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COLLAPSING RIEMANNIAN METRICS
TO CARNOT-CARATHEODORY METRICS
AND LAPLACIANS TO SUB-LAPLACIANS

ZHONG GE

ABSTRACT  We study the asymptotic behavior of the Laplacian on functions when
the underlying Riemannian metric 1s collapsed to a Carnot-Carathéodory metric We
obtain a uniform short time asymptotics for the trace of the heat kernel 1n the case when
the Iimit Carnot-Carathéodory metric 1s almost Heisenberg, the Itmit of which 1s the
result of Beal-Gremner-Stanton, and Stanton-Tartakoff

0. Introduction. In this paper we will study the asymptotic behavior of a Laplacian
when the underlying Riemannian metric is collapsed to a Carnot-Carathéodory metric.

Let M be a compact manifold with a Riemannian metric g, H a smooth distribution
on M, H* the distribution orthogonal to H. Write

8 = 8H D &nt,

where gy, gy are the restriction of g to H, H* respectively. Define a one-parameter fam-
ily of Riemannian metrics by setting for A > 0,

o = gn® Mgy

Let d), be the distance of g,, A\, the Laplacian associated with g,. We are interested in
the behavior of Ay as A — o0. Of course, in general /A, can be very wild when A — o0.
For example, if H is integrable, i.e. H induces a foliation, then the limit of A, is just
the Laplacian along the leave of the foliation, which is not well-posed. Thus we will
restrict ourselves to the case where H is not integrable; in fact, we require that H satisfies
Hormander’s condition, i.e. H generates TM under the Lie bracket of vector fields.

We first study the underlying geometry. It turns out that if H satisfies Hormander’s
condition, then the metric space (M, d)) converges to a metric space as A — 00. The
limit distance, d. can be described as follows. For x,y € M, let

. ! . 1/2
dC(x, y) - Wefllﬁni\g(x,y) (/0 gH(/Y, ,Y) dt) ’

where Qp(x, y) is the space of absolutely continuous paths which are tangent to H almost
everywhere and join x to y. d, is usually called a Carnot-Carathéodory metric on M. So,
as A — 00, the geometry of H will become dominate, as d. only depends on the restriction
of gto H, gy.
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We then consider the Laplacian /\,. Fukaya [4] observed that /A, converges to a
Hormander’s sum of square of vector fields,

AH = —Ze?,

where e; is an orthonormal basis for H. Moreover, Fukaya proved that each eigenvalue
of A\, will converge to those of Ay as A — oo.

However, we can not expect that the convergence of the eigenvalues to be uniform,
since the traces of the corresponding heat kernels have different short time asymptotics:
in the Riemannian case the first term of asymptotics is like #~"/2 - const, where n is the
dimension of the manifold, but in the limit case the first term is like r"#/2 - const, where
ny is the Hausdorff dimension of the metric space (M, d.), and ny > n. For example, if
M is a 3-dimensional manifold and H a rank 2 distribution, the asymptotics of the trace
of the heat kernel of Ay is r~2 - const, while that of A, is r73/2 - const.

We will focus on a special case, namely when the limit Carnot-Carathéodory metric
is almost Heisenberg in the sense of Getzler [10], see the definition in §3.2. In this case
we obtain a uniform short time asymptotics for the trace of the heat kernel. Our main
result is

THEOREM 1. Suppose gy is almost Heisenberg. Denote Tr(exp(~sA A )) the trace of
the heat kernel. Then, fora = A% # 0,

.1 Tr(exp(—sA))) = ca(s)a 22 +a 20y o(s),
where
0.2 el = [ [ (b 0) 2T )nexp(—-—ci>d7'dv(x)
' “ Qmsyrt! ImJ—oo\ T sh2r 2b(x, 0)s ’
and »
—Hn [ < .
|C1uls)] < {Cs_n L Sza
Cs™", s> a;

where 3 =1/2 —1Ina/2Ins, b(x,0) is as in (3.6), C is independent of a € (0, 1].

Note that for fixed A # 0, then by the principle of stationary phase, the right hand side
of (0.1) as s — 0 has a singularity of the form s7"1/2_ thus there is no contradiction;
while if A — o0, the right hand side of (0.1) is

1 21 A\
vol(M) o5 ( /jo (Sh ( 27)) dr+ O(S)).

