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Abstract. Let G(o) and G(x) be two groups of finite order n, and suppose that
each of the sets {u € G; uov=uxv forallve G} and {ve G, uov=u=xv for all
u € G} has n/2 elements. Then G(x) can be obtained from G(o) by one of the two
general constructions that are discussed in the paper.
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For finite groups G(o) and G(x) denote the size of {(¢, v) € G X G; uov # u* v}
by d(o, *). If nis a power of two, n = |G|, and d(o, %) < n*>/4, then G(o) = G(x), by [3].
Hence 2-groups G(o) and G(x) with d(o, ) = n*/4 deserve a special attention. It is not
difficult to find examples of such groups [1, 2, 3]. Natalia Zhukavets systematically
studied the case n < 32 in her thesis [7], and in this context she and the first author
discovered two general constructions of this paper that are responsible for the majority
of pairs (G(o), G(x)) with d(o, %) = n*/4, if n = |G| is a power of two and n < 64.

PutU={ueG,uov=uxvforallve Gland V ={v € G; uov = u v for all
u € G}. The sets U and V can be, in general, empty. However, if U (or V) is non-empty,
then it is a subgroup of both G(o) and G(x). This can be verified easily and we shall
show that both U and V are non-empty if and only if G(o) and G(x) share the unit
element.

If |G: Ul =2 =G : V|, then clearly d(o, %) < n*>/4. However, the case d(o, ) <
n*/4 never occurs, and it turns out that conditions d(o, %) =n?/4 and |G: U| =2 =
|G : V| are strong enough to enable a rather detailed description of the relationship
of G(o) and G(x). This description can be turned into a prescription of how one
can obtain, given a group G(o), all groups G(x) with |G : U| =2 = |G : V| such that
xoy=xxy if and only if x € U or y € V. This prescription has the form of two
constructions, one corresponding to the case U = V and the other one to the case
U#V.

Basic properties of these constructions and their characterizations are the content
of Sections 1 and 2. In the second part of Section 1 we also give some auxiliary results
that are used in Sections 3 and 4 when determining the cases, in which the constructions
yield a group that is isomorphic to the original group. Theorems 3.4 and 3.8 give a more
abstract description of situations when a group can be obtained from another group
by one of our constructions, and Section 5 deals with groups that can be obtained in
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this way from finite abelian groups. Related papers and some prospects for future work
are mentioned at the end of the paper.

The main advantage of the presented constructions seems to be their simplicity.
One could easily interpret them in the language of group extensions, or in other
ways. However, we have refrained from doing so, since it is not clear how such an
interpretation might prove useful with respect to our aims. Our goal is to find a system
of simple passages between 2-groups of the same order, where any two groups of that
order are (transitively) connected. This could lead to a new approach to 2-groups, when
a property might be established by a verification for a single group and by a proof that
it is retained by each passage. The methods of this paper make interconnected all
2-groups of order n when n < 16. A slight generalization yields the case n = 32, and
there are reasons to hope that other kinds of passages will be found for higher orders.

When dealing with operations o and *, we denote the unit elements by 1, and 1,,
and the inverse elements by x~!' and x*, respectively.

1. Agents of disagreement. Suppose that G(o) and G(x) are groups of a finite
order n with d(o, %) = n>/4. The set {(x o )~! o (x * »); x, y € G} certainly contains 1,
and we shall see that under certain additional conditions this set contains, besides the
unit element, either just one element, or two elements that are mutually inverse.

LEMMA 1.1. Let o and % be two group operations on the set G. Put U = {u €
G;uov=uxvforallve GlandV ={v e G; uov =uxv forallu € G}. Then either
both U and V are empty, or o and * share the unit element. In the latter case both U and
V are subgroups of G(o) and of G(x).

Proof. If there is a common unit, then it is in U N V. Conversely, if u € U, then
uolo=u=ux1l,=uol,, and 1, = 1,. Hence we can assume, for the rest of the
proof, that o and * share the unit element 1. Recall that by x* we denote the inverse of
x € Gwithrespectto*. Foru e Uonehasuou™' =1 =usu* =uou*, andu! = u*
follows. For every y € Gthereisuo (u ' oy) =y =u (u "% y) = uo (u~' % y), which
means u oy =u"'syand u' € U. If u;,up € U and y € G, then (ujoup) oy =
uyo(up oy) =up x(up % y) = (uy * up) * y = (u; o up) * y, and the rest is clear. O

THEOREM 1.2. Let o and x be two different group operations on a set G, and suppose
that each of the subgroups U = {u € G; uov=ux*vforallve GlandV ={v e G, uo

v =ux*v forallu € G} is of index 2 in both G(o) and G(x). Put S=UnNV.
IfU =V = S, then there exists a (unique) h € S N Z(G(o)) such that forallx,y € G

Xoy, ifxeSoryes;
xoyoh, ifxeG\Sandye G\S.

If U # V, then there exists a (unique) h € Z(S) withhouoh =uforallue U\ S and
hovoh=wvforallve V\ S such that forall x,y € G

Xoy, ifxeUoryelV,

xxy={xoyoh, ifxeG\Uandy e U\ V,
xoyoh ', ifxeG\Uandy e G\ (UUV).
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Proof. Suppose first U= V. If xe€ S or y € S, then x oy = x %y, by the very
definition of U and V. Consider x,y € G\ S with x oy # x* y. Then for all u,v €
G\ S there exist 5,7 € S such that v=soy=s*xpyand u=toxos ' =tsxx*s |
This means uov #uxv,asuov=toxoy=tx(xoy)and uxv =1%*(x*y). Put
h=(xo0y) ' o(xxy), and note that (uov)~! o (u*v) is also equal to (the “agent”)
h. Hence uxv =uovoh for all u,v € G\ S, and it remains to show & € Z(G(0)).
However, for every u € G\ Swe have uxuxu=u*(uouoh)=(uou)o(uoh)and
usuxu=wouoh)*xu=wou)o(hou).

Assume now U # V. Then G(0)/S = G(x)/S is isomorphic to Klein’s 4-group,
and W =SU(G\ (UUV)) is a subgroup of both G(o) and G(x). Put Uy = U\ S,
Vi=V\Sand W), =W\ S.If xe G\ U =V, U W, then there exists y € G\ V =
Uy U W with x oy # x *x y. Suppose first y € U,. Every z € W, can be expressed as
yov,v € V,andxoz=xo0yov=(xoy)*v % (x*y)*v=xx*_z Byreversing this
procedure one derives x oy # x %y for all y € Uy, if x oz # x % z for some z € W].
Hence xoy #A xxyforx,y e Gifandonlyifxe G\ U=V, UWandye G\ V =
U, U W, and so for x, y € W one gets x o y # x * y just when x, y € W). By the first
part of the proof there exists iy € SN Z(W (o)) withx xy = xoyoh forallx,y € W.
Puth = h;'.

