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Hermitian Harmonic Maps into Convex
Balls

ZhenYang Li and Xi Zhang

Abstract. In this paper, we consider Hermitian harmonic maps from Hermitian manifolds into convex
balls. We prove that there exist no non-trivial Hermitian harmonic maps from closed Hermitian man-
ifolds into convex balls, and we use the heat flow method to solve the Dirichlet problem for Hermitian
harmonic maps when the domain is a compact Hermitian manifold with non-empty boundary.

1 Introduction

Let (M, h) be a Hermitian manifold with Hermitian metric (h,, /?)’ and let (N, g) be
a Riemannian manifold with metric (g;;) and Christoffel symbols l";k. A Hermitian
harmonic map u: M — N satisfies the following elliptic system
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This system is more appropriate to Hermitian geometry than the harmonic map sys-
tem since it is compatible with the holomorphic structure of the domain manifold, in
the sense that holomorphic maps are Hermitian harmonic maps when target man-
ifolds are Kahler. Since (1.1) does not have a divergence structure nor a variational
structure, it is analytically more difficult than a harmonic system. It was first studied
by Jost and Yau [5], and was applied to study the rigidity of compact Hermitian man-
ifolds. Jost and Yau [5] consider the existence problems of Hermitian harmonic maps
under the assumption that the target manifold N is nonpositively curved. Chen [1]
also studied the situation that the target manifold has non-empty boundary. In this
paper, we consider the case where the target manifolds are convex balls.

Let N be a complete Riemannian manifold with sectional curvature bounded
above by a positive constant k, and Bg(O) be a geodesic ball of radius R with cen-
ter at fixed point O € N. If R < ziﬁ’ and Bg(O) lies in the cut locus of O, then the
geodesic ball Bg(O) will be called by a convex ball.

Now let us fix some notation. Assume that N is a Riemannian manifold. On N we
always choose the Levi—Civita connection which is compatible with the Riemannian
structure. On M we now choose the connection V such that it is compatible with
the holomorphic structure on M and torsion free. We denote the standard Beltrami—
Laplacian by A and the Laplacian of the holomorphic torsion free connection by A,
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respectively. Then one can define Vdu(X,Y) by Vdu(X,Y) = Vydu(X) — du(%xY)
for any smooth map u from M to N. The torsion free assumption makes the above
defined Vdu( -, -) symmetric. And it is natural to define the tension fields of the

map u as
(1.2)
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If u is a function on M, then
~ 5 0%u

1.3 Ay = h? _

(13) ! 0z00z"
~ 1

(1.4) Au — EAM = (V,Vu),

where V is a well-defined vector field on M and V is the Levi—Civita connection
on M.

After giving some preliminaries in Section 2, we will discuss the case where do-
main manifolds are compact. First we prove that there exist no non-trivial Hermi-
tian harmonic maps from closed Hermitian manifolds into convex balls. In fact, we
obtain the following theorem:

Theorem 1.1  Let M be a closed (compact, without boundary) Hermitian manifold,
and N a complete Riemannian manifold with sectional curvature bounded above by a
positive constant k. Let u: M — N be a Hermitian harmonic map with image u(M) C
Br(O). IfR < ziﬁ’ and Br(O) lies in the cut locus of O, then u must be a constant map.

Secondly, we consider the case that the domain manifold has a non-empty smooth
boundary. We use the heat flow method to prove the solubility of Dirichlet problem
for Hermitian harmonic maps. We obtain:

Theorem 1.2  Let M be a compact Hermitian manifold with non-empty smooth
boundary OM, and N be a complete Riemannian manifold with sectional curvature
bounded above by a positive constant k. Let ¢: M — N be a smooth map, and the
image (M) C Br(O). If

2v5

arccos 5
vk

and Bg(O) lies in the cut locus of O, then there must exist one unique Hermitian har-
monic map u such that ulop = dlom.

2V/5
Remark We hope that the condition R < mm& >~ can be weakened to R < 2%,
but for technical reasons, in this paper we can only solve the Dirichlet problem for

Hermitian harmonic maps under this stronger condition.

https://doi.org/10.4153/CMB-2007-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-011-1

Hermitian Harmonic Maps into Convex Balls 115

Similarly to harmonic maps, we can consider Hermitian harmonic maps from
complete Hermitian manifolds into convex balls. The existence of Hermitian har-
monic maps from complete Hermitian manifolds into Riemannian manifolds with
non-positive curvature had been investigated by Lei Ni [6]. Grunau and Kiihnel [2]
introduced an invertibility condition on the holomorphic Laplace operator between
suitable chosen function spaces. Their proof shows that the solubility of the Poisson
equation with respect to the holomorphic Laplace operator ensures the existence of
Hermitian harmonic maps. So, it is natural to prove the existence of Hermitian har-
monic maps from complete Hermitian manifolds satisfying the same conditions as in
[2, 6] into convex balls by using Theorem 1.2 and the compact exhaustion method.
The proof is similar to the one given in [2, 6]; hence we omit it here.