The latter is just the result of Beals-Greiner-Stanton [1], Stanton-Tartakoff [20]. In gen-
eral, if A2s << 1, then the trace of the heat kernel behaves like that of /\; associated
with g, while if AZs >> 1, then it behaves like that of Ay.

This paper is organized as follows. We first study the underlying geometry. In §1 we
prove that (M, d)) converges to (M,d.) as A — 00. We propose the so called “partial
connection”, in which the covariant derivative is only defined for vectors tangent to H,
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as a candidate for the limit of the Levi-Civita connections (cf. § 1.3.). In particular, the
partial connection is uniquely determined by gy and the splitting TM = H & H*.

In §2 we study the limit of A}.

In §3 we study the short-time asymptotics of the heat kernel on an almost Heisenberg
manifold. We will approximate the Laplacian by a left-invariant operator on the Heisen-
berg group at each point. This will yield an integral equation for the heat kernel. Iterating
the integral equation, we obtain the exact fundamental solution. Much more difficult is
to obtain uniform estimates for this solution. To do this, we have to introduce a dilation
depending on ), the limit of which as A — 1 (resp. A — 00) is the usual dilation on R"
(resp. the Heisenberg dilation).

Finally we remark that in physics a process such as the limit of the (M, g,) as A — oo
is in general called an ‘“‘adiabatic limit ”, while in control theory it is called a “penalty
limit .

This work was supported in part by National Sciences Foundation of China for Young
Scientists.

1. The limit of (M, d)).

1.1 Preliminaries. In this subsection we first recall some preliminary facts about
Carnot-Carathéodory metrics.

Let M be a connected manifold. A smooth distribution on M, H satisfies Hormander’s
condition at a given point x € M if there are smooth vector fields vy, ..., v, with values
in H (m may depend on x), such that v;(x), ..., vy,(x) are linearly independent and span
H,, and T:M is spanned by

(1.1) vi(x),...,vm(), [vi,v2](x),..., [v,,, [v,z,..., v, »vi, 1+ -]](x).

We say that H is s-step bracket generating at x if s is the smallest number such that r in
(1.1) can be chosen r < s.

A classical result of Chow says that if H satisfies Hormander’s condition, then any two
points can be joined by an absolutely continuous path tangent to H almost everywhere.
Thus, the Carnot-Carathéodory distance d, is finite.

From now on we assume that H is a smooth distribution and satisfies Héormander’s
condition.

1.2 Limit of Riemannian metrics.
THEOREM 1.1. As A — 00, (M, d)) converges to (M, d.) in the sense of Hausdorff.

PROOF. If the lemma is not true, then there exist {x,} — xo, {y»} — yo as A — o0
and a positive number ¢, such that

|d\(xx, y0) — de(xy, y2)| > €o.

Since d)(x, y) is an increasing function of A for fixed x, y, and d) (x, y) < d.(x,y), we have

(1.2) dy(xx,yx) — de(x),90) < —¢€o.
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Suppose 7, is a minimizing geodesic for g, which joins x) to y,. Embed (M, g) into
RY isometrically for some N, §: M — RV Let H'([0, 1], RV) be the space of H' mappings

with the inner product
1df dg
(o) = (G )

where (-, -) is the standard inner product on R". By the weak compactness of the unit ball
in H'([0, 1], RV), there is 3 € H'([0, 1], RV) such that

1.9 07, — f uniformly in C° as A\ — oo (this implies that 3 can be written as
B = 0 -7 for some path Yy on M);

2.

(1.3) lim (007, V) = ((8, V), VeH'(0,1],RY).
A—00
In (1.3) take V = (3, then by the Schwartz inequality,
(8.8)) < Jim dy(xs, ).

For x € M, let P,: Ty(yRY — TO.(Hy) be the orthogonal projection. Note that P,
depends continuously on x. By the splitting TM = H & H*, we can write

(1.4) Y=Mu+ Ny,

where ()g (resp. (¥),.) is the projection of ¥ to H (resp. H* ).

