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ALGEBRAS INTERTWINING NORMAL AND
DECOMPOSABLE OPERATORS

ALT A. JAFARIAN

Introduction. The celebrated result of Lomonosov [6] on the existence of
invariant subspaces for operators commuting with a compact operator have
been generalized in different directions (for example see [2], [7], [8], [9]). The
main result of [9] (see also [7]) is: If A is a norm closed algebra of (bounded)
operators on an infinite dimensional (complex) Banach space %, if K is a non-
zero compact operator on X, and if AK C K, then A has a non-trivial (closed)
invariant subspace. In [7], it is mentioned that the above result holds if instead
of compactness for K we assume that K is a non-invertible injective operator
with a non-zero eigenvalue belonging to the class of decomposable, hypo-
normal, or subspectral operators.

Heydar Radjavi (in a private conversation) asked: Can we get the above
results if we omit some or all of the conditions (1) ‘“‘non-invertibility’’, (2) “in-
jectivity'’, and (3) ‘‘existence of a non-zero eigenvalue’’ for K? If not in general,
can we get it for ‘‘good’’ operators K, say normal operators?

In this paper we will study this question for normal and decomposable
operators. We will show that for these operators the condition (3) can be re-
placed by a much weaker condition, namely, ¢(K) =22 {0}, and that the condi-
tions (1) and (2) can be relaxed for some cases of interest. As a result, we will
obtain norms of normal spatial automorphisms of (topologically) transitive
algebras of operators.

1. Preliminaries. Throughout $ and X will denote a complex Hilbert and
Banach space respectively. The symbols B($) and B(¥) will be used for the
algebra of all bounded linear operators on $ and ¥ respectively. If T € B (%),
the spectrum and spectral radius of 7" will be denoted by ¢(7) and r,(7T)
respectively. By a subspace we always mean a closed linear manifold. If
{D)rea is a family of linear manifolds in ¥, then the subspace generated by
{Mr}rea will be denoted by Vyea®th. The dual space of ¥ will be denoted by ¥*
and if M C %, then

ML = {x* € ¥*: (x,x*) =0 Vx € M.

If S C C, then S° will denote the interior of S.
An operator T° € B(X) has the single-valued extension property if whenever
Q C Cisopenand f: @ — ¥ is an analytic function such that (\ — T)f(A) =0
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on ©, then we have f = 0on Q. (See [1] and [3].) Letx € ¥and T € B(X) have
the single-valued extension property, then the local resolvent of T at x, pr(x), is
defined by

pr(x) = {\ € C: there exists an analytic ¥ valued function « defined
on a neighborhood of \ satisfying (\ — T)u(\) = «.}

It is clear that there exists a unique analytic function x(\) defined on pr(x)
satisfying (\ — T)x(\) = x on py(x). The local spectrum of T at x, ar(x), is
defined to be C\pr(x). If Fis a subset of G, define

X¥r(F) = {x € %: op(x) C F}.

It is easy to see that X,(F) is an invariant linear manifold for 7.

The definition of decomposable operator will not be given here (see [1]).
Let T € B(¥X) be decomposable, then it is well known that 7" has the single-
valued extension property and that ¥ ;(F) is closed for every closed set F ([1]).

2. Results. Algebras considered will be assumed to contain the identity,
although this is not at all essential; the trivial modification necessary for the
general case will be obvious to the reader.

We acknowledge that our Theorem 1 and Corollary 3 are strongly inspired
from the work of C. Foias [4].

THEOREM 1. Let A be a uniformly closed subalgebra of B(X), and suppose that
UK C KU, for some injective decomposable operator K with o(K) =2 {0}. For
a>0,let F, = {\ € C: |\ 2 a}. Then for every 0 < a < r,(K) the subspace
V rew T% (F.) is non-trivial and invariant under .

Proof. First we will note that for every a > 0, V req T%x (F,) is an invariant
subspace for ¥, but it may be {0} or ¥. We will show that there exists a constant
¢ = 1 such that for every a > 0 we have:

(1) Voreu TEx (Fa) C Xx(Faye).

Suppose this is proved, then the proof of the Theorem can be completed as
follows: Let 0 < o < 7,(K). Then, since K is decomposable, {0} & ¢(K), and
¢ = 1 we have

(2) %K(Fa/c) _,C_ % and
(3) {0} & Ex(Fo).

