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Characterizations of Continuous and
Discrete g-Ultraspherical Polynomials

Mourad E. H. Ismail and Josef Obermaier

Abstract. 'We characterize the continuous g-ultraspherical polynomials in terms of the special form of
the coefficients in the expansion DyPy,(x) in the basis {P,(x)}, Dy being the Askey—Wilson divided
difference operator. The polynomials are assumed to be symmetric, and the connection coefficients are
multiples of the reciprocal of the square of the L?> norm of the polynomials. A similar characterization
is given for the discrete g-ultraspherical polynomials. A new proof of the evaluation of the connection
coefficients for big g-Jacobi polynomials is given.

1 Introduction

The problem of characterizing classes of orthogonal polynomials is an old one and
has extensive literature. Al-Salam wrote an important survey article [1] covering the
literature on characterization theorems up to 1990, the date of its publication. Many
of these characterization theorems deal with the classical orthogonal polynomials of
Hermite, Laguerre, and Jacobi, and later the wider class of orthogonal polynomials
considered by Hahn; see [1]. The Hahn class contains the big g-Jacobi polynomials
that generalize Jacobi polynomials. The big g-Jacobi polynomials contain a symmet-
ric orthogonal polynomial sequence: the discrete g-ultraspherical polynomials. The
ultraspherical (Gegenbauer) polynomials are the spherical harmonics on Euclidean
spaces, [17].

Two noteworthy contributions from the 1970’s are the works [2, 3]. In the first,
Al-Salam and Chihara characterized orthogonal polynomials having a certain con-
volution property and discovered what has become known as the Al-Salam—Chihara
polynomials [13, 14]. The weight function for these polynomials was found later
in [9]. Another proof is in [10]. The second paper by Al-Salam and Chihara [3]
gives an interesting characterization of the g-Pollaczek polynomials, which was con-
jectured by Andrews and Askey.

Another important orthogonal polynomial sequence is the sequence of continu-
ous g-ultraspherical polynomials. It is a one parameter generalization of the spher-
ical harmonics. They first appeared in the work of L. J. Rogers in the 1890’s. He
used them to prove the Rogers—Ramanujan identities. They appeared in 1941 in
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the works of Feldheim [11] and Lanzewizky [15] who independently showed that
the only orthogonal polynomials in the Fejer class ([18]) are the ultraspherical and
g-ultraspherical polynomials. There weight function was found in [8]. They are also
special Askey—Wilson polynomials, so another proof follows from [10].

Recently Lasser and Obermaier observed that the ultraspherical polynomials, nor-
malized to be 1 at x = 1, have the property

[(n—1)/2]

d
(1.1) —Pulx) =0 ; Hn—ak—1Po_ap—1 (x),

where o, is a constant depending on n and the h’s come from the orthogonality
relation

/ PPy (X)) = Spun b,
R

with orthogonality measure y; see [16]. They showed that this property charac-
terizes the ultraspherical polynomials among symmetric orthogonal polynomials,
which satisfy a three term recurrence relation

xPn(x) = ayPui1 + Py, n>1,

with a,, + ¢, = 1. Since
d
oy = / d—Pn(x)Pn_Zk_l(x)d,u(x)7 k=0,1,...,[(n—1)/2],
R @4X

this characterization is due to the constancy of the Fourier coefficients of d%Pn(x). A
second characterization of the ultraspherical polynomials given in [16] is based on
the ratio of coefficients of the three term recurrence relation, namely on the property

(1.2) n " Sn

n>2,

- - ,
Cim1 2cp—1tn—1  (Syp1 — Sp—1)Cp—1 + Sp—1

where

%x” = 5,X
Properties (I.I) and (I.2) are very curious, and we discovered that they are shared
by many other systems of orthogonal polynomials. In the present work we give two
q-analogues of the Lasser-Obermaier result. Section 2 contains all the notations and
preliminary results needed in our analysis.

