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ABSTRACT

Tests have been performed on fine-grained,
columnar, freshwater ice sheets 40 to 70 mm thick
grown in a refrigerated model basin. Cantilever
beams of various geometries were tested for lengths
ranging from 200 to 2 000 mm and widths of 50 to
250 mm. Analysis of the results in terms of simple
elastic beam theory indicated that modulus increased
with increasing beam length and decreasing beam
width. An analytical model for beam deflection was
developed, taking into account the effects of buoy-
ancy, shear, and rotation and deflection at the root.
This model satisfactorily explained the observed
deflection behaviour and the apparent geometry
dependence of the modulus. Flexural strength was
independent of beam length, but decreased with
increasing beam width. Flexural strength was indepen-
dent of loading rate, whereas modulus decreased with
increased loading time.

INTRODUCTION

Flexural behaviour of ice covers is an important
factor in establishing their bearing capacity and ice
loading on structures. It has application in stqdy1ng
natural ice processes such as ridge building, ride-up,
pile-up and rubble building. Accurate determination
of flexural properties of an ice cover is therefore
essential. Usually such determinations are made from
in situ cantilever beam tests. Flexural strength and
apparent elastic modulus are calculated by means of
simple elastic beam theory, which assumes that ice is
isotropic and homogeneous, that the root of the beam
is rigidly clamped and that there is no buoyant sup-
port of the beam by water. None of these assumptions
is completely valid however. When cantilever beam
tests are analysed using simple elastic beam theory,
spurious results may be obtained if the length-to-
thickness ratio, width-to-thickness ratio, and load-
ing rate are not taken into account.

Some attention has already been given to the
influence of these factors on the analysis of the
results of cantilever beam tests. Maattdnen (1976)
studied beam geometry and loading rate effects during
a field test carried out in the Baltic, finding a
decrease in strength and modulus with increasing
ratio of beam width to ice thickness. Beam length had
no effect on flexural strength, but modulus decreased
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with decreasing length unless the effect of shear was
eliminated. Frederking and Hausler (1978) evaluated
the influence of buoyancy on strength and modulus of
sea-ice beams. Analytical and experimental results of
this investigation suggested that buoyancy effects
could be ignored provided the ratio of beam length to
ice thickness was less than ten.

When Svec and Frederking (1981) examined the
influence of plate effects at the root of a canti-
lever beam they found that for a length-to-thickness
ratio of ten about 20% of the deflection at the tip
of the beam is due to rotation at the root. Moments
in the root area are about 50% greater than those
determined from simple beam theory. Tatinclaux and
Hirayama (1982) recently presented a technique for
determining modulus from strength test data on canti-
lever beams of various lengths. This paper presents
the results of a series of tests on the effect of beam
geometry and loading rate on measured strength and
modulus values, plus an analysis of the results in
terms of available theories for cantilever beams.

TEST PROCEDURE

The tests were performed on two sheets of fresh-
water ice grown in a large refrigerated tank (21 x 7 m
in area and 1.2 m deep) in the Hydraulics Laboratory
of the National Research Council Canada (Pratte and
Timco 1981). The extent of the ice, about 130 m2,
allowed a large number of tests to be performed. The
water was mixed with air bubblers until it cooled to
a uniform temperature of 0.1°C, and was then seeded
using a fine water spray at -18°C ambient temperature.
Subsequent ice growth was at an air temperature of
-12°C. This produced fine-grained columnar ice of
type S-2. Grain size varied from about 1 mm at the top
to about 3 mm at the bottom of the ice sheet, which
was 60 mm thick; grain structure was similar for both
sheets. The ratio of sample width to grain size was
always greater than 20:1, thereby minimizing grain-
size effect.

The beam tests were carried out in situ in the
ice cover. Beam dimensions were laid out with a mark-
ing pen and then cut with an electric chain saw, care
being taken to keep water off the beam surface during
cutting, particularly at the root where final cutting
was done by hand. Room temperature during the tests
was -10°C. A thermocouple frozen into the ice cover
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indicated an average ice temperature of -3°C. For ice
sheet 1 (series 1) the ice thickness was, on average,
61 mm; for series 2, about 4 h later, ice thickness
averaged 71 mm. For ice sheet 2 (series 3) the ice
thickness was 40 mm; for series 4, about 18 h later,
the ice thickness was about 64 mm.

