BULL. AUSTRAL. MATH. SOC. 20D10
VOL. 7 (1972), 101-104.

On complemented chief factors
of finite soluble groups

D.W. Barnes

= > > LD = = > > .. > =
Let G HO Hl .. Hr 1l and G Ko K1 . Kr 1
be two chief series of the finite soluble group G . Suppose
Mi complements Hi/Hi+l . Then Mi also complements precisely

one factor K’J./I(J.+l of the second series, and this Kj/Kj+l is
G-isomorphic to Hi/Hi+l . It is shown that complements Mi

can be chosen for the complemented factors Hi/Hi+l of the first
series in such a way that distinct Mi complement distinct

factors of the second series, thus establishing a one-to-one
correspondence between the complemented factors of the two

series. It is also shown that there is a one-to-one correspondence
between the factors of the two series (but not in general
constructible in the above manner), such that corresponding

factors are G-isomorphic and have the same number of complements.

Throughout this note, G 1is & finite soluble group. Let A be an
irreducible G-module which occurs as a complemented chief factor of G ,

and let C = CG(A) . Let R = R(A) bve the intersection of all normal

subgroups D of G such that D < C and C/D is isomorphic to 4 (as
G-module). Clearly C/R 1is isomorphic to the direct sum of d copies of
A for some d . In [3], Gaschutz proves that the number of complemented

factors isomorphic to 4 in a chief series of G is d . This follows at

Received 6 March 1972. This note elaborates arguments of Gaschutz;
see [2, Satz 3], [3, Satz 4.1], and also Carter, Fischer, and Hawkes [7,
Lemma 2.6].
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once fronm

LEMMA 1. Let H/K be a chief factor of G . Then H/K 1is
complemented and isomorphic to A <if and only if C = HR > KR .

Proof. Suppose H/XK ~ A and let M be a complement to H/K in G .

Then H n CoreG(M) = K and H.CoreG(M) = CG(H/K) = C . Thus

C = HR = KR , C/CoreG(M)

t]

H/K =4 , and CoreG(M)ZR. If XR = HR ,
then

M) =c,

CoreG(M) KR.CoreG(M) = H.Core

G

and we have K = H n CoreG(M) = H . Therefore HR > KR .

Suppose conversely that C 2 HR > KR . Then H/K =~ HR/KR which,
being a chief factor of (G between C and R , is isomorphic to 4
Since C/R 1is a completely reducible module, there exists a maximal
submodule D/R of C/R such that D n HR = KR . Since CG/D(C/D) =¢/D ,

G/D splits over (/D and all camplements to (/D in G/D are cenjugate.
If M/D 1is a complement to (/D , then M complements H/K . Thus H/X

is complemented.

We have seen that H/K has one conjugacy class of complements for
each maximal submodule D/KR of (/KR not containing HR/KR . Ve now

determine explicitly the number of these.

LEMMA 2. Let A be an irreducible G-module and let F be the
endomorphiem pring of A . Let V be the direct sun of d copies of A
and let H be a minimal submodule of V . Then the number of maximal

submodules of V not containing H is |l"‘|d-l

.

Proof. By Schur's Lemma, F is a field (commutative since finite).

V= {(al, cees ad) | a; € A} and ve have maps €, : A >V defined by

(—:i(a) = (0,0, ..., a, O, ...) where the non-zero entry is in the <th
place. Let M be any maximal submodule of V . Then there is a
homomorphism o : V + A4 with kera =M . For each % , we have )‘i €F

defined by Ai =0, 1 4>A, end (al, cees ad) €M if and only if
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d
2 Ai(ai) = 0 . Conversely, for any Al’ vees Ad € F , not all zero,

putting a(al, ey ad) = 3 Aiﬁai) defines an epimorphism a : V + 4
=1

whose kernel is a maximal submodule of V . For A €F , X #0,

(AAl, cees Akd] defines the same maximal submodule as (Al’ cees Xd]
d

Thus the number of maximal submodules is g:il-, vwhere q = |F| . The
d-1_,
number containing H is ga:i—— and the result follows.

Since the rumber of complements in a conjugacy class is |A| provided

C # G , by pairing complemented factors H./H.

/H;, and Kj/K3+l isomorphic

to A , for which HiR/R and KﬁR/R appear at the same level in the
lattice of submodules of (/R , we have
. = > > ... > =
THEOREM 1. Let G Hy > H H,=1 and
1 be two chief series of the finite soluble group

= > > L. >
G KO Ki K?

G . Then there exists a one-to-one correspondence between the factors of
the two series, such that corresponding factors are G-isomorphic and have

the same number of complements.
We now prove

THEOREM 2. Let G = HO > Hl > ... 2 Hr =1 and

G =K, > Kl > .o 2K, =1 be two chief series of the finite soluble group
G . Then complements M, can be chosen for the complemented factors
Hi/Hi+1 of the first series, in such a way that distinct Mi complement

distinct factors of the second series.

By the discussion above, it is sufficient to prove

LEMMA 3. Let V = Uy > Ul > il > Ud =0 and
Ve=Vy>V, >... >V;=0 be composition series of the completely
reducible module V . Then there exist maximal submodules Wl, W2, cees wa

of V such that
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Ui = Wl n W2 N ... n h% and Vi = Wa n Wa Neee N Wa.
1 2 1
for some permutation Oys eees ad of 1,2, ..., d.
Proof. The result clearly holds for d =1 . We use induction over

<
d . For some k , Vk ¥ Ul but Vk+1 = U1 . By the complete

reducibility, there exists a minimal submodule Z such that

Vi

of U1 such that Ui = T2 N ... nNn Ti and Vi n Ul = TB

2

some B,, «.., Bj . Put Wy =U, W, =T, +12 (z = 2,

V/Z = U, and Ti = Wi nuU

1 these W

1 .y Wd satisfy

l k]
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