In (1.3) take V such that V(1) = Py, - B(1). So V(t) = P, - T8y. We will prove that
V(t) = 0, which implies that Y, is horizontal. Now using the orthogonal decomposition
(1.4) and the Schwartz inequality, we have

‘I . .
((V.v) < lim [F(Py, - T09,(0), Py, - TO,(0) di
(1.5) o 1
- A11:20/0 Py - TGP di+ [Py TOC ) | dr.
The last term in (1.5) is bounded, as P, § are smooth, by
bl : -2
CO/O g((Vhe, (g ) < Cod2da(xy,y0) — 0, as A — oo,
Since Py, - TO(\)u = 0, the first term in (1.5) is equal to

~] 5
1Py = Py )u)

Since Y, — Yo uniformly in C°, (Py,(y — Py,n) — 0 as A — 00, and hence the above
term converges to zero as A — 00. So we have V = 0. Thus 7, is horizontal. So

2 . .
detx,y) < (EO)'” < HmEO)'2 = lim dy(,0),

where F is the energy functional. This contradicts (1.2).
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1.3 Partial connection. In this subsection we propose the so-called “partial connection”
as the limit of the Levi-Civita connection of (M, g,) as A — oo.
Let m;: TM — H be the orthogonal projection corresponding to the decomposition
T™ = H® H*.
DEFINITION 1.1.  We say that a bilinear map
H, x C¥(H) — Hy,  (w.V) — DV,

depending smoothly on x € M, is a partial connection if

DIV = DIV + (wf)V, f e COM);
Dllj Vy— Dl\jzvl =m[Vi,Va], Vi,Vh € C°(H);

(1.6) Vo(V1, V2) = (DY Vi, Vo) + (Vy, DY} V).

Now let D be the Levi-Civita connection of (M, g). The relation between D and the
partial connection is given by

LEMMA 1.2. The bilinear map (vo,V) € Hy X C*(H) — mD,,V € C*(H) is a
partial connection.

PROOF. By adirect computation, we verify that the bilinear map satisfies (1.6).

LEMMA 1.3. Suppose that X, ..., X,, is an orthonormal basis for H, then forx € M
fixed there is another orthonormal basis Vi, ..., V,, for H such that D{fl V,(x) = 0 and
Vi(x) = Xi(x).

PROOF. The proof is the same as in Riemannian geometry.

COROLLARY 1.4. Given gy anda splitting TM = H®H™, then the partial connection
is uniquely determined.
PROOF. Let D be the partial connection constructed in Lemma 1.2. We fix a point

x € M, and let V, be the orthonormal frame constructed in Lemma 1.3. Now
™ Vi, V,1(x) = (D} V, —D’v’/ V))(x) = 0. Suppose D" is another partial connection. Write

=1
then at x we have Ff; = l"f,. Insert (1.7) into (1.6), then we see that Ffj at x is uniquely

determined by g., H".

REMARK 1. Thus the partial connection only depends on the Carnot-Carathéodory
metric gy, and the splitting TM = H & H* (but not on gy ).

REMARK 2. There is a corresponding theory of characteristic classes for partial con-
nections, relating the curvature of a partial connection to the global geometry of the
distribution H, cf. Ge[8].

In the end of this section we make a remark on the volume form of g,. Let dv, be the
volume form associated with g,. Then by a direct computation,

dvy, = N dv.
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2. Limits of the eigenvalues.

2.1 Limit of laplacians. Let A\ be the Laplacian acting on functions associated with

8-

We first specify the limit of AA,.

LEMMA 2.1.  The limit of the Laplacian as A\ — o0 is a second order sub-elliptic
operator
2.1 Ny =-> ¢,

where e, is an orthonormal frame for H. Moreover, /\y is self-adjoint with respect to

(.1 = [ fhay,

where dv is the volume form of g.

PROOF. Let ¢, (resp. b,) be an orthonormal basis for H (resp. H*) with respect to g,
then

A,\ = —Zelz+)\\22bj2.

So the limit is (2.1). The fact that Ay is self-adjoint follows from the fact that each A\,
is self-adjoint with respect to

Jeydn = [ ay,
where m is the rank of H.