Load was applied to the end of the beam through
a load cell with a hand-operated rack-and-pinion
drive clamped to the side of the service carriage.
The rate at which load was applied could be varied,
but for the majority of the tests every effort was
made to achieve the same rate. The tip displacement
of the beam was measured with a displacement trans-
ducer of the DCOT type supported on an independent
beam spanning the tank. Load cell and displacement
transducer readings were recorded on a two-pen strip
chart recorder to produce records of load time and
displacement time. They were also fed into an X-Y
recorder to produce curves of load versus deflection.
After each test the dimensions of the beam were
measured. Elastic beam theory was used to calculate
flexural strength ogp and elastic modulus Egp:

6P'L
dgh = (1)
sh whe
4 R P
Egy ™ — =] = (2)
W h y

where P' is breaking load, L is beam length, w is
width, h is ice thickness and P/y is the slope of the
Toad-deflection curve. Note that y is the actual
measured tip deflection. P/y and E¢h were only evalu-
ated for cases for which the load-deflection curve
was linear to break.
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RESULTS

Test results are summarized in Tables I to III.
Altogether, six test series were performed: series 1
to 4 on beam-length effects, series 5 on the influ-
ence of loading rate, and series 6 on beam-width
effects. Flexural strength as a function of normal-
ized beam length for the two ice sheets is plotted on
Figures 1 and 2. For ice sheet 1 there is no signifi-
cant dependence of strength on beam length. Series 1,
with an average ice thickness of 61 mm, had a mean
strength of 860 + 200 kPa and series 2 a strength of
870 * 210 kPa for an average thickness of 71 mm. The
similarity of the strengths for the two ice thick-
nesses and the relatively large standard deviations
show that there is no significant difference for the
two test series.

Strengths for ice sheet 2 are presented in Figure
2. The average flexural strength of test series 3 and
4, ice thickness 40 and 60 mm, respectively, for
short beams (ratio of beam length to ice thickness
less than 10) was 740 * 120 kPa and 660 + 110 kPa,
The difference between the two mean values is not
significant. On the other hand, the difference in
strengths for the two ice sheets is just on the verge
of being significant.

As the load-time curves were generally quite
linear, strength data were examined in terms of time
to failure. Flexural strength as a function of time
to failure in sheets 1 and 2 is presented in Figures
3 and 4, respectively. In both cases there is a
general trend towards increasing strength with
increasing loading time.

Elastic moduli calculated by means of Equation
(2) are plotted in Figures 5 and 6 for ice sheets 1
and 2 respectively. Both sets of results show that
the calculated moduli decrease with decreasing beam
length. There is no significant difference in the
results for the four series. The marked dependence

TABLE I. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 1: BEAM-LENGTH SERIES

Test no. Length Width Thickness Failure Time to Load-deflection
Toad failure slope
W H !
(mm) (mm) (mm) (N) (s) P/y (N mm~1)
Series 1
il 600 123 62 135 3.5 84
2 620 118 63 81 1.0 76
8 500 137 62 140 251 87
4 508 112 62 125 T 86
5 485 113 62 149 1.6 93
6 485 145 60 235 3.0 106
7 380 135 62 141 1.0 132
8 380 115 62 186 2.3 125
9 390 123 62 180 1.4 147
10 280 135 61 280 2hd 195
11 250 123 61 220 0.8 253
12 253 121 62 192 0.9 302
13 250 131 62 232 2.5 -
Series 2
A 740 120 71 113 251 85
B 735 140 70 159 2l 81
C 735 115 70 164 2.6 79
D 625 120 71 89 0.9 99
E 620 125 72 110 1.7 -
F 615 125 70 192 2.8 128
G 500 120 70 126 1.8 121
H 490 125 7k 211 il 126
I 505 115 71 228 2wl 145
J 505 130 72 184 2.9 173
K 400 135 71 228 3.0 -
E 410 120 71 221 1.8 219
M 385 125 e 232 4.3 -
N 310 125 il 279 2.0 263
0 305 130 72 283 2.4 365
P 295 115 71 205 2.5 439
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TABLE II. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 2: BEAM-LENGTH SERIES

