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On the sharpness of a limiting case

of the Sobolev imbedding theorem

J. A. Hempel, G. R. Morris and N. S. Trudinger

A refinement of the Sobolev imbedding theorem, due to Trudinger,

is shown to be optimal in a natural sense.

Let il tie a bounded domain in Euclidean n space, ET . The

Sobolev spaces w (ft) , where k is a non-negative integer and p i l ,

consist of those functions in L (ft) whose distributional derivatives of

orders up to and including k are also in L (ft) and are Banach spaces

under the norm

\a] h (ft) •

<k V
The Sobolev imbedding theorem (for the case k = 1) asserts that if ft

satisfies a cone condition and p < n , the space w (fi) may be

continuously imbedded in L (fi) where q = np/(n-p) . If p > n , the

functions in (/"(ft) are continuous (after possible redefinition on a set

of measure zero). A refinement, proved by Trudinger in [2], shows that the

space (/"(fi) may be continuously imbedded in the Orlicz space L (Q) with

Yl (p

defining N function

n
(2) lt\
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The purpose of this note is to show that this result is optimal in the

sense that the space LA&) above cannot be replaced by any smaller

o, ,
Orlicz space. We let W (ft) c IT(Q) denote the closure of C°°(ft) in

fcr(ft) . The reader is referred to [2] for any other relevant definitions

and notation.

THEOREM 1. The space W (ft) may not be continuously imbedded in

any Orlicz space L . (ft) whose defining function \p increases strictly

more rapidly than the function <f> given by (2).

We remark here that ty increases s t r i c t l y more rapidly than ty if

for every a > 0 , iJ;(aX)/<J>(A) •+ °° as X ->•'». This happens if and only

i f L (fi) J LAtl) . Theorem 1 is a consequence of the following two

lemmas:

LEMMA 1. Let <J> and ty be N functions, with 4> increasing

strictly more rapidly than (J> , and suppose that there exists a continuous

imbedding of a normed, linear space X into ^ ( f t ) • Then

J(u) = $(.u)dx is bounded on bounded subsets of X .

Proof. We may identify X and i t s image L
li)W under the imbedding

map. Since t h i s mapping i s continuous, there i s a constant K 2 0 so

that llwlL - #11*41 for a l l u in X , where ||u|| denotes the Luxemburg

norm of u , tha t i s

(3) IIMII,, = infjfc > 0 ;
a

Since IJJ increases strictly more rapidly than <j> , there exists a

non-decreasing function of X i 0 , N{\) , satisfying

(1*) *(*) S *[^j-j for t >

Hence, for any u in X and X = ||u|| ,
A
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(5) f Uu)dx 5 [ <k(N(\))dx + f ̂ Y^

+ 1 .

The lemma is thus proved. //

LEMMA 2. Let A = A(A) denote the set of Lipschitz continuous

functions on the interval [0, 1] ., vanishing at x = 1 and satisfying

n

x \u'| dx 2 A . Then J(u) = xn~ e'u' dx is unbounded on A
o o

when A > n

Proof. Let p satisfy 0 < p < 1 and consider a sequence of

piecewise linear functions, u ^ f A , k = 1, 2, ... , satisfying

u'k{x) = a^ > 0 for x i {(P, p"7"1) , j = 1, 2 Jc and u^{x) = 0

for a: C (o, p ) . Then

(6)
A -n k .

n-li i iM. _ p -1 y jn n

'o n ,7=1 ^

where u = p and a, . = P^a-, . .

Also for x 5 p , we have

(7) *,(*) = uk[p
k) - - (p-1-!) ] p ^ -

We now choose ou . so that ^ a, . is maximised subject to the

r n \ r 72
constraint \\) -1J ^ otV,. = J4M ; that is, we choose

An

vn-l
k , so that
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(8) uk[p
k) = - (u-1) An

un-l

Therefore, by (7) and (8),

P n-1

• * • •

where B = g(u) = (u-l)

n_
n-1 An - nlogu .

1

Since g(u)/(u-l) approaches 4 - n > 0 as u + 1 , it is

possible to choose U > 1 to guarantee 6 > 0 . It then follows that

j(w,) is unbounded. //

We remark here that if in the statement of Lemma 2, we assume

A < n , then J(u) is bounded on A . For then we have

(1
\U(x)\ 2 \u'{t)\dt

Holder's inequality,

log -

and consequently

1 -1

= n-/l"

To complete the proof of Theorem 1, we may without loss of generality

take Q as the unit sphere in a and consider spherically symmetric
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functions, u = u{r) , only. Then

n n

f \Du\ndx = w f r"-1^ |ndr , f el"|
n"1dB = U f1 r"-1^"!""1^ ,

>n n 'o r -In n -"o

and Theorem 1 consequently follows from Lemmas 1 and 2. As a consequence

of Lemma 2, we also have

THEOREM 2. T/ie space P/ (fi) may not be compactly imbedded in the

Orlicz space £,(ft) u?zere (() is given by (2).

Note that Theorem 1 is also a consequence of Theorem 2. In view of

Theorem 2 and Theorem 3 of [2], it would be of interest to study the

unique solvability in W (fi) of differential equations such as

u2
bu + ue = 0

in two dimensions. HempeI [/] has made some progress in this direction.
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