Askey and Wilson solved the connection coefficient problem for the Askey—Wilson
polynomials in [10]. The big g-Jacobi polynomials are limiting cases of the Askey-
Wilson polynomials, [14, §3.5], so their connection coefficient can be found from
the Askey—Wilson result. In Section 3, however, we include a direct and indepen-
dent evaluation of the connection coefficients for big g-Jacobi polynomials, and then
identify the connection coefficients in the special case of the discrete g-ultraspherical
polynomials. The Askey—Wilson proof uses technical special functions, but our proof
is much simpler and is more elementary than the Askey—Wilson proof.

n—1
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2 Preliminaries

We shall follow the notation and terminology of g-series as in [7,12,13]. In particular
the g-shifted factorials are

n—1 m
(a; q)n = H (1 - aqk); (ala az, ..., am;q)fl = H(a]’q)"
k=0 j=1

Here n = 1,2,... or oo, when |q| < 1, which we shall always assume. Moreover,
(a;59)o := 1. A basic hypergeometric function is

ala“ ar+1>q)n n
) Z(q,bl,.. o),

We shall make use of two special sums, the g-analogue of the Chu—Vandermonde
theorem, [12, (I1.6)],

¢) (a17a27'~ y Ar+1
r+1%r
b17 b27

..7

(/@)

(2.1) 201 " as69) = G D

?

and the Andrews terminating analogue of Watson’s theorem [4], [12, (II.17)],

0, if nis odd,
T q) T f@le /) e
m, if n is even.

—n 1,2 nt+l
,bq , € —C

@d (T TG

The g-difference operator is

(D)) = LB =@ g,
x—qgx
The product rule for D, is
(2.3) Dy(fg)(x) = f(x)Dug(x) + g(qx)Dg f (x).

The g-integral is defined as an infinite Riemann sum, via

a 00 b b a
/0 flo)dyx = (1—q)a;q"f(aq"), /a flx)dgx ::/0 f(x)dqx—/0 flx)dgx.

When g(a/q) = g(b/q) = 0, the integration by parts for the g-integral is

b b
q / Dy f(x)g(x)dyx = — / f(x)Dy-1g(x)dyx,

(13, (11.4.6)].
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One special g-integral we shall use is ([12, (2.10.20)])

" (qt/a,qt/bs@)oc ;. b(L—a)(q,a/b,qb/a, cds )

(2.4)

. (ct/a,dt/b;q)ee T (c,d,bc/a,ad/b;q)
Letx = (z+1/z)/2 and set f(x) = f (z). The Askey—Wilson divided difference
operator D, is defined by

f(q'%2) — fq~"22)
é(ql/zz) _ é(qil/zz) ’

(Dyf)(x) =

e(x) := x.
The Askey—Wilson operator is a degree reducing operator as can be seen from its
action on the Chebyshev polynomials of the first kind, namely
qn/Z _ qfn/z
(2.5) ﬂan(x) = mUn—l(x)~

Indeed (2.3]) shows that, at least on polynomials, D, — % as g — 1. Also note that
D, is invariant under ¢ — 1/4.
The product rule for the Askey—Wilson operator is

(2.6) Dy(f8) = AqfDag + AsgDyf,

where the averaging operator A, is defined by

AN =5 (Fa2)+ fla2).

The operator A, is a degree preserving operator as can be seen from

n/2 —n/2

(2.7) A Ty(x) = %Tn(x).

The big g-Jacobi polynomials are defined by

—n n+1
,drdxq s X

q
Pn 5 :Pn 5ar, azs =
(x;a) (a1, a5 a3) s</>z< g0, qas

).

where a stands for the vector (a;,a,,4a3). They satisfy the orthogonality relation
[6,12-14],

as Py (X; a)Pn(x; a) (X, azx/%; q)oo ” h”(a) ’

/qal (X/QI,X/Q_?,; q)oo d x 5m,n
q

| (q, 01024, a3 /a1, qa1 /433 Q) oo
(qa1,qa2,9a3,9a1a,/a3; 9) oo

(1 —qmay) (9,992, qMma2/a359)n (—ayas)"q" 32
(1 — a1a,q>™*Y) (qay, qaraz,qas; q),