Test no. Length Width Thickness Failure Time to Load-deflection
Toad failure slope
L w h p! Ply
(mm) {mm) (mm) (N) (s) (N mm-1)
Series 3
I 195 121 39 94 2:3 101
2 290 127 40 93 Lol 70
3 460 135 40 88 352 38
Series 4
1. 2 030 132 57 30 1.0 -
2 2 050 134 58 29 1.0 -
3 2 060 123 58 37 1.0 4.4
4 1 750 135 60 46 2.5 5.4
5 1 750 125 60 33 1.5 4.6
6 1 780 125 61 29 1.3 3.1
7 1 020 162 64 60 1.0 2345
8 1 040 121 64 66 1.5 225
9 1 050 124 65 62 1.8 24
10 520 135 62 132 16 55
11 530 122 64 106 1.0 61
12 530 120 64 105 1.0 67
13 530 125 64 101 1:3 70
14 430 142 64 163 1.1 95
15 420 120 65 166 2l 97
16 205 116 64 209 2.0 144
17 220 15 63 263 2.9 163
18 215 125 64 190 1.4 195
19 190 130 63 244 3.9 224

TABLE III. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 2: LOADING RATE AND BEAM-WIDTH SERIES

Test no. Length Width Thickness Failure Time to Load-deflection
load failure slope
I W h P!
(mm) (mm) (mm) (N) (s) P/y (N mm=3)

Series 5

Al 505 132 65 163 7.8 95

A2 545 132 65 130 1.0 105

A3 545 129 65 97 0.5 91

A4 550 125 65 137 4.0 78

A5 545 1 65 132 2.1 79

A6 565 127 64 104 0.4 88

A7 575 132 64 157 8.5 79

A8 580 127 65 149 L5 91

A9 570 143 65 116 0.4 118
Series 6

Bl 480 90 65 120 0.9 122

B2 485 98 65 112 1.0 140

B3 475 67 65 i) 1.0 104

B4 470 63 66 72 1.0 80

B5 460 223 66 228 1.1 147

B6 495 204 67 194 1.5 146

B7 500 270 66 201 2.0 168

of the modulus on beam length shows that the simple
cantilever beam theory is not valid for this appli-

cation. )
Tests were carried out over a range of loading

rates, equivalent to strain-rates of 10* to 1073 s
to see whether rate had any effect on strength or
modulus (series 5). The dependence of strength on the
time to failure is presented in Figure 4. No depend-
ence of strength on loading rate is apparent. Elastic
modulus calculated using simple cantilever beam

=1
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https://doi.org/10.3189/50260305500005243 Published online by Cambridge University Press

theory (Equation (2)) is plotted against loading time
in Figure 7. It may be seen that the modulus tends to
decrease with increasing loading time.

A series of tests was carried out on ice sheet 2
to investigate the effect of beam width on flexural
strength and modulus. These results are plotted in
Figure 8. Selected results from the loading rate
series have been included to provide a more complete
range of widths. Both strength and modulus were found
to decrease with increasing width.
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Fig.2. Flexural strength versus ratio of beam length

to ice thickness for ice sheet 2.
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Fig.3. Flexural strength versus time to failure for

ice sheet 1.
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¥p deflection due to rotation at the root, and y
deflection of plate at root. Note that the term ¥p is
considered here only because beam deflections were
measured with respect to the tank wall. If measure-
ments were made in relation to the ice cover at the
root of the beam this term would drop out.

Tatinclaux and Hirayama (1982) simplified the
equations for buoyant effect on stress and deflection;
the following equations were shown to he excellent
approximations over the indicated ranges

DISCUSSION

Interpretation of results of in situ cantilever
beam tests is known to be subject to error due to
rotation and deflection of the beam at the root, shear
effects, and buoyant reaction of water. The relative
influence of these factors is a function of beam geo-
metry as well as elastic properties. Shear is pro-
portionally more important for short beams. Long
beams with a lTow elastic modulus are more influenced
by buoyancy. Wide beams behave more as plates and

are consequently stiffer. Teh

Quantitative expressions for the influence of the — =1+ 0.367 (aL)Y (4)
preceding factors will now be presented. Interpret- e "
ation of the modulus results will be considered first b
because they show a strong geometry influence. The for 0 % SL. 2 1
total measured deflection y at the tip of an in situ 2
cantilever beam is the sum of and

Y s Yehyt Yg ¥ T Y (3) Ysb

S 4 140314 GLY = 1/a (5)

where yg is the tip deflection of a simple cantilever Yb
beam (Equation (2)), « a factor to take into account
the influence of buoyancy, yg deflection due to shear, for B 2 KL & wfe &
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where agh and ygp are flexural stress and tip deflec-
tion of a simple in situ cantilever beam and op and
yp are actual values, taking into account the contri-
butions of buoyancy. i is defined as
3Yu 174
K = =)
Enh3

s’ (6}

where vy, is weight density of water, E is elastic
modulus, and h is ice thickness. The buoyancy factor
a in Equation (3) is defined in Equation (5).