Now since I € ¥, in view of (1), (2) and (3) the subspace V rey T%x (Fy) will
be non-trivial.
So let us prove the existence of a ¢ = 1 for which the relation (1) is true.

An application of the Closed Graph Theorem shows that the map ¢ : 3 — A
defined by

W(T) = K-'TK
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is a continuous algebra isomorphism. Now [[¢/]| = 1, for¢/(I) = I. Letc = [[y|.
Since ¢(A) C A we can iterate TK = Ky(T), T € ¥, to get

@) TK" = Kv(T)

where y” is the composition of ¢ with itself » times, n = 1, 2, . ... It follows
from (4) that

(5)  K*T* = [y"(I)]*K*",
where * denotes the dual operator. Since

I (D = (D = T]hn=1,2...
it follows from (5) that for every x* € %* we have:
(6) [[K*»T*x*| = || T [|K*"x*]).

Now let * € ¥*x+(D,), where for « > 0, D, = {\ € G: |\| = a}. (Note that
K* is decomposable too [5].) Then C\D, C pg+(x*) and the unique analytic
function x* (\) which satisfies (A — K*)x*(\) = x* for all X\ € pg«(x*), has the
power series representation

x*(N) = 2 ao K**/NH1,
which is convergent for all |\] > a. Using this and (6) it follows that the series
YO) = Tpa K* Tk /xen

defines an analytic function for |\| > ac which satisfies (\ — K*)y(\) = T*x*
for |\| > ac. Thus T*x* € ¥*xu(D,.) if x* € ¥*u(D,) and T € ¥, i.e.,

(7)) T*¥*ke (Do) C ¥*k+(Dae), T € A, > 0.
But this implies that
(8) T%K(Fao) C xK(F‘a/co)~

To see thislet x € Xx(F,°) and u* € (Xx(Fa/*))* be arbitrary. If E is a closed
subset of C, then in view of [5] we have:

Xx*(E) = Xx(C/E))*.
Thus u* € ¥*k«(Da/.) and by (7) we have
9)  T*u* € ¥*ke(Dao) = Xx(F"))*E
Now by (9) we have

(Tx,u*) = (x, T*u*) = 0,
which proves (8). We need to prove

(10) TXx(Fa) C Xx(Fape), >0, T € U
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To do so we note that I, = Mg, F5* and using (8) we have
TXk(Fo) = Tk (Npea F5*) = T1Npca Xx(F")] C Npca TXx(F5°)
C ﬂﬁ<a %K(FB/CO) C m;s<a %K<Fﬁ/c) = :{K(Fa/c)
which establishes (10). Now (1) follows from (10) immediately, and hence the

proof is complete.

CoroLLARY 1. If in Theorem 1 we have AK = K3, for « (not necessarily
injective) decomposable operator with o(K) =2 {0}, then A has « non-trivial
wmvariant subspace.

Proof. If K is not injective, then it follows from AK = K that the null-
space of K will be invariant under 9. If K is injective, then the result follows
from Theorem 1.

CoROLLARY 2. Let 3 be « uniformly closed subalgebra of B(DH), and suppose

that YK < KU, for some non-invertible and non-zero normal or scalar operator K.
Then N will have « non-trivial invariant subspace.

Proof. First suppose that K is normal. Then if K is injective, the result

follows from Theorem 1. If K is not injective then % (K) (the range of K) will

not be dense in . But AK C KA implies that N(K) is invariant under A,
and hence N (K) will be a non-trivial invariant subspace of . If K is a scalar
operator (in the sense of N. Dunford [3]) then K = S~'N.S for some normal
operator N and an invertible operator S. Let 8 = SAS™!, then BN C N3
and by the first part of the proof 8, and hence 9, will have a non-trivial in-
variant subspace.

COROLLARY 3. Let A and K be as in Theorem 1. If O ts an accumulation point
of a(K), then N has an infinite ascending chain of invariant subspaces.