2.2 Limits of the eigenvalues. We will need the weighted Sobolev space H|, which is
the completion of C>°(M) under the norm

(.t = [ S(alDse@) dv+ (£ g
LEMMA 2.2. Let

i) <N <oveyopy Spp Sz <

be the eigenvalues of Ny, Ay respectively. Then, each p,(\) is a decreasing function of
A, converges to i, as A — 0Q.

PROOF. Thisisessentially Fukaya’s result [4]. We will give a slightly different proof.

We first prove that p,(\) is decreasing. Let A} > A\,,and fi, />, ..., be the eigenvectors
of A)\I .

Do = .

By the max-min principle,

et O\) = min [CASW AL
! riesk (F o
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Since Ay, <A, s0

in BGufoSho
fB‘,l,lgk .o > i1 (X2).
Hence .
e (X2) = e i TA{C)% > et (A1)

where V runs over all k-dimensional subspace in H} .

Next we prove that 11,(\) converges to y, for some j. Let limy_, it,(A) = a,. Nor-
malize the eigenvector, f;(\), such that its L>-norm is one. Then its weighted Sobolev’s
H! norm is bounded by a constant. So a subsequence of f,(A) converges to a function x
weakly in H! (strongly in L? ). Now, for any smooth function g,

0= (8= mONiOg),
= (A0, (82 = mW)g), = (% (2n — adg), = (L — a)x)go.

So
Apx = a,x

in the sense of distribution. By sub-elliptic estimates, x, is smooth, so x, is an eigenvector
of AH.

It remains to prove that for any € > 0, u,(A\) < y, + € for A big enough. Again, this
can be proved by the min-max principle as above.

3. Uniform short time asymptotics of heat kernels. Let gy be almost Heisenberg.
We will approximate A\, at any point by a left-invariant operator on the Heisenberg
group in a neighborhood of that point. So we will first study the sub-Laplacian on the
Heisenberg group.

3.1 The case of Heisenberg group. Let N, = R* x R be the (2n + 1)-dimensional
Heisenberg group; the multiplication is

.
(1,1 )22, ) = (21 + 22,11 + 12 + 22 Ju22),

(0 I
w=(5 %)
Let A, be its Lie algebra, &, the dual of /,,. The distribution H is the left-translation of the
subspace {(6z,0)} C h,. Then the algebra of left-invariant pseudo-differential operators
on N, can be identified with the algebra of smooth functions on 4, and there is a calculus
of differential operators on N,, cf. Beals et al. [1]. However, we will not use this calculus

here. Instead, we will use the method of [20].
Sometimes it is convenient to consider N, as a homogeneous bundle

where (z,1) € R*" x R, and

3.1 R—N,—C", (zt)—z,
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with a left invariant connection TM = H @ H*, obtained from the decomposition h,, =
{(62,0)} ® {(0,61)} at 0. On N, there is a family of left-invariant Riemannian metrics.
At (0,0,0) € N, this metric can be written as

gy = (6212 + - -+ (6z20) + V(1)

The limit Carnot-Carathéodory metric gy,, is,

(3.2) eny = (62 — 2(z061) .

This is just the horizontal lift of the metric on C” via the connection TM = H ¢ H~.
Let T, be the Heisenberg dilation on N, x [0, 00) (cf. [1], [20])

3.3) T,((z.0.a) = ((rz. 7). 7a),
and let R, denote the interval [0, 00).

DEFINITION 3.1. A smooth function f: N, X R, — R is weighted homogeneous of
degree k if f o T, = Ff. A smooth function g: N, X R, X R, — R is almost weighted
homogeneous of degree k if there is another smooth function, fj: N, X Ry X R, — R such
that

g((rz, rzt), s, rza) = rkfl ((z, 1),s,a, r).

DEFINITION 3.2. A differential operator L, on N, ( with parameter a € R, ) is almost
weighted homogeneous of degree [ if for every almost homogeneous f of degree [/, L,(f)
is almost homogeneous of degree /; — /.

For example, d/0z; is of degree 1, and d/0t is of degree 2.

Consider the A-Laplacian on N,

and the sub-Laplacian

Ay = Z(aix, - 2y,-§>2 + (% +2x,§;>2.