Roark (1965: 129-130) presented the following
equation for the deflection due to shear in a canti-
lever beam

6
5t = (7)

~

where G is shear modulus. For an isotropic material
shear modulus is related to elastic modulus by the
relation

E

= — (8)

2 (1+v)

where v is Poisson's ratio. Columnar-grained ice is
best characterized as transverse isotropic. Investi-
gations by Gold (1958) showed the relation hetween
strains in the plane of the ice cover to be complex.
For example, Poisson's ratio increased from 0.3 to
0.6 as strain increased. In subsequent analysis in
this paper it will be assumed that the relation
between shear modulus and elastic modulus is deter-
mined by v = 0.3.

Using a finite element analysis Svec and
Frederking (1931) found tip deflection to be 20%
greater due to rotation of the beam at the root.
Because each beam in this test program had a differ-
ent geometry it is not feasible to use the finite
element technique to evaluate root rotation for each
test. As an approximation, an equation developed by
0'Donnell (1960) for in-plane loading of a cantilever
beam elastically connected to a semi-infinite plate
has been used. The expression for the root rotation,
ABp 1S
16.67 PL i (1-v) P

TwEh2 Ewh

. (9)

40y =

The corresponding tip deflection y, is given by
Y = A@r L . (10)

Plate deflection at the root can be approximated
from the deflection of a semi-infinite plate subjected
to a line load at its edge. This problem was solved by
Nevel (1965). The deflection under the centre of a
line load is given by

0.46 P
yp = = i (11)
Yy 4
where
En’ 1/4
L= —————1} . (12)
12 (1-v2) vy

Mote that line load length, i.e. beam width, does not
appear in Equation (11), which is a good approxima-
tion (within £ 3%) for beam widths up to 1 m for the
ice thicknesses and modulus values of these test
series. To simplify, Equation (11) can be written in
the form
gP
.yp S £ (13}
WE
where
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B 1Bl el ) . (14)

Substituting the above expressions in Equation (3)
gives

3 2
4 L°FP 6 L P 16:67 L p
= ] e e = & = S
p=ugld o tpport—H =2
(1-v),L, P
P (FJ E} t+ 0.46-YT.,_ (15)
W

A typical case will be considered to give an
appreciation of the relative importance of the vari-
ous deflection terms. Assuming E = 6 GPa, v = 0.3
h=0.06m L=0.48m w=0.12m, v, =10* N m-3
and P = 200 N, the total deflection was calculated to
be 3.34 mm. Of this total 80% was due to deflection
at the root, 17% to deflection of the cantilever beam,
3% to rotation at the root, and a negligible amount
to snear and buoyancy effects. These proportions will,
of course, change with beam geometry and elastic
properties. The calculated deflection is similar to
deflections measured under similar conditions in
these tests.

Equation (15) can be rearranged to solve for
elastic modulus as a function of the slope of the
load-deflection curve:

3 67 2
E-l4a (D) + 20 @) ¢ g
I 1 B
ek 2 = 16
+ (1-v) [h] + 8] = (16)

An iterative procedure has to be used to solve for
elastic modulus from Equation (16), since E also
appears on the righthand side of the equation in «
and g. As this solution for E is ratner time-
consuming, it was not used for evaluating elastic
modulus for all the tests.

To demonstrate that Equation (15) represents the
observed dependence of deflection on beam geometry,
an assumed set of conditions was used to calculate an
apparent elastic modulus, i.e. a modulus calculated
by substituting the tip deflection y calculated from
Equation (15) into Equation (2). These curves of
apparent elastic modulus are plotted in Figures 5, 6
and 8. The conditions assumed were E = 6 GPa, v = 0.3,
h =60 mm, w = 120 mm for the beam-length series, and
L = 480 mm for the beam-width series. The values for
the elastic properties E and v were estimated using
the approach of Sinha (1979). It may be seen that
the trends of the apparent elastic modulus predicted
using Equation (15) closely follow the experimental
data.

The elastic modulus decreased by about 20% as
loading time (actually time to failure) increased
from about 0.5 to 8 s. A similar trend was observed
in the experiments of Traetteberg and others (1975)
and in the theoretical predictions of Sinha (1979).