Ifx,ye Wiandu € Uy, then(uox)*xy=usxxsxy=ux(xoyoh )= ((uox)o
y)oh~!, and so one obtains X’ x y = x' o yo h~! for all (X', y) € (V1 U W}) x Wj.

Consider now u € U; and v e Vi, and put x =u'ov™ ! = u s v = 0 % v*.
From | =xsx*=xox*oh ! weget x*=x"'oh and vxu=x*=x"'oh=vo
u o hfollows. If o/’ is a further element of U, then (W ocv) *u=t'*vsxu=u*(vouo
h)= (' ov)ou)oh,and hence x * y = xo yohforall (x,y) € (V1 UW;) x Uy.

Now, for u € U; and v € V] we also obtain vouohouoh=(@wouoh)*xu=
(vsu)xu=v*xWw*u)=vouou,and howuoh = ufollows. Therefore uohovoh =
hlouovoh=h"'lohouov=uov,andhovoh =v. O

Theorem 1.2 was obtained by generalizing examples of 2-groups of small order
n with d(o, x) = n?/4. Nevertheless, there is no need to assume that G is finite in the
theorem: it suffices to require |G : U| =2 = |G : V|.

In the rest of this section we shall make several observations that mainly pertain
to conditions of the form Auh = u and hvh = v. These observations will be made in the
context of just one group operation.

For a subset M of a group G denote by (M) the least subgroup of G that contains
M. Note that (G\ T) = G when T < G is of index 2. For every M C G put

OM)={he (M)\ M; hgh=gforallg e M}.

PROPOSITION 1.3. Assume T < G and |G : T|=2. Then Q(G\T) < Z(T), and
h € Z(T) belongs to Q(G \ T) if and only if hgh = g for some (and thus forall) g € G\ T.

Proof. Each t € T can be expressed as g1g>, where g1, 2o € G\ T.If h € Q(G\ T),
then hth™' = hg goh™' = hgihh~'g,h™! = g1g, = t. Hence Q(G\ T) € Z(T), and for
hy, hy € Q(G\ T) one gets hyhy = hyhy and hyhyghihy = hihoghyhy = highy = g, for all
geG\T.If he Q(G\ T) then clearly h~' € Q(G\ T), and so Q(G \ T) really forms

a subgroup of Z(T).
Suppose now hgh =g for some ge G\ T, where he Z(T). Then hgth =
hghh™'th = gt forall t € T, and hence h € Q(G\ T). O
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For a group G and its subsets M| and M, put
O(M, M>) = QM \ M>) N Q(M> \ My).
To indicate which group operation is used we write, e.g., Q°(M) or O*(M1, M>).

Note that # € Q°(U, V) in the situation of Theorem 1.2 if U # V. In such a case
we clearly have Q°(U, V)= Q*(U, V), and hence we write just Q(U, V). This
set consists of all 2 € .S with hoxoh =x for every x € G\ W, where S < W <
G and (W\S)=(U\S)o(V\S)=(U\S)*(V\S). Therefore Q(U,V)=S5nN
Q0°(G\ W)and Q°(G\ W) < Z(W(o)), by Proposition 1.3.

LEMMA 1.4. Assume h € Q(G\ T), where T < Gand |G : T| = 2. Set a;,(t) = t for
te T and ay(g) = gh for g € G\ T. Then oy, € Aut(G) and each a € Aut(G) that fixes
T pointwise is of such a form.

Proof. Fix ge G\ T and t € T, and note that & € Z(T), by Proposition 1.3.
We have ay(gt) = gth = ght = ap(@)an(t), an(ig) = igh = ap(Na(g) and ax(g - gr) =
g%t = ghgth = a;(g)au(gr). On the other hand, if @ € Aut(G) fixes T pointwise, set
h =g 'a(g). Then a(tg) = ta(g) = t - gh, and ghgh = a(g)a(g) = a(g?) = g - g yields
he Q(G\T). O

LEMMA 1.5. Assume h € Q(G\ T), where T < G and |G : T| = 2. Then h% = h™!
foreveryge G\'T.

Proof. The equality g~'hg = h~! is just another form of the equality high =g. O

LEMMA 1.6. Assume z € Z(T), where T < G and |G : T| = 2. Then z8z = 2%z €
Z(G) forallg,g e G\'T.

Proof. Consider g, g’ € G\ T. There exists t € T with g’ = g, and 28 = z¢ = 2%,
The element z8z belongs to Z(7T), and it remains to show (z8z)% = z8z. However,
(82)8 = g 22gzg = zg 2gzg = (¢ '2g)z = z*z. O

LEMMA 1.7. Let U and V be two distinct subgroups of G with |G: U| =2 =G :
V]. Set S=UNV and denote by W the subgroup of G with |G: W| =2, S < W,
and W /S =U/S-V/S. Then Q(U, V) < Q(U\ S)Q(V \ S) < Z(S), andforp € Q(U \
S), g€ Q(V\'S) there is p* =p~! for all ue U\ S and ¢" = q~" for all ve V\ S.
Furthermore, p* = p* € Q(U\ S) for all v,v' € V\ S and ¢" = ¢* € Q(V'\ S) for all
u,u' € U\ S. Set z = p’qand w = uv. Then 2z = 2"z € Q(U, V) for all w' € W\ S,
and 2 = (¢"p)~".

Proof. We have Q(U \ S) < Z(S) and Q(V'\ S) < Z(S), by Proposition 1.3, and
o, V)y=0(U\S)N Q(V \ S), by the definition. Thus Q(U, V) < Q(U \ S)O(V \
S) < Z(9).

Fixpe QU \ S)and g € Q(V'\ S). Then p* = p~! and ¢" = ¢~', by Lemma 1.5.
Relations p¥ = p¥" and ¢* = ¢ follow from p, g € Z(S). From (V' \ S)* = V'\ S and
(U\NS)=U\Swegetp’ € Q(U\ S)and ¢* € Q(V'\ S). Hence z = p’q € Z(S), and
vz =z""z e Z(W) follows from Lemma 1.6. We have w = uv and z* = (p’q)"’ =
(@) 'g") = (") 1) = (¢“p)~". Recall that all of p, ¢, p* and ¢* belong to Z(S).
Hence

2 zuz’z = p g ' qw ™ (@) e = @) ' P w T (@) g
= (") 'qu(¢") 'qg= (¢ ug =u' ¢ WPg = u"Pqg g = u,

and, similarly, z¥zvz%z = p~!pPup~1p® = p~ v I pv?p v lpy = v, as pr? = v¥p. O
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2. Constructions. We shall now show that conditions on S, U, V and h, as
expressed in Theorem 1.2, suffice to construct new group operations.

PROPOSITION 2.1. Let G = G(-) be a group, S < G a subgroup of index 2, and
h € SN Z(G). Define a new operation * on G by

Xy, ifxeSoryes,
X*y=
Y xyh, ifxeG\Sandye G\ S.

Then G(x) is a group.