Both operators are homogeneous of weight 2, if in (3.3) we take a = A\ 2.
The kernel pj; of the heat equation

I

1 2 n j “ > 2
Pi(0.G0) = oo [55) exp(f—t B (2}’1""/25) th ;) a
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Since d/0t commutes with Ay, so the heat kernel of A, is the convolution
1 \n#3/2/ 27 \n —(t—1)*\?
0,(z,0),s) =X [ =— _
px( @1 S) /<27rs> <sh27') exp( 2s )

it n 2T
Xp(—l — (Zl |Zi|2/2s>gﬁ) drdt.

N

By abusing notations, we rewrite the above formula as

i 1 1 n+3/2 21 \n
p(O,(Z,f)’S,a) = a_T/E/(z_g) (shZT)
— —_ 2 [ "
on{ gt {2 () 2

Using the fact that the Fourier transformation of exp(—#* /2) is m'/2 exp(—> / 2), we have
P

3.5 (0, 0,5a) = (L)1/< o )nexp(_f_a_ilﬁw 2r )dﬁ

27s sh 2t s s 2s th2r
It is easy to see that the fundamental solution is weighted homogeneous.

3.2 Almost Heisenberg manifolds. We say that gy (the restriction of g to H) is almost
Heisenberg if H is a contact distribution,and at any point we can choose local coordinates
{xi, yi, t} such that in these coordinates,

g = Yo(dx; — 2y;d)’ + (dyi + 25 d)* + O(1),
where O(1) denotes a term of higher order.

An equivalent definition is as follows.

Recall that if H satisfies Hormander’s condition, then we can define a simply con-
nected nilpotent group at each point. Given a pointx € M, the Lie algebra of this nilpo-
tent group is given by

H, & (Hi/H); ® (Hy[H) © - -
with the induced Lie bracket, where
H, =H+[H,H|,H, =H, +[H,H],....

In particular, if H is a contact distribution, then the nilpotent group at each point is just
the Heisenberg group.

The nilpotent group at x is called the tangent cone to M at x. Note that on the tangent
cone there is a left-invariant Carnot-Carathéodory metric, induced from gz on Hy,. Then,
gn 1s almost Heisenberg iff the induced Carnot-Caratheéodory metric on every tangent
cone is isometric to the canonical metric (3.2).

From now on we assume that g is almost Heisenberg.

Let U be a neighborhood of xy in M. We say that a smooth map ©: U X U — N, is an
admissible coordinate system if one denotes O, = O(x, -) forx € U, then

1. ©, is a diffeomorphism, and maps x to 0 € N,,.

2. T,©, maps the induced metric on the tangent cone at xo to gy, on N, (cf. (3.2))
isometrically.

3. ©, maps the leave of the foliation of H* onto the fibers of the homogeneous fiber
bundle N,, — C".
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LEMMA 3.1. Admissible coordinates system exist.

PROOF. A similar construction is given in [20]. We will give an intrinsic construc-
tion.
We identify the Lie algebra of the tangent cone at x € M with

H & HE

Let exp: H, & H; — N be the exponential map of the Heisenberg group, then exp is
a diffeomorphism and maps every affine space {1} + Hy, n € H,, to a fiber of the
homogeneous fiber bundle N — C".

Next we will use the exponential map for the Carnot-Carathéodory metric (cf. [6])

exp,: T\M — M,

where we have identified 7,M with T; M using g. exp, is a local diffeomorphism. At0 €
T.M, T exp, maps the tangent space to the subspace H} C T.M to H;-. Moreover, at x,
the map Texp o(Texp,) ': T.M — ToN is an isometry between the Carnot-Carathéodory
metrics. Now modify exp, to a map ®, such that 7®, agrees with T exp, at 0, ®, maps
every affine subspace {1} + H. to a leaf of the foliation induced by H*, and depends
smoothly on x. Now define O, = exp o(®,)~!, then it satisfies the requirement.

REMARK. Under admissible coordinates, the metric g, can be written as

(3.6) (©:g0)() = gu(y) & N2b(x,y) (di)>, y €N,

where ©}g, denotes the induced metric on N,,

&n = gn, + O(1)(y).