Proof. Let ¢ be as in the proof of Theorem 1 and choose a sequence a, € o(K)
such that

(i) @, — 0,
(i1) |aps1] < |aal/c, and
(i) A, = a(K) M AN € C: ap| < N < Jel/c} # 0.
Consider the subspaces
My = Ve T¥x(Flan), n = 1,2, ...

Since {|a,|} is a decreasing sequence, it follows that {I,},en are ascending.
By Theorem 1 they are invariant under 9. We have:

M, & My, m=1,2,. ..

To see this we note that ¥x(4,) # {0} (this follows from the properties of
decomposable operators) and hence

My C Xk (Flanire) F X (Flap 1) C My
(The last inclusion follows from the fact that I € A). This finishes the proof.
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Let us now consider the question: where was the condition 0 € ¢(K) used
in the proof of Theorem 17 A careful checking shows that it was actually used
in the derivation of the relation (2), which was in turn used in establishing that
V rex TXg (F,) is a proper subspacé of X. Now suppose that in the statement

of Theorem 1 the operator K is just an invertible decomposable operator.
If o, 0 < a < 7r,(K), can be chosen so that

[re (K~D)]~" = inf {[N : N € o(K)} < a/[l¥]],
which is possible if and only if
(A1) Y]l < 7o (K1) - 70 (K),

then again the relation (2) holds and Theorem 1 will be true. For a normal
operator K € B(9H) the condition (11) becomes:

12) [yl < KK

Note that the right hand side of the inequality (12) is the norm of the spatial
automorphism of B(9) defined by
Tw— K'TK.

(The inequalities (11) and (12) somehow involve the ‘‘smallness’” of A and
the “‘thickness’” of the smallest annulus with center at 0 and containing ¢ (K)).
We will summarize the above discussion:

TueOREM 2. Let A be a uniformly closed subalgebra of B(X) (B(D)) and sup-
pose that UK < K, where K s an invertible decomposable (respectively, normal)
operator for which the norm of the spatial automorphism  of U defined by

v:d — KUK

satisfies the inequality (11) (respectively (12)), then A has a non-trivial invariant
subspace.

Let us call an identity containing uniformly closed subalgebra of B (%)
(topologically) transitive if it has no non-trivial invariant subspace. As an im-
mediate corollary of Theorem 2 we obtain the following result.

COROLLARY. Let I be transitive and K be an tnvertible decomposable (normal)
operator for which UK C KA. Then the norm of the spatial automorphism ¥ of
U defined by

Y(4) = KT'4K, 4 ¢ U
s at least r,(K=1) - 7, (K) (respectively, equal to ||K—1|| - ||K]|.)

The following examples show that if ||¢|| = [|[K~!]|] ||K]|, then A can have no
or many non-trivial invariant subspaces.

Example 1. If A = B(PH) and K is any invertible normal operator on 9,
then ||¢]| = [|[K~Y| [|K]|| and obviously ¥ does not have a non-trivial invariant
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subspace. In this example the smallest annulus with center at 0 containing
o(K) can be as ‘‘thick’” as we please, but the algebra U is very ‘‘big”".

Example 2. Let A be the algebra of all compact operators on $ and K be any

unitary operator on 9. Then obviously AK = K2, [[¢]| = [[K7 - K] = 1,
and 9 has no non-trivial invariant subspace. Here 9 is “‘small”’, but ¢(K) is
very ‘‘thin”".

Example 3. Let § = £2(0, 1) and
A= {Ms: ¢ € 270, 1)}

where My: £2(0, 1) — £2(0, 1) is the multiplication operator My(f) = ¢ - f,
f € 220, 1). Let 8: [0, 1] — [0, 1] be defined by 8(x) = 1 — x. Then 6 is a bi-
jective Lebesgue measurable function (in fact, continuous) which preserves

the Lebesgue measure on [0, 1]. Let U:  — 9§ be the unitary operator defined
by U(f) = fob. Let ¢ € £7(0, 1), then

(UM U)f = (U7 My)(fo8) = (U)(@-fob) = (¢ob7)-f
= (M¢»oﬂ—1)f

and hence UMyU = Myop-1. This shows that U = U. Here the norm of
the algebra automorphism ¢: 3 — A defined by ¢ (4) = U~'A U is 1, which is
equal to || U] || U], and the algebra % has many non-trivial invariant (in fact
reducing) subspaces.
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