Proof. We have x % y = xyh™™7™0) where 7 : G — {0, 1} maps Sto 0,and G\ S to
1. Denote by @ the addition on {0, 1} modulo 2, and put ¢; = 7(g;), where g, € G, 1 <
i<3. Then (g1 %g2)*g3 = (21£2h") * g3 = ((2182) * g3)h"'*> = g1 gagsh*1®2)rtere2
and g * (g2 % g3) = g1 * (8283h7%) = g1g2g3h* 19255 The equality () @ &2)e3 +
g187 = €1(e2 ® £3) + e263 1s clear when ¢) = g, = &3 = 1, and can be easily verified
when some ¢;, | <i < 3,isequal to 0. O

PROPOSITION 2.2. Let G = G(-) be a group, U < G and V' < G subgroups of index 2,
U#V,andlethe S, S=UNYV, be such that huh = u for allu € U\ S and hvh = v
forallv € V'\ S. Define a new operation x on G by

Xy, ifxeUoryelV,
x*xy={xph, ifx¢ Uandy e U\ V,
xyh™', ifx¢ Uandy e G\ (UUV).

Then G(x) is a group.

Proof. We can assume i # 1. Forevery x, y € G thereexistse € {—1, 0, 1} such that
x*y = xph®. If ¢ # 0, then the value of ¢ depends only on y. If u € U, then ux = u *x x
falls into U just when x € U, and hence u  (x * y) = uxyh® = (ux) x y = (u * x) * y for
all x,y € G.

The definition of x is left-right symmetric, as it can be expressed by

Xy, ifye VorxeU,
x*y= 1% hxy, ify¢ Vandx e V\ U,
h~'xy, ify¢ Vandxe G\ (UUYV).

For the proof of the above formula put W =SU(G\(UU ¥V)) and note that
Proposition 1.3 yields & € Z(W), as we assume hxh = x for all x e G\ W. The
formula now follows by considering the four cases with x € (V'\ S)U (W \ S) and
ye(U\S)U W\ S). For example, if x€ W\ Sand y € U\ S, then x xy = xyh =
xh~'y = h~'xy.

The left-right symmetry gives (x * y) x v = x x (y*x v) forallx,y € Gandv € V.If
(xxpy)xz=xx(yxz) and u € U, then (uxx)*xy)*xz=(u*x(x*y))*xz=ux((x=*
V) *xz)=ux(x*x(y*xz)) = m*x)*(y*z), and, similarly, (x*y)*(z*xv) = x*(y*
(z % v)), provided v € V. We see that it suffices to verify (x * y) % z = x * (y * z) just for
x,z € W\ S.Thecasey € W follows from Proposition 2.1, and the left-right symmetry
allows us to assume y € U\ V. Then (x*y)*z = (xph) * z = xphzh~! = xyz and
xx(y*xz)=xx(yz) = xpz.

The associative law has been verified and the rest is easy. O
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The group G(x) of Proposition 2.1 will be denoted by G[S, /], while the group G(x)
of Proposition 2.2 will be denoted by G[U, V, h].

By writing G(x) = GI[S, h] we shall mean that G = G(-) is a group, S < G its
subgroup of index 2 and & € S N Z(G).

Similarly, G(x) = G[U, V, h] means that U and V are distinct subgroups of
G =G(-), with |G: U|=|G: V| =2, and that h € UNV belongs to Q(U, V). In
such a situation we shall denote U N V" always by S, and SU(G\ (U U V)) by W.
If G(x) = G[U, V, h], then W(x) = W[S,h"']and Q(U, V) < Q(G\ W) < Z(W), by
Proposition 1.3. These facts will be used below without reference.

If G(x) and G(-) are distinct finite groups, where the multiplication tables agree on
the half of the columns and the half of the rows, then either G(x) = G[S, /] for some S
and i #£ 1, or G(x) = G[U, V, h] for some U, V and / # 1, by Theorem 1.2.

We shall observe that G(x) shares with G = G(-) a large part of its subgroup
structure. This also holds for normal subgroups, and to this purpose we first compare
conjugation in both groups.

PROPOSITION 2.3. Consider a group G = G(-). If G(x) = G[S, h), then x* = x~' if
xeS x=x'"hlifxeG\S andxyx ' =xxyxx* forall x,y € G.
If G(x) = G[U, V., h], thenx* = xVifxe UUV, x* =x"'hifxe W\ S, and

xyx’l, when {x,y} C Uor{x,y} S Vor{x,y} C W,

xxysxx = {xyx" V7!, whenxe V\Sandy e U\ S;

xyx~1h, in all other cases.

Proof. Assume first G(x) = G[S,h]. Suppose ye G\S. If xeS, then
x*=x"" and xxyxx*=(xy)xx ! =xpx~!, while for xeG\S we get
X =x1h as xx(x ) =xx'hh =1, and xsysx* = (oh) s« (x ) =
xyhx~'h™! = xyx~!. Every y € S can be expressed as y; * y,, where y1,y2 € G\ S,
and X s psx* = (xrxy; xXF) k(o pr % X)) = (o x7 ) x (x!) = xpyaxTh =
xyahx~! = x(y1 % y2)x~! = xpx~!, for every x € G.

Assume now G(x) = G[U, V, h]. Then U(x) = U(-), V(%) = V() and for W (x) =
WIS, h~'] the first part of the proof can be used. It remains to express x % y % x*
when x and y do not belong together to U or V or W, respectively. This means, in
particular, that neither x € S, nor y € S. If x € U\ S, then x % y % x* = (xp) * x~! is
equal to xyx~'hsince xy ¢ U.If x € V'\ S, then x % y % x* = x * (px~!) = xpx~1h*!,
where yx~! e U\ S for y € W\ S, while yx~' € W\ S for y € U\ S. Finally, let
x e W\ S.Then x* = x 'h,and x x y x x* = x % (yx~'h) = xyx~'hfory e U\ S and
x#y*x* = (xp)x(x"h) =xyx"hforye V\S. O

PROPOSITION 2.4. Consider a group G = G(-). If G(x) = GI[S, h], then a (normal)
subgroup H of G(-) is a (normal) subgroup of G(x) if and only if H < Sorh e H.

If G(x) = G[U, V, h), then a subgroup H of G(-) is a subgroup of G(x) if and only if
H < UUV orhe H. The normality is retained if and only if H < Sorh € H.

Proof. Tt is clear from the definition of G(x) that a subgroup H of G(-) is a subgroup
of G(x), if one of the named conditions holds. From Proposition 2.3 we also see that if
H is normal in G(-), and H < S or h € H, then it is normal in G(x). When H < G(-)
does not fulfil H < .S or H C UU V (the latter means, in fact, H < U or H < V),
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then one can find x € H with x - x # x * x, and therefore H constitutes in such a case
a subgroup of G(x) only when & € H. If H is normal in both G(-) and G(x), and H
intersects U \ V or V'\ U, then h € H, by Proposition 2.3. O

Proposition 2.3 also yields a description of commutators.