Here gy, is as in (3.2), and O(1)(y) denotes a quadratic form whose entries are almost
homogeneous functions of degree 1.

3.3 Fundamental solutions. As a corollary of (3.6), we have

LEMMA 3.2.  If© is an admissible coordinate system, then for fixed x,
Dy(fo0 ) = Ayuof +1f. fE€CO(N, x[0,00), f€COM),

where b(x,0) is the positive function in (3.6), Axb(w) is the left-invariant Laplacian on
N,, L is an almost homogeneous differential operator of degree 1.

Let u(x, y, s, a) be the fundamental solution of

ou .
g +A/\u :0,

3.7 u(x,y,0,a) = 6(x —y);

where AA{ means that the partial differentiation is only for the x variable.
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Suppose M is covered by a finite number of admissible coordinate systems U;, M =
U Ui, ©;: U; X U; — N, ¢; a partition of unity of the open cover. Let c(x) = b~'/2(x, 0).

Define
(3.8) Pa(%,3,8) = 3" $iPeta(0, Oi(x, y), 5),
where pe(xa is the fundamental solution to the heat equation 8 /s — Ay, ), on Ny, given
by (3.5).
Then, multiplying (3.7) by (3.8), using the integration by parts, we have
(3.9)

5 d .
ug(x,y,5) = pa(x,y,s) + ./0 /M(ua(x,yl,s —S1), (g + A )Pa(yl’y’sl)) dv(y)) ds.

Now, for fixed a, by the arguments of [15], if a # O (or that of [20] if a = 0), the
fundamental solution u satisfies (3.9).
Given two functions f(x, y, s, a), g(x, y, s, a), denote

1oy = [ [ feys =gy dvin)dsi,

where dv(y;) means that the integration is only for the y; variables. Define inductively

q(x,y,s,a) = <% + Ai)pa(x, ¥, 8),
¢F=qtd"", k=273.....
Then, from (3.9), the fundamental solution u(x, y, s, @) can be written as (formally)
(3.10) ta = pa+Y(—1'pa T 4".

Again for fixed a, by the same arguments in [15] for a # 0 (or [20] for @ = 0), one
can show that (3.10) is convergent and thus is the fundamental solution. What is more
difficult is to obtain a uniform estimate for the series (3.10), which we will do next.

3.4 Uniformestimates. Inthissubsection we will obtain uniform estimates for the series
(3.10).

First we will introduce a new dilation. First recall that if a # 0, the Laplacian can be
approximated by an operator with constant coefficients, i.e. an invariant operator on the
abelian group R", and the appropriate dilation is a - (x) — (ax) (cf. McKean-Singer [15]);
whereas for a = 0, the sub-Laplacian can be approximated by a left-invariant operator
on the Heisenberg group, and here the appropriate dilation is the Heisenberg dilation on
Ny, cf. Stanton-Tartakoff [20]. However, to find a uniform estimate both dilations are
no longer sufficient, so we will introduce a new dilation depending on a, the limits of
which as a/s — oo and a/s — 0 will be the abelian dilation and the Heisenberg dilation
respectively. W.o.l.g. we assume thata < 1,5 < 1.

The new dilation 7,,: N, — N, is defined as

(rz,’t), a<s;

(3 ”) Tr,x,u(Z, t) = (I”Z, rzgl)’ a 2 5:
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where
1 Ina

b= 2 2y 47
Note that 1/2 < 6 < 1lifa > s. If a = 1, then the dilation is that in Stanton-
Tartakoff [20]; while if a = 0, then it is that in McKean-Singer [15].

We say that a function f(y, s, @) on N, x Q, considered as a smooth function of y with
parameters a, s €  (may not depend continuously on a, s), is uniformly fast decreasing
with respect to (s, a) € Qif forevery (a, k) € Z>"*! xZ, , there is a constant C independent
of (s,a) € Q such that

S.

