d... then a slight modification of the
investigation in paragraph 3 gives us the result

(AP - AP )=(a- b)’b"g‘l[u"" Y QuP~%w 4 SuPtuwt +. L+ pwt]
when u=(a-b)p+nb and w=(a-bp+1)+nb.

This suggests thak, removing the resiriction b=¢=d... the value
of ,AF" — A7, may be expressible in the form

Z{(a-b)’d(a, b, c...)},
where the summation £ extends over all pairs of the quantities.
The following particular cases may be of interest. They have

been obtained by a direct and rather laborious application of
undetermined multipliers.

AL Al = 5_]; (e - )*{Tabc’ + (a +b)c*}]

1

WA A5 = g (a - 0 (16abed + 10ab(c* + &) + 16(a+ b)(c + d)ed

+2(a +b)(¢ + &) }].

7. More generally

qus - uA32= )’ 4 '\':[(a - b):{z(n = 2)(“ + b):cs

n¥{n — 1)*(n - 2)*
+(13n ~ 20)(a + b)2c*d + 12(5n ~ T)(a + b) Zcde ~ (n* - 13n + 16)abZc?
- 4(3n — 4)(n ~ B)abZed + 12(3n — 4)Zcdef} ]

where the summations £ within the square brackets refer to the
n — 2 quantities b, c..., (omitting a and 5).

I have not tried to get an expression in a form of this type of
the general difference ,A 7+~ A%, as the investigation would be
very laborious by the method applied to find the special cases. It
may be noted, however, that the coefficient of abZcd in the last
formula becomes negative when >3, and that of «b>¢* when n =11,
and a cousideration of the special case a+b+c=d=e... has con-
vinced me that the coefficient of (@ — 6)* as a whole, is not necessarily
positive, though our previous general investigation showed that
<A — A;? must be positive.

If the value of ,A7"' — A2, could be thrown into a form which
would be manifestly positive, we should thereby obtain a direct
proof of the main theorem of this section, without the use of
Mathematical Induction.
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8. For two quantities it is well known that the product of the
Arithmetic and Harmonic Means is equal to the square of the
Geometric Mean ; but this does not hold for n quantities. Does it

hold for any pair of corresponding means ,,AI,}" and “H:‘;?

It is easily seen that the product of these is greater or less than
the square of the Geometric Mean according as (leaving out prefixes
to A, H, P)

2
AH,is > or < P"
2p
oras PP, > or < PTP,,_p
oras PP r*-Pr, is > or < 0.
The last expression becomes =0 when p=n/2, which of course is
possible only when = is even. To test whether the expression has
a definite sign for given values of n, p, independent of the values
of a, b..., I have tried the particular case a+b=c=d=e=...,
in which case it has the same sign as

i n=-2p a n [ f’_ \'n

(5) (o5 +n-r) - {5 +p)

This shows that excepting when p =n/2, the sign is not definite but
depends on the values of g, 6,....

) 1
Thus when = is even, one pair of the means H,”, A.,” has the
same geometric mean as a, b, c..., namely, that for which p =n/2.

9. Two other sets of means, in continually descending order from
the Arithmetic to the Geometric, and from the Geometric to the
Harmonic Mean respectively, are given by the quantities

[}
G+~ H,”"

P
1
and G*+Ar, (p=1,2,3...n)
where G is the gcometric mean of @, 0, ... ; and many other means
might be invented by compounding these in other ways.

(»=142,3..n

II.

10. All the means in Section I. lie between the Arithmetic and
the Harmonic Means ; and for a given value of n their number is
limited. Those in the present section are unlimited in number, and
they extend right up to the greatest and down to the least of the
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quantities @, b, c.... As the types are independent of » we shall
first take the simplest case of two quantities @ and b, and define the
mean M(p) by
1
a? 4+ br\P
o (539

LA |
so that M(L) = (ap + bp)p
P 2

and in the first instance we shall keep p integral.

11. Tt is well known that M(1), M(2), M(3) ... are in ascending
order, and M(1), M(}), M(}) ... in descending order, and also that
M(-1), M(-2), M(-3) ... are in descending and M( - 1), M(-}),
M(-1)... in ascending order. It is obvious that M(1) is the
Arithmetic, and M( - 1) the Harmonic Mean.

a? 4 b")fl’_ . (a“’ + b"")lf‘T

2 2

4

12, Again M(p) x M( ~p) =(

i

= ab.