PROPOSITION 2.5. If G(x) = G[S, h], then xyx~'y™! = x %y x* % y* for all x, y €
G. Assume G(x) = G[U, V, h], and put a = xyx~'y~" and b = x * y * x* * y*, for some
x,y € G. Then

a, if{x,y} S Uor{x,y} C Vor{x,y} € W,
b=13ah™", ifyeV\Sandx ¢V, orxe W\ Sandy ¢ W;
ah, ifye W\Sandx ¢ W, orxe V\Sandy ¢ V.

Proof. If G(x) = G[S, h], then xyx~! = x % y % x*, and the commutator equality is
clear if y € S. If y € G\ S, then y* = y~'A~!, and hence (xyx~') * y* = xyx~1y*h =
xyx~1y~1. Assume G(x) = G[U, V, h] and consider the commutators a and b. Groups
U and V are the same in both operations, and hence a = b if x,ye U or x,y e V.
For x, y € W use the first part of the proof. Now, if x € '\ S and y € U\ S, then
b= (yx""h )%y~ = xpx~'h~1y~! = ah, as required. In the other remaining cases
b= (xyx~'h) x y*, and for y ¢ W we get b = xyx~'hy~! immediately, while for y € W
the equality b = xyx~'hy~! follows from b = xyx~'hy*h~! and y* = y~'h. In all these
cases we therefore have » = ah wheny € W\ S, and b = ah™' when y ¢ W. (]

We shall now be concerned with subgroups y;(G) and y;(G(x)) that occur in the
lower central series, and partly also with the iterated centres 9;(G) and 9;(G(x)).

PROPOSITION 2.6. Assume G(x) = G[S, h]. Then y(G) = yi(G(x)) for all i > 1, and
/(G) = 9(G(x)) for all j > 0.

Proof. We have y(G(-)) = G = y1(G(x)), and y;(G) < S for i > 2. Thus yi(G)
is a subgroup of G(x) for i > 2, and it equals y;(G(*)) because of the coinciding
commutators. Similarly / € 9;(G) for j > 1, and hence ¥;(G) is always a subgroup
of G(x), by Proposition 2.4. The coinciding conjugation implies 9;(G) = 9;(G(x)). U

PROPOSITION 2.7. Assume G(x) = [U, V, h]. If one of the groups G(x) or G(-) is
nilpotent, then both of them are nilpotent, and their nilpotency classes differ at most by
one.

Proof. Put §; = S7 = S and define S, (or S}, ), i > 1, to be the least subgroup
of G(-) (or G(x)) that contains all elements xyx~'y~! (or x % y % x* % y*) with y € G
and x € S; (or x € 7). Thus S;;; =[S, G] in standard notation, and S}, is defined
in the same way with respect to G(x). If y € G and x € S; < S, then xyx~'y~! =
X *y* x* % y*, by Proposition 2.5. Hence S; = S for all i > 1. Groups G(-) and G(x)
are nilpotent if and only if S, = 1 for some k > 1. If this happens and k is minimal, then
1 =8, <81 <...<481 <G isa central series of length k£ + 1 in both G(-) and G(x).
We have [S, G] < [G, G] < S, and S;;; < y:11(G) < S; follows by induction, 1 < i < k.
Such a result is also true for the operation *, and so the length of each of the lower
central series is either k or k + 1. O
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PROPOSITION 2.8. Assume G(x) = G[U, V, h]. Then (G(x)) C G’ ifandonlyifh € G'.
When h € G' and G is nilpotent, then the nilpotency class of G(x) does not exceed the
nilpotency class of G(-).

Proof. Let a and b be as in Proposition 2.5. If & € G/, then a € G’ implies b € G/,
and (G(x)) < G < S. If @ and b are such that a # b, then b € G’ immediately yields
h € G'. The rest follows from G' < S. |

PROPOSITION 2.9. Assume G(x) = G[U, V, h]. The following are equivalent:
(1)  yi(G) and y(G(x)) coincide as groups for all i > 2;

(i) G =(G(x)); and

(i) &k e G N(G(x)).

Proof. Points (i) and (ii) are equivalent, since both G’ and (G(x)) always are
subgroups of S, and xyx~'y~! = x  y % x* % y* when x € S, by Proposition 2.5. That
statement also yields the implication (iii) = (ii), while the converse follows from
Proposition 2.8. O

We conclude this section by a statement which has an obvious proof, but still seems
to be worth recording.

PROPOSITION 2.10. Assume G(x) = G[S, h] or G(x) = G[U, V, h]. Then {(h) is a
normal subgroup of both G(-) and G(x), and x{h) — x % (h) is an isomorphism G/{h) =
G(x)/(h).

3. Isomorphisms of related subgroups. Groups G| and G, are said to be 2-related,
if Gi = G(-) and G, = GIS, h] for some group G. The relation is reflexive (take # =
1) and symmetric (if G(x) = G[S, 4], then G(-) can be identified with G(x)[S, h~']).
Similarly, we say that G| and G, are 4-related, if there exists G with G; = G(-) and
G, = G[U, V, h]. One gets again a reflexive and symmetric relation.

We say that G| and G, are 2,4-related if they are 2-related or 4-related. We refer to
the transitive closure of these relations, when we call G| and G, transitively 2-related
(or transitively 4-related, or transitively 2,4-related).

PROPOSITION 3.1. Let Gy and Gy be groups with a common subgroup S, |Gy : S|=
2 =Gy : S| If there existu; € G; \ S, i € {1, 2}, withs"' = s*2 forall s € S, then G| and
G, are 2-related.

Proof. Define ¢ : G, — Gy by ¢(uzs) = uys and ¢(s) = s, for all s € S. Then
o(sur) = @(urs™) = us*> = uy s = suy. Define * on Gy by x* y = ¢(p~ ' (x)p~ ().
For all s,t€ S we get sxt=ust, s*tu] = @(stup) = s - tu; and us * t = (upst) =
uys - t. Hence Gy(x) = Gy[S, h] for some h € S N Z(Gy), by Theorem 1.2. Since ¢! :
G1(*) — G5 is an isomorphism, the result follows. U

COROLLARY 3.2. Let Gy and Gy be groups with a common subgroup S, |Gy : S|=2 =
|G, = S|. If there exist u; € G\ S, i € {1, 2}, with s** =" for all s € S, and such that
u% = u% then G| and Gy are isomorphic, and an isomorphism ¢ : G, = Gy can be defined

by o(s) = s and ¢(suy) = suy forall s € S.

Proof. Wehave ¢ : G, = G (%), where % is defined as in the proof of Proposition 3.1.
The proof will be complete if we show x *y = x -y for all x, y € G;. This is needed
justfor x = suj and y = uyz, wheres, 1 € S, and su; * urt = @(sus - urt) = su3t = suit =
suy - upt. O
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PROPOSITION 3.3. Assume S < G, |G : S| =2 and h = z*z, where z € Z(S) and x €
G\ S. Definea : G — G by a(s) = s and a(sx) = sxz, foralls € S. Thenh € SN Z(G),
and a : G[S, h] = G is an isomorphism.