1/h,(a) :=a1q(1 —¢q
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for qay, qa; € (0,1),a3 < 0.
The g-Chu-Vandermonde sum (2] shows that the values of a big g-Jacobi poly-
nomial at the end points ga,, qas are

ca) = (—ay)g(s) (49192/ 333 @)
(2.8) P,(ga;;a) = (—a3)"q G,
= (—aq )n " )(qaZ) Q)n

P,(gas;a) =
nd (qai;q)n
Moreover, it is clear that P,(1;a) = 1. The weight function is

(x/ay,x/as;q)so

(2.9) w(x;a) = )
(x, xa,/a3; 9) 00
The Rodrigues type formula is ([6, 13, 14])

(ala3)nqn(n+1)(l _ q)n
(qa1,qa3; 9)n

w(x;a)P,(x;a) = (Dg)"'w(x; q"a).

Moreover,

qlfn(l _ qn)(l _ alazqnﬂ)

(2.10) DyPulsia) = 0 S = a1 — qay)

P,_1(x;qa).

The continuous g-ultraspherical polynomials are ([8], [13, §13.2-13.3]),

b0 =3

The representation (Z.11)) is equivalent to the ,¢; representation

] (Bs@)ne™ —2if
(2.12) Cu(cos0; 3] q) = @D zcbl( ’q,qe /ﬂ)

The orthogonality relation of the continuous g-ultraspherical polynomials is [13,
§13.2],

213,93 9) e (1 — B)(B%qQ)n
(@,859 (1—Bg)(gq).

1
/ o6 8| )Calxs B (x| B) de =
-1

which holds for |3| < 1, with

(@, e q)os

(37, e s o

(2.13) w(cos@ | B) = (sin@) L.

When 3 > 1, point masses appear at x = (52 + 371/2)/2. We cannot find
the value of C,(£1; 3 | g) for any (3 in closed form, but it is clear from 2I1)) that
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|IC.(x; 81 q)| < Cu(1;3]q) for x € [—1,1]. The only points, other than x = 0, at
which the polynomials can be evaluated are x = 4(5"/2 + 3'/2) /2, which seem to
be the natural end points of the interval of orthogonality. At these points e~ = /33,
the ¢, representation (2.12)), and the g-Chu—Vandermonde sum (2.I]) give

n/2 (/BZ;Q)n

(2.14) Ca(£(B2 +5712) /2 8]q) = (£1)"3~ G

The action of the Askey—Wilson operator on C,(x; 3|q) is given by

gCnl(x; 981 9).

(2.15) DLCu(x: B8 | q) = Zq_(”_l)/z =

The following connection coefficient problem was solved by L. J. Rogers in 1894:

Ln/2]

k . . ok
(216)  Culuylp) =Y. B v/ B k(v Dn—k (1 — Bg"*)
k=0

(@ Di(aBs Q)n—r 1-3) Ch2(x; 8] q).

See [13] and [10] for references and proofs.
If {P,(x)}32, is a sequence of orthogonal polynomials with respect to a positive
Borel measure p, then it will satisfy a three term recurrence relation of the form

xPy(x) = anPpi1 (%) + byPy(x) + cuPu_1(x), 1 >0,
with b, € Rand a,,_;c, > 0,n > 0. The orthogonality implies
(2.17) ashy, = curihy,
where h, is defined through
(2.18) 1k, = /}R (P02 du().
The relationship (2.17) will be used repeatedly in the sequel.
3 Connection Relation for Big g-Jacobi Polynomials
In this section we give an explicit representation for the connection coefficients of the

big g-Jacobi polynomials.
Let

(3.1) P,(x5b) = a,i(a,b)Pi(x;a).

k=0
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Then

qa

i (a,b) /I (a) = / P b) Py ) wiixs ) dyx

qas

k k(k+1) _ k qay
ST sl Gl / P b) (D) wixs g'a) dyx

B (qa1, qas; q)x

qas3

_ kK1 _ ok ram
_ ( ala?:) q (1 11) / (qul)kPn(x;b)W(x;qka) dqx
q

(qai1, qas; @)k

az

_ (—aa) g (), (bibag™ s
(qa1,q9a3; Qi(q; @) n—r(qb1, gbs; @)k

qa;
X / P,_i(x; qkb)w(x; qka) dgx.