_ (a” +or et )1;
“\ 2 o +a?
Thus M(p) and M( - p) have the same geometric mean as a, b.

13. Clearly the limit of M(p) for p=1c is the same as that of

1

b \»\»
a{l + (_;) } , which when a>b is easily seen to be a.

f7)

-t

Similarly the limit of M( - p) for p= o is b, the smaller of the two
quantities.

14. To find the limit of ‘\1(71)—) when p=o put c= vab

and y= ,J—Z— , 80 that

11
2 2
()5 - o2y

1 1

where d=y* -y %,
a quantity which tends towards 0 when p gets large.
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2
Expanding (l +%—)p by the Binomial Theorem, it at once

appears that the limit is 1, if that of pd® is zero.
- = log 1 {logy\® 2
Now pd*=p(y™-y™) =p{(—0h—y)+l—3—( an) Foenns }

2p 2p
and this has clearly zero as limit, for p=c0 .

Thus the limit of M(-;-) for p=oo is A/ab.

And since M(;l’-) . M(-—%):ab it follows that the limit of

M(——;—) for p=co is also A/ ab

15. The results of paragraphs 12-15 may be tabulated thus :—

P l o l 1 0 i -1 l -8
Mp) | o | B2 va ;2{”—6 l B
where a > b.

We shall find that excepting the result of 12, these properties can
be extended to n quantities abe... .

16. As in Chrystal's Adlgebra, Chapter xxiv., Art. 9, we can

X
a”*+b0"+c"+..\" a+btc+...
— )} > ————"""" when m>1.
n

prove ( o

. +1 - 1 .
Hence putting m = and writing z for a” and transforming,

1 1
we get (Sa#+!/n)PT1 > (Z2?/n)? which shows that M(1), M(2), M(3)...
1

. . a’+ b4 e+ .. \P
are in ascending order, where M, = (___n—i_)

Again, writing y for a**!, we have

1 1
Cyr/ny >y nyh
which shows that M(1), M(1), M(})... are in descending order.
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x
4

P
) , which bears the

-

17. Since M( - p) is the reciprocal of (

same relation to a=, b, ... as M(p) does to a, & ... it follows that
M( - p) diminishes as p increases from 0 to o .

18. As in the case of two quantities, we easily prove that
Limit M(p) = a the greatest of the quantities, while Limit M( - p) =,

p=o =2

the least of the quantities a, b, ....

]
It remains to prove that Limit M(p) = (abc...)"
p==0

19. If n=2% we have
11 1 .1
at+btct...= (a? b2V +(c?~-d?*)+...

11 1.1,
+2(atdt —ctdd)* + ... + ...

1
= squared differences +n(abc...)"

If n+2% let n+v=2% then
a+b+c+...+(g+g+g... to v terms)
=squared differences + (n + r)(abc...gg9. ..)’;‘i“‘
Putting g:(abc...j% we get
a+b+... 4+ vg=squared differences + (» + L')(g"g")"—l:”
a+b+c.. = squared differences + ng.

Hence we have
11 1
b= (@P-0FF+ .4+
1 1 T 1

+2(a%b® — PdPP 4 ..+ ...
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p )
Thus ( ) =(g"+ 8y

1 1
when &= ;{(a"’" 2 R R B

n

a quantity which clearly gives Limit pé=0.
p=x
Hence as in the case of only two quantities, we find
1
Limit of M(—p—) for p = is the Geometric Mean of abec....

Thus the means indicated by M(p) completely fill up the interval
from the lowest to the highest of the quantities abc... as p increases
from — o up to o, and they have the same Geometric Mean as
their value for p=0, the Arithmetic Mean for p=1, and the
Harmonic Mean for p= - 1.

20. Asin 9, we could define a cognate set of means N(p) by the
relation M(p). N(p)=G* where G is the geometric mean.

21. In Chrystal’'s A/gebra, Chap. xx1v., Exercises v., there is a
reference to Schlgmilch—Zeutschrift fiir Mathematik, Vol. 111, p. 301,
from which it would appear that some of the properties of the means
M were long ago worked out by Schlomilch ; but if the notation in
“ Chrystal ” is accurate, the full symmetry of the subject does not
seem to have been exhausted by Schlomilch.

The subject of Algebraic Means is obviously one capable of
indefinite development, but probably this paper is long enough. I
may mention that I have found some general inequality theorems
relating to means (amongst others) involving powers of sums of
the letters taken r at a time.

4 Vol.19
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