Proof. The element & belongs to SN Z(G), by Lemma 1.6. By Proposition 2.3,
X* % 5% x = x"Lsx = (x2)"s(xz), forall s € S. Furthermore, x * x = xxz*z = (x2)(x2),

and hence « is an isomorphism by Corollary 3.2 (with u; = x and u; = xz). O

THEOREM 3.4. Groups G| and G, are 2-related if and only if there exist groups
H; = G; with S < H; and |H; : S| = 2, and elements u; € H; \ S, i € {1, 2}, such that
s = s forall s € S.

Proof. If such groups and elements exist, then G; and G, are 2-related by
Proposition 3.1. If G; and G, are 2-related, then there exists G = G(-) with G, =
G(x¥) = G[S, h] and G| = G(-). Put H, = G(%), H; = G(-), chooseu; = up; € G\ S, and
use Proposition 2.3. O

Proposition 3.1 and Corollary 3.2 correspond to Lemmas 1.4 and 1.5 of [3].
We now turn to 4-related groups.

PROPOSITION 3.5. Let Gy and G, be groups with a common subgroup S, |Gy : S|=
|G> : S|. If there exist u;, v; e G; \S u;S # v S, i e {1, 2}, with s = s*2 and s** = s“’
forall s € S, and such that vt = u3 € S and v} = v3 € S, then Gy and G, are 4-related.

Proof. Define ¢ : G, — G| by ¢(s) = s, p(u25) = uys, ¢(vas) = vis and @(uyv25) =
ujvys, for all s € S. Note that sV = 2" for all s € S, and hence @(swy) =
@(wys™?) = wis™? = ws™! = swy, if w; stands for u;, v; or w;v;, i € {1, 2}. Conditions
u? = u} and v? = v} imply that ¢ is an isomorphism when restricted to mappings
SUSuy - SUSu; and SU Sv, — SU Svy, by Corollary 3.2. Define * on G; by
x*xy =@ ' (x)¢~1(y)), and put U = SU Su; and V' = S U Sv,. We shall show that
x*y = xywhenever x € Uory e V. Thecasesx,y € U and x, y € V follow from the
mentioned partial isomorphisms. Assume x = u;s and y = w; ¢, where s, t € S and w;
stands for v; or w;v;, i € {1,2}. Then x * y = @(uzs - wyt) = <p(u2w2sw2t) = wws¥'t =
uys - wit = xy (the case wp =1 is clear, and uy(upv,) = u1 vy = vz(uz)”') Similarly,
x*xy=@(sw; - tvy) = ST wivy = xy when y = tv; and x = swy, where s, € S and w;
equals u; or u;v;, i € {1, 2}. The rest follows from Theorem 1.2, since ¢! : Gi(x) = G,
is an isomorphism. O

COROLLARY 3.6. Let G| and G, be groups with a common subgroup S, |Gy : S|=
|G, : S|. Suppose that there exist u,, v; e G\ S, u;S 75 v; S i €{l,2}, with s = s" and
s = Y2 for all s € S, and with ”1 = u2 e S and v1 = v2 € S. Then (u1v1)> = (uv2)*
if and only if [uy, v1] = [ua, v2], and in such a case Gy and G, are isomorphic, and an
isomorphism ¢ : Gy — Gy can be defined by ¢(s) = s, p(suz) = suy, p(svy) = sv; and
@(Supvy) = suyvy, forall s € S.

Proof. We have [u;, v,V = (v 2u72)% (uv;)?, i € {1,2}. Since [u;,v;] € S and
v = s for all s € S, and since (v;2u; )" = (v;2u; )", there is [ur, v1] = [z, v2)]
if and only if (u;v1)> = (u2v2)>. Suppose that these equalities hold and note that
our definition of ¢ coincides with the definition of ¢ : G» = G(*) in the proof of
Proposition 3.5. We shall show that x*y = x -y for all x,y € G,. This is already
known for x € U = SU Su; and y € V' = S U Sv;. The mapping ¢ is an isomorphism
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when restricted to S U Supvy; — S U Sujv;, by Corollary 3.2, and hence x xy = x - p
also holds for x,y € W = S U Sujv;.

There are three remaining cases. Consider s,7€ S. Assume first y = ujt €
U\S. If x=vis € V'\ S then x x y = p(vasust) = p(vauzs™1) = @(upva[va, up]s*>t) =
uyvi[vy, upls"t = vis - ujt = xy. For the case x =wujvise W\S we get x*xy=
P(U3va[va, ux]s*21) = @(v2(u3)2[v2, ua]s*21) = vy ()" [v1, wi]s" 1 = xy.

Finally, let us have y=wujvite W\S and x=wv;s€ V'\S. Then xx*xy=
(0212025 1) = @(untt; *(U2v2)>5™" 1) = wyuy (ugvy)’s" ¢ = xp, and the proof is
complete. O

PROPOSITION 3.7. Assume U < G and V < G, where U # V and |G: U| =G :
V| =2 Considerue U\ V,ve V\U,pe QU\V)andqe Q(V \ U), and put z =
p'qand h = z*°z. Define o : G — G by a(s) = s, a(su) = sup, a(sv) = svq and a(suv) =
suvz, foralls € UNV. Thenh € Q(U, V), and o : G[U, V, ™' = G is an isomorphism.

Proof. The element / belongs to Q(U, V), by Lemma 1.7. Put G(x) = G[U, V, h™'].
Operations * and - coincide on U and ¥V, and hence we need to verify, by Corollary 3.6,
just u % u = upup, v * v = vqug and w * w = wzwz, where w = uv. However, pup = u,
aspe QUU\ V), qug=v,asq e Q(V\ U),and w * w = wwh = wwz¥z = wzwz. [

Note that the definition of @ does not depend on the choice of u € U\ V' and
ve V\ U, by Lemma 1.7. Note also that from Lemma 1.4 one sees immediately that
the restrictions of « to U — U and V' — V are isomorphisms.

THEOREM 3.8. Groups Gy and G, are 4-related if and only if there exist groups H; =
G;withS < H;and |H; . S| = 4, and elements u;, v; € H; \ S, i € {1, 2}, withu;S # v;S,
u% = u% v% = v%, s = §"2 and sV' = s™2, for all s € S.

Proof. Use Proposition 3.5 if there exist groups H;, i € {1, 2}, and put H, = G(x)
and H; = G(-), when G, = G(x) = G[U, V, h] and G| = G(-). ]

4. Agents form a vector space. When deciding which groups are 2,4-related to a
given group G = G(-), the number of situations to be considered can be often reduced
by applying isomorphism statements like Propositions 3.3 and 3.7. One can also use
the following lemma (which overlaps with [6, Lemmas 2.4 and 2.5]). The proof of the
lemma is easy and hence it is omitted.