qa3

We now evaluate the last integral. Clearly

qa1
/ Py (x;¢"b)w(x; g*a)dyx =
q

asz

n—k a - -
Z (qkin7b1b2qn+k+l;q)s s/q (q kx/al,q kX/%QQ)oo dx
— (6]7 qk“bl,quba;CI)s qas (XqS,XQZ/QS;q)oo qX-

Since the integrand vanishes at x = a,¢’ and x = a3g/, 0 < j < k, we conclude that

qa; —k —k .
/ (g *x/a1,q x/as,q)oodx

qas (xqsa va/afv; Q)oo 1

k+1
_ /q “ (g *x/a1,q " x/a3; 4) s dx
7 (xqs, xaz/a3; q)oo q

2k+2+s.
bl

_ mq* (1 — q)(q, a3 /a1, qa1 /a3, araxq Qoo
(a3qk+5+1, qk+1a1a2/a3, alqk+s+1’ azqu; q)oo

)

where we applied (2.4). Therefore

(q,a3/a1,qa1/as, 18235 @)oo (b1 29"15 )k

(asq**!, ¢ layay faz, a1 42945 ) oo
(—ayas)kq(2) b= (g: gy,
(5 Dn—r(aqu, qas, qbi, qbs; @)k

y ¢ qk7n7 blbgq"+k+l, 011qu, a3qk+1
493 qk+1b17qk+lb3,ala2q2k+2 4 ) -

ayr(a,b)/hi(a) =

X alqk“(l —q)

This establishes the following theorem.
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Theorem 3.1 The connection coefficients for big q-Jacobi polynomials in (3.1)) are
given by

(q; ) (qa1, qaz, bibrg™'; q)k
(4 Dn—i(q, qb1, qbs, ¢ araz; q)x
qk—n, blbzqn+k+17 Cl]qu, a3qk+1

k+1 k+1 2k+2
‘1+ b1>q+ bs, a1a,q +

(3.2) a,i(a,b) = g*"

><4¢3(

%Q)-

Corollary 3.2 (Andrews and Askey [5]) The little g-Jacobi polynomials

@ —n n
(q, 9)"2¢1(q ,abq"™; qa; q, 4z)

Pulxsa,b) = GO

have the connection relation
n
Puls by b2) =Y cuslar, az, by, by) pilxs ar, ay),
k=0
where

=" (b1 byg™ 5 @)r(qb1s @)
(45 @ n—r(qb1, g araz; 9)k

Cn.,k(ala a, by, by) =

qkfn’ blbzq"”‘”, alqk“
2k+2

><3¢z( ‘JaQ)~

k+1
q* bl,alazq

Proof It is clear that

(qﬂl;q)n lim pn(qasx;al,aba?’)'

pn(xsa1,a,) = (G D e

In (BI) we take b3 = as, replace x by gasx and let a; — oo. The result follows

from (3.2). [ |

The case of discrete g-ultraspherical polynomials is
Culxsa:q) = Py ozq_l/z, ozq_l/2, —aq_l/Z).
The three term recurrence relation for the big g-Jacobi polynomials is

()C - I)Pn(x§ a) - AnPnJrl(X; a) - (An + Bn)pn(x; a) + Bnpnfl(x; a)7

where
A — (1 —ag™M)(1 — a3q"™) (1 — ayaq™")
! (I =g )(1 — aarg®*?)
By = —ayasgt L= 401 = @01 = (@1:/a3)q")

(1 — a1a29>")(1 — ayapq?"*1)
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In the case of the discrete g-ultraspherical polynomials, the recurrence relation be-
comes

x(1 —a’¢")Cu(xsa: q) =
(1 —a*q")Cpii(xa:g) +*q" (1 — ¢")Cuo1 (x5 q).
Moreover, C,(1; « : q) = 1 and the end point evaluations are
Culay/ga:q) =a"q"?, Cul—ayga:q) =(-1)"a"q" /.