03/ (v, @) < Cly[™*.
LEMMA 3.3.  The function
8(z,t,5,a)

[ J@2r/ sh2r)" exp(—ar? | 25) exp(—itr — (X2, |z:|*)r/ th27) dT, a<s,
— | Jexp(—s?7172 [2) exp(—irt) exp(— ¥ 2577/ th2s°1) (2577 / sh2sPry dr, a > s;

where 3 = 1 — 0, is uniformly fast decreasing with respect to (s, a) € [0, 00).

PROOF. We rewrite

(3.12) g(z,t,5,a) = /CXP(—iTZ)gl(T, z,8,a)dt
where
2102, 5,d) = (1/ sh2r)" exp(—2a/2s) exp(—(X, |zi|*)7/ th27), a <s;

exp(—s*? 7172 /2) exp(— ¥ 22577/ th25%1)(25%7/ shs?27)",  a E s

Since 23 — 1 < 0, exp(—s**~!72/2) is a uniformly fast decreasing function of 7 as
long as a > s € [0, 1]. On the other hand, if a < s, the function (T/ sh(2'r))" is fast
decreasing uniformly with respect to a, s. So g; is uniformly fast decreasing with respect
toa,s € [0, 1], i.e. forany I, m > 0,

|0gi(1,s,a)] < C(1 + |T|)—’"(1 +3 |Zi|2>_’".

Using integration by parts in (3.12) repeatedly, we prove the lemma.
Note that the fundmental solution on N,, j can be rewritten as (c(x) = b~ '/?(x, 0))

Qs N g o Tiny (D), a<s,

(3 13) P_((Z, f), s, ac(x)) - { (27r)~n—ls—n71+d(g o Trlﬂ uw(x))(z’ 1, a > 5

which inspires the following definition (compare Stanton-Tartakoff [20]).

DEFINITION 3.3.  We say a function f(x,y,s,a): M X M X R, X R, — R is of type

(I, m) if there are uniformly fast decreasing functions g;;, g>,,..., on N, and functions
b; with support in U; respectively such that
(3.14)
Fys.a) = { PRI s:”:?+(’+j’/2(gj,i 0T i 0 O)(x, y)b;(x, y), a<s;
i 2208 n +3+(m+j)0(gj,i o Ts"/z,s,ac(x) 0 O))(x, y)bj(x, y), a=s

where T2 . is the dilation (3.11) on N,
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LEMMA 3.4. p(x,y,s,a) is of type (2, 0).
PROOF. This follows from Lemma 3.3 and (3.13).

REMARK 1.  Let M be the Heisenberg group N, ©,, themap x — x—x;.If k(x, y, 5, a)
is of type (I,m), then 0k(x,y, s, a)/az, (where x = (z1,...,2m,1)) is of type (I — 1,
m—1/20), 0k(x,y,s,a)/dtis of type (I—2,m—1), z,k(x, y, s,a) is of type (I+1,m+1/20),
tk(x,y,s,a) is of type (I+2,m + 1). Note that if a > s, a can be written as

a =521 = #2170,

so ak(x,y,s,a) is of type (I +2,m+2 —1/6).
LEMMA 3.5. Ifk(x,y,s,a) is of type (I, m), then

W< [ G a<s;
| | — CS——n71+ﬂ+m0

a> s,

—1+1/2 .
/|kfdv(x)<{cs W a<s
. — Csnz()’ azs,

where C is independent of s, a.
PROOF. By a direct computation.

LEMMA 3.6.  (9/ds+ AY)p(x,y,s,a) is of type

(],min(% 11— é% ,2))_

PROOF. By Lemma 3.2,

(%-A,\>p:L~ko@_n

where k is of type (2, 0), and L is a sum of operators of the form

9 90 o 9 0 9 O &
3z, “ar Moz o “Yon 1oz Yo “on

over the coefficients of smooth functions. The action of L on &, L(k) is of type (1,m),
where m is the smallest one among the following numbers

I 1 1 1 3 11

22wt ww T T

It turns out that the smallest one is among 1/(20) — 1,1 —1/6,3/(20) — 2.
As a corollary
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COROLLARY 3.7. We have the following estimates

Cs 312, a<sa#s;

@19) lgtwrsal = |(5+ S )psa) < (S5, 45

ds

C
(3.16) ), gty s.@ldvo < 7.

where C is independent of s, a.