LEMMA 4.1. Consider a group G = G(-) and an automorphism a € Aut(G). Then
a: G[S, h] = Gla(S), a(h)] and o : G[U, V, h] = Gla(U), a(V), a(h)].

Constructions of G[.S, #/]and G[U, V, h] can be subjected to a superimposition, thus
producing an affine behaviour. Propositions 4.2 and 4.3 describe this phenomenon, and
we use it below in Propositions 4.4 and 4.5.

PROPOSITION 4.2. Assume Gy = G[S, h1] and G, = GI[S, hi1hy], where hy, h, € SN
Z(G) Then Gy, = G][S, /’12].

Proof. Denote by * the operation of G| and by ® the operation of G,. Consider
u,veG lfueSorve S, u®v=uxv=uv.Ifu,ve G\ S,thenu® v =uvhh, =
(uvhy) * hy = u* v * hy. O

PROPOSITION 4.3. Assume G, = G[U, V, hy] and G, = G[U, V, hi1hy], where hy, hy €
Q(U, V) Then G2 = Gl[U, V, /’12]
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Proof. Denote by * the operation of G| and by ® the operation of G,. Consider
x,yeG.IfxeUorye V,thenx®y=x*y=xy. Assumex € G\ U.Ify e U\ V,
then x® y = xyhhy = xxy*hy, and if ye G\ (UU V), then x@y:xyh;lhfl =
xyhl_lhz_lzx*y*hz_l. U

PROPOSITION 4.4. Assume S < G and |G : S| =2. Put K = {z*z; z € Z(S) and x €
G\ S}. Then K < SNZ(G), and (SN Z(G))/K is an elementary abelian 2-group. If
hi, hy € SN Z(G) and ;' € K, then G[S, ] = G[S, hy].

Proof. If z € Z(S) and x,y € G\ S, then z*z = 2z € SN Z(G), by Lemma 1.6.
Fix x € G\ S. We already know that K = {z¥z; z € Z(S)} € SN Z(G). Furthermore,
) M=z 1YY =)z ! and (z121)(Z322) = (2122)"(z122), for all z,z1,20 €
Z(S). Hence K < SNZ(G). If he SNZ(G), then I*h =h*> € K, and thus (SN
Z(G))/K is an elementary abelian 2-group.

Note now that while K has been defined with respect to the group G = G(-), one
gets, by Proposition 2.3, the same subgroup when G(-) is replaced by G(x) = G[S, #],
h € SN Z(G). Therefore it suffices to prove G[S, ] = G for h € K, by Proposition 4.2.
However, such an isomorphism exists by Proposition 3.3. O

PROPOSITION 4.5. Let U < G and V < G be subgroups of G with U # V and |G :
Ul=|G:V|=2 Put S=UNV and define W <G by S< W and W/S=U/S -
V/S. Furthermore, put K = {z%z; z€ Q(U\ S)Q(V'\ S) and w € W\ S}. Then K <
OWU, V) and Q(U, V)/K is an elementary abelian 2-group. If hy, h, € Q(U, V) and
hihy! € K, then G[U, V, ] = G[U, V, hy).

Proof. Fixue U\ Sand ve V'\S. Every ze€ Q(U \ S)Q(V \ S) can be written
as p1q, where p; € Q(U\ S) and ¢ € Q(V'\ S), and p; can be expressed as p’, p €
O(U \ S), because U’ = U and S* = S. There is 2z = z*'z € Q(U, V) for all w, w’ €
W\ S, by Lemma 1.7. Hence K € Q(U, V') and we can assume w = uv. Consider
z,z1,22 € Q(U\ S)Q(V \ S) and note that they belong to Z(S), by Proposition 1.3.
The equalities (z¥z)~! = z7'(z71)” = (z7)¥z 7 and (zV21)(z¥ 22) = (2122)"(z122) prove
that K is a subgroup of Q(U, V). Q(U, V)/K is an elementary abelian 2-group, as
h* = h"h e K forevery h € Q(U, V) < Z(W).

Group K does not change when G(x) = G[U, V, h] replaces G(-) in the definition of
K, as xand - agree on U and V, O*(U, V') = Q(U, V), and the conjugation agrees, by
Proposition 2.3, when one of the arguments is in S. Hence for a proof of G[U, V, h|] =
G[U, V, hy] it suffices to show G[U, V, h] = G, where h = z*z € K, by Proposition 4.3.
However, this follows from Proposition 3.7. O

Sets (SN Z(G))/K and Q(U, V')/K are vector spaces over the 2-element field. One
also gets a vector space when K is replaced just by (S N Z(G))> < K or Q(U, V)* <
K, respectively. The corresponding weaker form of Proposition 4.5 appeared in [6
Lemmas 2.6 and 2.7]. Unfortunately, in that paper the proof of its Lemma 2.7 is
hard to understand, since it uses, without saying so, a description of isomorphisms
corresponding to our Corollary 3.6.

The next statement is presented without a proof, since it is an immediate
consequence of Propositions 4.4 and 4.5.

COROLLARY 4.6. Assume G(x) = G[S, h] or G(x) = G[U, V, h], and suppose that h
is of a finite order. Then G(x) = G[S, I'] or G(x) = G[U, V, I'], respectively, for some I
of order a power of two.
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In case of 4-related groups one gets another isomorphism by switching roles of U
and V. Thereis Q(U, V) = Q(V, U) and hence for # € Q(U, V') we can construct both
G[U, V,h] and G[V, U, h~']. Denote the corresponding group operations by * and o,
respectively, and definea : G — Gbya(x) = xwhenx € U U V and a(x) = xh~! when
xeG\(UUV)=W\S.Fixue Uandve V.Thenuxu=u> =uou,vxv=0>=
vouv,uov=uvh' =wsxv)h' =a(*xv)and (uov)o (uov)= wvh Yuvh Hh=
(uv)*h~' = (u*x v) * (u*v). Hence one can apply Corollary 3.6 to G, = G(o),
G = G(x), uy = up = u and v; = v; = v, and we see that « is an isomorphism (as
was mentioned in [6]). We can state:

PROPOSITION 4.7. Let U < G and V < G be subgroups of index 2, U # V. Then
GlU, V.= G[V, U,k N forallh e Q(U, V).

5. Groups related to finite abelian groups.

PROPOSITION 5.1. Assume h € H < G = G(-). If G(x) = G[S, hland |H : HN S| =
2, then H(x)= H[SNH,h. If G(x)=G[U,V,hl and |H: HNUNV| =4, then
H(x) = HIUNH, VN H,h]. If there exists, in addition, N < G such that N < S and
G = H x N, then G(x¥) = H(x) X N, in both cases.