In this case the orthogonality relation becomes

ay/q (qx/az.qz) K}
Colx;o: q)Chlya s )12 g x = 0
/—aﬂ ! TP T i)
1 () (1= 0?) (g q)n (@°0?, 4% 4°) oo
=« 2 x 200,/q(1 — q) —F"—"2,
hy () (1 —a2g*)(a?;q)n Vit —a (90% %)
Since the weight function is even, the connection coefficients a, x are zero when n—k
is odd. Thus
[n/2]
CalxsB:q) = Y busler, HICy ailxsa: ),
k=0

and the 4¢3 is summed by (2.2). The result is

(@ D) n (0% ) n—2k(B*q"; Q) —2x
(g5 Dax(q, @5 q) n—21(qB% ) n—2k

(O{qn_2k+l/2)2k(q, 52/0[2; qZ)k
(ﬁ2q2ﬂ74k+1’ a2q2n74k+2; qZ)k :

buxla, B) = g2

The above expression simplifies to

(@ Dn(B% 3 nr(B2 /% ) (1 — 2?4 (0?5 @) n_ak
bn , _ k 2k
e ) = a G D s P (=) (P

4 A Characterization of Discrete g-Ultraspherical Polynomials

To state our characterization of the discrete g-ultraspherical polynomials we need to
renormalize the polynomials to be equal to 1 at the right end point of the interval of
orthogonality and renormalize the weight function to have total mass 1. In view of

(2.8) and (2.9)), we set
P,(xsa:q) = a*”q*”Z/ZCn(x;oz 1q),

1 (0% ) (gx/0%5 %)

w(x o) = ,
200,/4(1 — q) (¢*?, 3% P00 (4% 4%) oo
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so that
xP,(x;0:q) = apPun (ot q) + Py (6t g),

n+1/2 (1 — azqn)
1— anZn ’

1/2 (I—4q")

a, = aq 7(1 — azqzn) .

= 0q

Note that a, + ¢, = ag'/?. Now the orthogonality relation becomes

uql/z s
/ Pyl a: qPy(xa: qwlxa)dx = m’

—aq'/?

1 —?¢*") (% q)n
Q=) (gqn

Applying ([2.10) we see that the connection relation becomes

() = ¢

—en—ny2 (L= ?q")(q; @)
(41) D P (x’a . ) — (nz+n /2t — =9 I\DbY)n
t v a(l — 9)(qa?; q)a

L(n—1)/2]

XY hek1(@) Pagya(xac q).
k=0

We next state a characterization theorem, which is the main result of this section.
Note that the ks are defined by (2.18).

Theorem 4.1 Let {P,(x)}52, be a polynomial sequence orthogonal with respect to a
positive Borel measure 1. Assume that {P,(x)}52,, is recursively defined by Py(x) = 1

and
(42) XPn(X) = anPn+1(x) + Cnpnfl(x)v n=>0,
with
0<ay+c,=A=0ag"?<1 =0 Cagr
ntCh = = oq ’ =Y, 1 =0aq 1—0[2(]2,

where 0 < q < 1. Moreover, set Dy (x") = sax" 1, that is

1—q’
Then the following three statements are equivalent.

(i) Foralln € N we have

[(n—1)/2]

Dq—IPn(x) = Op Z hn72k71Pn72k71(x)7
k=0

where the constant o,, depends only on n.
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(ii) Foralln > 2 it holds that

Cn q~'As,

Cn—1 (5n+1 - 5n71)cn71 +A5n71

(i) The polynomials {P,(x)}52, are the discrete q-ultraspherical polynomials
{Pa(xs s @)} 2.
In this case the constants in (i) are given by 0, = Cj;,n .

Proof First we assume (iii). Then for n > 2 we get

¢ _ aq'P(l—gq") _ aq'*(1 - q")
Cn—1 Cnfl(l - a2q2n) Cnfl(l - ‘12 + q2 - a2q2n)

q 'As,

(5n+1 - Snfl)cnfl +A5n71 .