PROOF. We will check

1 1 3
m0>*1/2, formfﬁfl, 175, %—2

Now this follows from the inequality 1/2 < 8 < 1. Hence q is of type (1,—1/26), so
(3.15) and (3.16) follow from Lemma 3.4 and Lemma 3.5.
We will denote g*(x,y,s,a) by gX(x, y, s). From the above estimates we have

LEMMA 3.8. (1)

1 -
(3.17) gk ey, )l < = C'27h
%)
(2)
L , Aps k2SI g < sa s
(3 18) an(-x’y’ ‘S)HL”(MAXM‘) S AkSA_n__k/z__S/z’ a 2 s
where for k > 2n + 3,
Ak
A= ———
[k/2—n—1)
Here A is independent of a.
(3)
k
j j Cs: "1, a<sa#s;
3.19 a—DPa—» (—er PaT¢, < ’ = ’
(19 o =pa =2 Cjpa ] o { Cstm 12 a>y

where C is independent of s, a.

PROOF.  (3.17) can be proved by the same method as in [20], so we will only prove
(3.18) and (3.19).

First we prove (3.18) by induction on k. The case k = 1 is given in Corollary 3.7.
Suppose (3.18) is true for k — 1. Now, ifa > s,

k /2 -
g (x,y,5) :/0 qu(x,yl,s—sl)q 1>y, 1) dsy

(3.20) 1
* [/2 ./M qe,y1,s — g 1.y, 1) dsy.
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Now

5/2 _
fo /Mq(x,yl,s — s1,a)¢" ‘(yl,y,sl)dsl’

5/2 -
S/O /M”‘I(x»}’hs“sl,a)“L“"(MxM)”qk ](ylsy’slaa)HL](M‘])ds]
2 ,
< Ak~1C/0s/ (s — Sl)‘"“3/2+d5,1</273/2 ds
5 [1/2 —
SAk_ICS—n~2+k/2+3/O It —sl)_"‘3/2+3s’;/2 3/2 ds,

S Ak Cs—n“2+k/2+ﬂ/2,

and

fs/z /Mq(x,yl,s - Sl)qk_l(y[,y,sl)dsl‘

< /s/Z/M HQ(xvyl»s'Sl)”L'(M.l)qu_]()’lsy’sl)”L”(MXM) dsi

s / 1
< —n—3/2+3
_Ak—1CK/2 5 (s— s)R/23]2 ds,

1/2 -
SAkﬁle‘”‘z”‘/z*a/O/ a _sl)_n—3/z+gsllc/2 32 g,

S Ak Cs~n72+k/2+;3/2’
s0 by (3.20),

S
f/o /Mq(x,yl,s - sl)q"_l(yl,y,sl)dﬁ' < CAys " 2k/248,
Similarly we can prove (3.18) for a < 5. Now we prove (3.19) for s < a.

pat > (—=1Y¢ = ”/Ospa(x»}’l,s'"Sl)zq]()’l,y,sl)dvyl ds)

J>k—1 “Lw(MxM) Sk HL@O(MxM)’

SO

|

s /2
/0 Pa(%,y1,8 = s1) 3¢ (v, 51) dvy, dsi

bt “L""(MXM)

5/2
< /0 IPae, 15 = sOllomaxan 2016 Oy sD |, ) dvy, dsi
1>k

s/2 2k g/2-1 L g2
S[) C(s — s1) ;sjl r(%)sjl

< Csk/2-nfl/2+,9’
and

S
st 52 Patx.y1.s — sl)“L'(MH) 2 @01y sDlleran dvy, dsi
=k

< Csk/2n—1/248.
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So (3.19) follows in this case. Similarly we can prove (3.19) for s > a.
PROOF OF THEOREM 1. This follows directly from Lemma 3.8.

3.5 Open problem. Let u, be the Wiener measure associated with g,. What 1s the
asymptotic behavior of py as A — 00? One might conjecture that the following 1s true:
let Q(xp, ) (resp. Qy(xp,-)) be the space of continuous paths (resp. horizontal paths)
starting from xy, then

HA(Q(X(), ) — Qu(xo, -)) — 0as A — o9,

1n a weak sense.
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