Proof. Since H < G(-) contains 4, it is also a subgroup of G(x), by Proposition 2.4.
In case G(x) = GI[S, h] we get h € HN SN Z(H), and hence the definition of H(x)
is just a restriction of the definition of G(x). The same holds in the case G(x) =
GIU,V,h], since he QUNH, VNH),and |[H: HNUNV|=4 implies HNUN
V=MHNUNMHNCNV)<HNU<Hand HNUNV < HNV < H. The existence
of N < S with G = H x N means that both H(x) and N are normal in G(x), by
Proposition 2.4, and therefore G(x) = H(x) x N (note that operations * and - coincide
on N). O

Proposition 5.1 is one of the tools needed to determine groups that are 2-related
or 4-related to finite abelian groups. We also need several standard properties of finite
abelian groups; the proofs are provided just for the sake of completeness.

LEMMA 5.2. Let G be a finite abelian p-group.
(1) Ifg,ue Gand N < G are such that G = N x {u), g € N and |g| < |u|, then
G =N x (gu).
(1) Ifu e G\ G?, then there exist N < G and g € GP such that G = N x (gu).
(ii1) Ifh € Gis of order p, then there exist N < G andu € G such that G = N x (u)
and h € {u).

Proof. Assume G = N x (u),g € N and |g| < |u|. If (ug)’ € N, thenu' € N,u' =1
and g’ = 1. Hence N N (gu) = 1, and so G = N x (gu).

Assumeu € G\ G andlet G = C; x --- x Cy beadecomposition to cyclic groups.
Thenu = u; ... u foru; € C;, 1 <i <k, and we can clearly assume that there exists r,

1 <r <k, such that |u;| = |C;| exactly when 1 < i < r, and that |u;| > --- > |&,|. From
point (i) of this lemma we then see that C; can be replaced by (u; ...u,), and the rest
is easy.

To prove (iii), express 4 as i ... hy, where h; € C;, 1 < i < k. We can assume that
there exists s, | < s < k, such that /; # 1 exactly when 1 <i < s,and that |C;| < --- <
|Cs|. Let |Cy| =p" and let u; € C;, 1 < i <'s, be such that (u,-)l”_l = h;. Then one can
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replace C; by (u; ... us), again by point (i) of this lemma, and we can set u = u; - - - u
and N =C, x --- x Cy. O

LEMMA 5.3. Let G be a finite p-group, and suppose that A x B < G is of index p.
Then there exist x € G\ (A x B) and By, C < B such that G = (A, x) x B}, C < {4, x)
and B = C x By, where C is cyclic or trivial.

Proof. Suppose first that there exists x € G\ (4 x B) with x* € A. If x'a lies in
B, for an integer i and a € A4, then i = pj for an integer j since otherwise x would be
an element of 4 x B. But x?a € A, by our assumption on x, and so x’a = 1. Hence
(A,xyNB=1and G = (4, x) x B.

Suppose now x” ¢ A, for every x € G\ (4 x B). Then x* = ab for some a € 4,
b € B,and b ¢ B’.Indeed, if b were equal to some b"l’, b; € B, we would have (xbl_l)l’ =
a € A. Now, B = By x (gb), for some g = i, h € B, by point (ii) of Lemma 5.2. Since
x can be replaced by x/, we see that g = 1 can be assumed. We have 4 x B = A; x By,
where A; = A x (b). Therefore G = (A1, x) x Bj, by the first step of this proof, and
(A1, x) = (A, b, x) = (4, X", x) = (4, x). Il

The above lemmas will be used just for p = 2. The latter one remains true when
G/(A x B) is assumed to be cyclic. However, the present form is sufficient for our
purposes.

Assume G(x) = G[S, h] or G(x) = G[U, V, h], where G = G(x) is finite abelian. We
wish to describe possible isomorphism types of G(x), and hence the order of 4 can
be assumed to be a power of two, by Corollary 4.6. The expression of G as H x N,
where H is the Sylow 2-subgroup and A is the subgroup of odd order elements, satisfies
the assumptions of Proposition 5.1, and we can therefore consider just the case of G a
2-group.

Let us take G(x) = G[S, h]. We are interested only in the cases when G(x)
is not isomorphic to G(-), and hence we can assume 4 ¢ S2, by Proposition 3.3.
Proposition 4.4 yields G[S, h] = G[S, hg], for all g € S?, and so, by point (ii) of
Lemma 5.2, we can also assume S = (h) x M, for some M < G. Lemma 5.3 then
gives G(-) = (h, x) x N, forsome x € G\ Sand N < M. Put H = (h, x), and note that
H/(h) is cyclic and that H(x) is abelian, by Proposition 2.3. From Proposition 2.10 we
see that both H(-) and H(x) are products of at most two cyclic groups. Since Cy x Cy
is 2-related to a C,» x C,v if and only if these groups have an isomorphic subgroup of
index 2, by Theorem 3.4, we conclude that these groups are 2-related if and only (o, ')
or(b,d)isequalto(a+1,b—1)or(a—1,b+ 1). We can state:

THEOREM 5.4. Let G| and G, be two finite non-isomorphic abelian groups. Then G,
and Gy are 2-related if and only if there exist integers a, b > 0, a # b, and an abelian
group N such that

Gl = Cunt Xx Cpp x N and Gy = Cp x Cyps1 X N.

COROLLARY 5.5. All finite abelian 2-groups are transitively 2-related.

Let us now turn to the situation when G(x) = G[U, V, h] and G(-) Z G(x)is a finite
abelian 2-group. Then / has to be an involution, since it belongs to Q(U, V).

Point (iii) of Lemma 5.2 yields the existence of w € S and M < S, for which
h e (w) and S = (w) x M. A double application of Lemma 5.3 allows us to express
G as (x,y, w) x N, where N < S. Proposition 5.1 makes it possible to treat just the
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group H = (x, y, w), and we shall consider separately cases of rank 2 and rank 3. The
case of rank 2 is covered by Proposition 5.6.

Assume H = (x, y, w) = (u1) X {up) x {u3). Since H/HN S = G/S is a 4-group,
there exists a nontrivial product of a subset of {u;, u,, u3} that falls into S. This product
can replace one of its factors in the decomposition of H, by point (i) of Lemma 5.2.
Thus we can assume u3 € S. Consider now v = vivovz € H, where v; € (u;), 1 <i <3,
are such that 1 € (v), |v;| = |v]orv; = 1, forall i with 1 < < 3, and |v]| is equal to the
least |u;|, for which 1 <j < 3 and v; # 1.

If |v| = |uy|, then H = ({(v) x (u3)) x (u3), by point (i) of Lemma 5.2 (put N =
(u2) x (u3), u = u; and g = vu~"), and we are in the situation of rank 2 again, asu3 € S
means that Proposition 5.1 can be applied once more.

Hence we can assume both |v| < |u1| and |v] < |up|, which implies v €
3, u3,u3) = HN S and |us| = |v3| = |v|. Thus H = (u1) x (ua) x (v), h € (v), and
one can use Proposition 5.7.