This shows that (iii) implies (ii). Conversely, this also shows that (ii) implies (iii). We
derive (i) from (iii) by applying (@.1]). Hence it remains to prove that (i) implies (ii).
We set

n—1

Dy Py(x) = > wilk)Pe() .

k=0
Comparing the coefficients of x"~! gives s, = w,(n — 1)h,_1a,_1. In other words

Sn Sn
anzwn(n—l)zih: o
aAp—1Mp—1 Cnlly

Moreover, set

n

Py(x) = > en(k)Px().

k=0

Applying the g-product rule we get
Dy-1(xPy(x)) = q_lxDq—an(x) + P,(x).
Acting with D, on results in
Dy-1(xPy(x)) = ayDyg—1Pyi1 (x) + ¢uDyg—1 Py 1 (x).
Thus

Dy-1Ppi(x) = é(Pn(x) + qilxqulP,,(x) — cnDg-1Py—1(x)).
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Again by comparing coefficients of P¢(x) one gets
1
wrn(0) = — (k) + g7 (@ (k+ 1) + ok = 1) = ewn1(B)

If we assume (i), then 041 = wy1(n) = wyr1(n — 2) for n > 2. This yields

Sl €n(n—2) +q Nan_awy(n — 1) + cy_rwy(n — 3)) — cuwu_1(n —2)

ayh, an
1 <A Sn Sp—1 )
= — | — — | .
ay q Cnhn ncnflhnfl

Asy An—15n—1
S+l = - ’
an Cn—1

Therefore

which gives

Cn—15n+1 T (A - Cnfl)snfl _ A5n

)

Cno1 qcn
and finally yields
e q~'As,
Cimr (Sur1 = Sp—1)Cu1 FAs1
This proves that (i) implies (ii), and the proof is complete. ]

Let {P,(x)}5°, be a sequence of symmetric orthogonal polynomials with respect
to a positive Borel measure p. Moreover, assume that {P,(x)}>°, is generated by
Py(x) = 1 and @2), with0 < a,+¢c, = A < 1,¢g = 0and ¢ < A. Then the
assumptions of Theorem[4.T]are fulfilled with

A—C1

— _ —1/2
—m and Ol—Aq /

q

5 A Characterization of Continuous g-Ultraspherical Polynomials

To state our characterization of the continuous g-ultraspherical polynomials we need
to renormalize the polynomials to be equal to 1 at the point (3'/> + 371/2)/2 and
renormalize the weight function to have total mass 1. In view of (2.14) and (Z.13) we
set

, _ @D
Py(x; 8| q) = (ﬂz;q)nﬁ Culxs 8] 9),
(62%)7 e—2i0.

sDoo (B2 4900 1
(Be??, e~ q) o0 (B, B Qoo 21 — 22

x = cosf,

w(x; 3) =
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so that
XPn(X;ﬂ ‘ fJ) = anPn+1(x;ﬁ | q) + CnPn—l(X;L-2 | q)a
=gy gha-g)
T2 (1 —pgn)’ T 201 Bg")
Note that a, + ¢, = w Now the orthogonality relation becomes
! J
Py 3 @)Pu(x; B| @)w(x; B)dx = 7=,
[ 1 Bl a)Pu(x; B q)w(x; B ()

(B5 @)1 — Bq")
(@1 = B)

Applying (2.15)) and (Z.16) we see that the connection relation becomes

n— _n 11— s D
(51) gqpn(x;ﬂ | q) _ 26(2 l)/Zq(l )/2 ﬂ (q q

1—q (B% @

ha(B) = g

[(n—1)/2]
X Z hn—2k—l(6)Pn—2k—l(x§6|q>-

k=0

The proof of our characterization of the continuous g-ultraspherical polynomials
relies on the following lemma.