Results of tests on flexural strength showed only
a small dependence on beam length. This is not surpri-
sing since, with the relatively high modulus of the
ice, the buoyancy effect is very small. When Equation
(4), as developed by Tatinclaux and Hirayama (1982),
was applied to the conditions of series 4 (E = 6 GPa,
h = 60 mm, o = 660 kPa), the curve for apparent
flexural strength shown in Figure 2 was obtained. The
decrease in flexural strength with increasing beam
width (Fig.8) is similar to the finding of Maiattanen
(1976) in field tests. Similarly, Lavrov (1971:88) in
laboratory cantilever beam tests on freshwater ice
found the flexural strength to decrease by 24% with an
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increase in the width to thickness ratio from 1 to 2.
At the present time, however, no explanation is avail-
able for such a strength trend.

There is a fundamental question whether the canti-
lever beam test is a true measure of the flexural
strength of ice due to stress concentrations at the
root of the beam. The presence of such concentrations
has been demonstrated both experimentally and analyti-
cally by Maattdnen (1976) and by Svec and Frederking
(1981). When Gow and others (1978) carried out an
extensive series of in situ tests on both cantilever
and simply supported beams, they found that the flex-
ural strength of simple beams was as much as 1.7 times
greater than the strength of the corresponding canti-
lever beams. This difference was attributed to the
effect of stress concentration.’

Concurrently with the tests carried out for this
paper, a series of comparative strength tests was
carried out on ice from the same sheets (Timco and
Frederking 1982). Small beams were cut from the full
thickness of the ice cover, cooled to a uniform temp-
erature of -10°C, and tested in a small test machine.
The strength of these beams under simple support and
with the top surface of the ice cover in tension was
2 200 = 320 kPa. Direct comparison of the results is
not possible because of the difference in temperature
and test conditions, but the simple beams had sub-
stantially higher flexural strengths than the canti-
lever beams. Undoubtedly stress-concentration effects
are present in the results of the tests on cantilever
beam strength. This concurs with the recommendations
of the Committee on Ice Problems of the International
Association for Hydraulic Research (Schwarz and
others 1981) that cantilever beam tests should not be
considered at this time to give true flexural
strength values for an ice cover, but rather index
values. Nevertheless, such index values are useful
for comparison of relative flexural strength of ice
in nature at different locations and, provided
certain geometrical constraints are observed, com-
parisons of flexural strength of ice in a model
basin with ice in nature.

Flexural strength results in Figures 3 and 4 show
a trend towards increasing strength with increasing
time. It is probable that the initiation of flexural
failure is controlled by the presence of flaws in the
ice. If there is a large flaw or a large number of
small flaws, the beam will fail at a lower stress and
in correspondingly shorter time. Test series 5, in
which loading times were varied, showed an entirely
different trend for strength versus time to failure.
In this case strength only increased slightly, while
time to failure increased by an order of magnitude.
This increase in strength could be due to the partial
development of a plastic moment at the longer loading
times.

CONCLUSION

The results presented in this paper are for fine-
grained, columnar, freshwater ice with relatively
high elastic modulus. Although quite long beams were
used (length-to-thickness ratios up to 35:1), little
influence of buoyancy on flexural strength was
observed. On the other hand, there was a significant
decrease in flexural strength with increasing beam
width. Flexural strength from cantilever beam tests
cannot, therefore, yet be interpreted as the true
flexural strength of an ice cover because of inability
to explain these variations.

No systematic influence of loading rate on
flexural strength was observed, but elastic modulus
decreased with increasing loading time, as would be
expected. Elastic modulus showed a very significant
dependence on beam geometry. Modulus increased with
increasing beam length-to-thickness ratio and
decreased with increasing beam width-to-thickness
ratio. An analytical expression for total beam
deflection, taking into account buoyancy, shear,
rotation and deflection at the beam root, was
developed. When it was applied to the test results,
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it explained satisfactorily the influence of beam
length and beam width. In particular, it showed that
because beam tip deflection was measured relative to
the tank wall a large component of the measured beam
deflection was due to plate deflections at the root.
If this factor were to be neglected, the apparent
elastic modulus could be 1/3 to 1/4 of the real value.
It might explain the low elastic modulus values
obtained from beam tests in some ice model basins.
Great care must be taken in determining elastic
modulus from observations of beam deflection to
ensure that all factors contributing to the measured
deflection are taken into account.
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