PROPOSITION 5.6. Suppose H(x) = H[U, V, h], where H = (x) x (y), |x| = 2%, |y| =
20 and a = b > 1. Then exactly one of the following cases takes place:
(1) a=2,b=1and H(x) = Qs,
(1) a>2,b=1and H(x) = Mody+;
(i) a>2, b=2 and H(x) = (x,y,z X = y2 =22=1, yzy’1 =xzx ! =

z, xyx~' = yz) is a semidirect product of C, x Cs and Caa;

(iv) a=2, b>2 and H(*) is a semldlrect product of two cyclic groups
where H(*)’” X, ; ¥ =12 =1, xpx =y or Hx) Z (x,p; x¥ =) =
1, payt = x1+27,

Proof. The only choice for S'is (x?) x (%), and the subgroups U, V and W match
the subgroups (x, »%), (y, x?) and (xy, x*) = (xy, »*) in some order. Since H can be
expressed also as (xy) x (y) (by point (i) of Lemma 5.2) we can assume that either
W = (y, x?) or W = (xy, y*), with no loss of generality. The roles of U and V are
interchangeable, by Proposition 4.7, and hence we also can assume U = (x, y*). Thus
the order of x in H(x) always equals 2“.

Suppose first b = 1. Then S = (x2), h=x*" and y* x* y* = xh = x!t2"", by
Proposition 2.3, and so H(x) = Mody1 if yx y = 1. Now, yx y = 1 when V = (y, x?),
while in the case W = (y,x2) and a > 3 we get ¥ = px2 " € W\ S, y x x % ())* =
yxxxy*and y «y = 12x* h~! = 1. The case W = (y, x?) and a = 2 yields y * y =
y*h = h, which means that both x and yare of order 4in H(x), and therefore H(x) = Qs.

Assume now b > 2. Then h € {x2"", 12 y X2 y¥"). Consider the automorphism
a of H(-) that sends x to x and y to yx>" . (The existence of the automorphlsm o
follows from point (i) of Lemma 5.2.) Then o(U) = U and a(h3*) = x> »*"", which
means that the case h = x> y2hi1 needs not be considered, by Lemma 4.1. We always
have y * x * y* = xh and x % y x x* = yh, and hence one of the situations described
in point (iv) appears when the order of y in G(x) equals 2°. This is certainly true
when V' = (y, x?). Let us take W = (y, x?). Then y * y = y*h, and hence the order of y
in G(x) is 20 if h=x*" or b> 3. Assume b =2 and y* = h. Then y becomes an
involution in G(x), and by setting z = & we get the defining relations of (iii). U

PROPOSITION 5.7. Suppose H(x) = H[U, V, h], where H = (x) x () x (g), |x| = 2%,
W =20a>b>1 g =2h=g""and UNV = (x2, )2, g). Then either

(i) Gx) = (x,p,z; x¥ = yzh =2 =1, xex ' =yzy =z, xx7 ! = yzz‘;]) isa
semidirect product of Cy x Cye and Cya; or
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() G(x)= (x,y; x* =1, y* =1, xyx~! =y~ is a semidirect product of Cy4 and
Cza, andb =C= 1

Proof. Groups U, V, W match groups (x, S), (y, S) and (xy, S) in some order.
One can exchange x with xy (by point (i) of Lemma 5.2), and, independently, U with
V. Hence U = (x, S) = (x, y?, g) can be assumed.

From Proposition 2.3 we get x * g x x* = g, y * g * y* = g, and the orders of x and
gin G(x) are 2¢ and 2¢, respectively. If y € W, then y * y = y*h~!, and we see that the
order of yis equal to 2° if 5 > 2 or y € V. But then the defining relations of (i) apply,
as x * y x x* = yh holds, by Proposition 2.3, in every case.

Letustake W = (y, S) = (y, x2,g)and b = 1. If ¢ > 2, then one can set y’ = yg
and from ' * 1/ = 1?¢% " h~! = 1 we easily derive that the defining relations of (i) can
be used in this case as well.

Suppose, finally, W = (y,S) and b=c=1. Then yxy =g =h, y is of order 4
and y* = yh. O

THEOREM 5.8. Let G = G(-) be a finite abelian group and let G(x) = G[U, V, h],
where U, V < G are of index 2, U # V, and h € Q(U, V). Suppose that G(x) is not
isomorphic to G(-). Then there exists N < U NV such that G(-) = H(-) x N and G(x) =
H(x) x N, where H(x) and H(-) correspond to one of the cases that are described in
Propositions 5.6 and 5.7.

We have described the neighbourhood of finite abelian groups with respect to 2-
related and 4-related groups. In [6] one can find the description of such neighbourhoods
for groups D,:, Oy and SDy (the latter group is considered just for n > 4, while the
former ones for n > 3). These groups are mutually 2-related, and no other group is
2-related to any of them. Groups D, and Oy« are 4-related to SD,., and these groups
are also 4-related to D1 x C; and Qs-1 x C,, respectively (where Dy = Qy = Cy).
The only other case when a group is 4-related to Dy, Qon or SD;» concerns S D;», which
is 4-related to a semidirect product of Cyi—> x C; and Cs.

The theory presented in this paper helped us to establish that any two 2-groups of
order 16 are transitively 2,4-related. For order 32 one gets a slightly different situation.
By using GAP we found an exceptional group of order 32, which is 2,4-related to
no non-isomorphic group. All other groups of order 32 are transitively 2,4-related.
The exceptional group (a semidirect product of C4 x C, and () is presented in [6]
including the proof of its isolation. A report about the results of computations on 2-
groups of order < 64 will appear separately later, and will describe all instances when
two corresponding groups are 2-related or 4-related.

We do not know how to decide effectively if two finite 2-groups G; and G»
are transitively 2,4-related. However, there are some results in this direction, one of
which states that G| and G, are transitively 2,4-related when both of them possess an
elementary subgroup of index 2.

The constructions of G[S, ] and G[U, V, h] can be generalized to constructions, in
which S = U N V' is a normal subgroup of G, h € SN Z(G)or h € Q(U, V), and G/S
is a 2-group that is cyclic or dihedral, respectively. These constructions are described
in [5], and an instance when G/ S is cyclic and of order 4 connects the exceptional group
of order 32 to the other groups of this order.

At this moment we do not know the properties of the generalized constructions in
the extent to which this paper covers the basic constructions — this is one of tasks for
the future. The aim of [5] has not been to look for such properties, but to show that
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an instance of these generalized constructions is always induced by a situation when,
for finite groups G(o) and G(x), n = |G| and d(o, %) = n*>/4, one can find subgroups
X < Y <G(o), |Y : X| =2, where for every left coset « of Y and every right coset 8
of Y there exists a left coset @y C o of X and a right coset By € B of X such that for
every (x,y) € o x B one has xoy # x x yif and only if (x, y) € ap x Bo.

This and other results give us hope that all methods to construct G(x) and G(o)
with d(x, o) = n*/4 will be understood in future.

ACKNOWLEDGEMENT. We thank to the referee for a careful reading of the article,
which helped us to remove a number of minor mistakes and inaccuracies.
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