Lemma 5.1 Let {P,(x)}32, be an orthogonal polynomial sequence initially defined
by Py(x) = 1 and generated by a three term recurrence relation of the form

(52) XPn(X) = anPn+1(x) + CnPn—l(x)a n> 07
where ¢y = 0. Moreover, let

(5.3) AgPa(x) =Y an(k)PLx) .

k=0

Then we have

qn/Z + q—n/Z
n = 57 d
a,(n) o, an
(1—@)q" 22— g 27— Y i
5.4 —2)= = .
( ) aﬂ(n ) 2hn72 Ap—20n—1

Proof Recall that A, acts as a multiplier operator on the Chebyshev polynomials of
the first kind T,,(x); see 27). It holds To(x) = 1, T1(x) = x, and it is easily seen by
induction that

To(x) = 2" Ix" — 2" Bpx" 2 4. .. n>2.

)
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We next expand P, in the Chebyshev polynomials {T),(x)} then act with A, on the
result. Set

Pux) = — 4+ d x4
apdy -+ - ap—1

Substituting P, (x) in (5.2)) and comparing coefficients of x"~! results in
aody -+ Ap_1dpp = agay -+ - Apdyi1p + ap_1Cy,

which yields by induction

-1
4 = ke 1%
2 = .
apdy - -+ ap—1
Now set
21—Yl
pn(x) = 7Tn(x) + en,ZTn72(x) toeee
041+ Ap—1

Comparing coefficients of x"~2 yields

272 272n =S gy
dn.2 = 2n73en,2 - ! 9 or [ 237” " Zk:l Bh—1% .
' aopdy - - - Ap—1 ' aopay - - - dp—1
Finally set
n/2 4 —n/2

AgPa(x) = TP () + fraPua) -

Since
AgPu(x) =
n/2 + —n/2 21—n (n—2)/2 + 2—n)/2
°+4 T+ e T () +
2 apdy * Ay 2 ’

and

T,(x) = 2" "agay -+~ a,_1Py(x) — 2" 'aga; -+ ap_yen 2 Tua(x) + -+,

comparing coefficients of P,,_,(x) results in

(n—=2)/2 4 2—n)/2 n/2 + —n/2
fo2 = (q 5 1 -1 Zq ) en22" Cagar - an_s
_ @)@ =g 270 = T e
2 ap—20n—1 ’
and the proof is complete. ]
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The following characterization theorem is the main result of this section. Note
that the h’s are defined by (2.13).

Theorem 5.2 Let {P,(x)}5°, be an orthogonal polynomial sequence with respect to a
positive Borel measure 1. Assume that {P,(x)}52,, is recursively defined by Py(x) = 1

and
(55) XPn(X) = anPn+1(x) + Cnpnfl(x)v n=>0,
with
1/2 —1/2
(5.6) an+cn:3:%>1,
B2(1 - q)

. = =—F<B

(5.7) =0, ¢ 2(1 = Bg) < b,

where 0 < q < 1and 0 < (3. Moreover, set D, T, (x) = s,U,_1(x), that is

_ q—(n—l)/z 11_ qn_
-9

Sn

Then the following three statements are equivalent.

(i) Foralln € N we have

[(n—1)/2]
@an(x) = 0Opn Z hy—ak—1Pn—2k—1(x),
k=0

where the constant o, depends only on n.
(ii) Foralln > 2 it holds that

ﬁl/z 71/2_'_/371/2 1/2
Cn 9 . q Sn

Cn—1 (Sn+1 - Snfl)cnfl + Bsnfl

(i) The polynomials {P,(x)}32, are the continuous q-ultraspherical polynomials
{Pu(x B )}

In this case the constants in (i) are given by 0, = 4.

Proof Since {P,(x)}5°, is an orthogonal polynomial sequence with respect to a pos-
itive Borel measure y, it holds that age; > 0. Thus a9 = B > 1 implies ¢; > 0.
Therefore (5.7) implies 3 < g~'/2. Furthermore, (5.6) yields 3 # 1. Thus our
setting implies 0 < 3 < q~'/?and 8 # 1.

https://doi.org/10.4153/CJM-2010-080-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-080-0

196 M. E. H. Ismail and J. Obermaier
First we assume (iii). Then for n > 2 we get

gl2,=1/2

A S I
o1 200 896 R - B
ﬁl/zq—l/zfﬁ—l/qu/z s ﬂl/zqﬂ/z_'_ﬂfl/zquzs
— 2 n _ 2 n
T =B B s

ﬂl/zq—]/2+ﬁ—l/2ql/zs ﬁl/zq—l/2+ﬁ—l/2ql/zs
2 n 2 n

Sp—1(1+ ql_}‘;n)(B + 2‘{%1/12) (St — Sn—1)Cu1 + Bsu_1
This shows that (iii) implies (ii). This also shows that (ii) implies (iii). We derive (i)
from (iii) by applying (5.1]). Hence it remains to prove that (i) implies (ii).

We set

n—1

DyPu(x) = Y w(K)Pe(x).

k=0

Representing both sides in terms of Chebyshev polynomials of the second kind and
comparing coefficients of U,_; (x) gives s, = w,(n — 1)h,_1a,—;. In other words
Sn Sn

op=w,(n—1)=— = .
" " anflhnfl Cnhn

Applying the product rule (2Z.6) for the Askey—Wilson operator we get

12 4 —1/)2
Dy (xP, (x)) = %wqm (x) + AgPo(x).

Acting by D, on (5.3)) results in
Dq(xpn(x)) = anﬁqpn-*—l(x) + Cn'Dan—l(x)~

Thus
12 . —1/2

T4 D, Py(x) — ¢ DyPr ().

1
DyProa(x) = - (AgPu(x) + 1 .

Comparing coefficients of Pi(x) one gets

wn1 (k) =

1 ql/z +q*1/2
— (an(k) + —

an

(onlk+ 1) + (k= D) = cown-1(R))
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where o, (k) is defined by (5.3). If we assume (i), then 0,41 = wys1(n) = Wy (n—2)
for n > 2. This yields

s 1 V2 g1z Sy
n+1:<an(n_2)+qq LS
anhn an 2 Cnhn Cnflhnfl
Then
Sps1Cn1 + Sp_1@n_ 12 4 g=1/2
n+1tn—1 nlnlzhnan(n_2)+q q Bi
Cn—1 2 Cn
Applying (5.4) and h,,/h,—» = (ap—2a,—1)/(ch—1¢,) We get
12, —1/2
Cn hpcpa,(n —2) + %Bsn
Cn—1 (5n+1 - sn—l)cn—l + Bsn—l
_ _ 1 1/2, —1/)2
(gD — )2 — T ) + B,
(5n+1 - Sn—l)cn—l + Bsn—l '
. . . 1/2
Due to the first equality of the proof it remains to show that ¢; = %, k =

1,...,n— 1, implies
1 =9, w2y g q'*+q'? _
- (@" "2 — ;ak 16) + — —Bu=
51/261_1/2 +5_1/26]1/25
2 "
A simple induction results in
— (n—1)—ng+q" +ﬁ(1—nq”l+(n—1)q)
Zak*lck 1
4(1 = Bq" 11 —q)
Therefore
1 - q(q(n 2)/2 771/2) n — ZZ;OI A1k _
2 Cn—1
o gy A 0B _ a0 —p),
q 51/2 (1_ n—1) 451/2(11/2 m

which finally yields the desired relationship. This proves that (i) implies (ii), and the
proof is complete. ]
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Let {P,(x)}5°, be a symmetric sequence of polynomials orthogonal with respect
to a positive Borel measure p. Moreover assume that {P,(x)}52, is generated by
Py(x) = 1 and (5.5), with a, + ¢, = B > 1, ¢y = 0 and ¢; < B. Then there exist two
solutions of (5.6) with respect to 3, namely
By =2BB—+vVB>—1)—1<1, and [, =2B(B++vB>*—1)—1>1.
Furthermore, there exists one solution of (5.7)) with respect to g, that is
VB -2q
VB =26
Then the assumptions of Theorem 5.2l are fulfilled if
VB1 VB —2¢
0<a <Y f=p, q= -
2 VB — 2616
or
Ba VB — 2¢
V2 o <B B=p, q=-L2 0
2 VB = 2Ba
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