2 Preliminary Results

We will solve (1.1) by the method of heat flow. Let u: M x R — N. We consider the
following parabolic system:

5 O 5 Ow ouk o
af _ h‘wFP 70T 27
0z°07° " k020 925 ot
u(z,0) = ¢(z) forz e M
u(z,t) = ¢(z) forz € OM,0 <t < o0

(2.1)

where ¢ is a smooth map from M to N such that ¢(M) is contained in the convex
ball Bg(O). By linearizing and using results about linear parabolic systems and the
implicit function theorem, it follows in a standard manner that (2.1) has short time
existence.

In the following computation we need a Hessian comparison theorem [3]. On the
product N x N we introduce the Riemannian metric

X1 @X,Y18Y,) = (X,Y1) +(X5,13)

forX;,Y; € Ty,-Nayi €EN,i=1,2.
The distance function on N, p: N x N — R is of class C? on Bz(O) x Br(O)
outside the diagonal. So we have:

Lemma 2.1 ([3,4]) Fory = (y1,y2) € Br(O) x Br(0),V € T,,(N X N), assume

Q = (1 — cos(Vkp(y1, y2)))/k: Br(O) x Br(0) — R.

Then the Hessian of Q admits the following estimates:

V[? ify1 =y,
VIV, V) > ¢ (v : :
ST —kQWIVE ify # o,

and
V2Q(V,V) > (1 — kQ(»)|U?

if V has the special form U @0 0or 0 ® U.
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Multiplying the metric tensor by a suitable constant we may assume the upper
bound of the sectional curvature of N to be 1 throughout the rest of this paper. We
set f(x,t) = Q(u(x,t),0) and

“aui oul
gl] 6Za 825‘ :
First, we will prove that the image of (2.1) contained in the convex ball Bx(O) (R <
%) under the flow such that we can use Lemma 2.1 for any time ¢. We have:

e(u) = h*’

Lemma 2.2 Assume u(z,t) is a solution of (2.1), then p(u(z,t),0) < R for any
(z,t) € M x R.

Proof Suppose not, so we can assume that at some point (zp,%) € M X R,
p(u(zp, tg), O) is equal to R for the first time, so we have:

0
a,ﬂ(zn,fo) Z 0? vf|(zo,fn) = 0’ Af|(ZnJ-‘n) S 0.

On the other hand, from (2.1) and Lemma 2.1, we compute at (zg, to)

~ 0 3 0 0

(2.2) (&- E) f=novi( 8; ®0, a—; ©0) = e(u) cosR > 0.
So we have a contradiction. [ |

Next we will give estimates for |, |* := [ 242 = g,»j%—’f %—"tj and e(u). By the assump-
tion of the curvature, using [5, (4) and (7)], we have

~ 0
(2.3) (A - 5) e ? > [Viug|? — 2| Pe(u),
~ 0 Ly

(2.4) (A — 5) e(u) > 5|V ul® — 2e(u)(e(u) + ¢),

where c is a positive constant depending on the upper bound of both first and second
derivatives of domain metric.

Letb = 1 — cosRy,0 < R < Ry < 3. Hence (b — f) is a positive bounded
function. By (2.3) we can obtain

(ﬁ_ %) (b|it;)z = (b_lf)4[(b—f)2(ﬁ_ %) s
+z|ut|2(b_f).(g_%)f

+2(b = )V, V) +3[ul* [V f ]

1
> G| IVl = 2luPe) (o f7
+2(1 — fe(w)|u|* (b — f)

+2(0 = UV, V f) + 3PV 1]
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So we get

(2.5)

~ 8 |1,{t|2 1 2 2 2
(5-4) B L[V~ 17 20 =B~ el

+2b = ) < V|u2, Vf > +3[u |V ]

and
(2.6) ViuP = b vl o Ly
. t (b—f)z b—f t
By the Schwarz inequality and (2.6) we have
A s 1 ||
. - = >
27) (2-5) I AT ML

from the maximum principle, |1 | is uniformly bounded.
Similarly we also have

e(u) +c

(-

(~ 8) e(u) +c S 1

(2.8) A-o o7 2 T=F

(V Vi)

where c is the same constant in (2.4).

To get a global C! estimate from the formula (2.8), we know that it is sufficient to
prove the boundary C! estimate. First, we need the following:
Lemma 2.3 ([5]) There exist §y > 0 and Ry > 0 with the following property: If u is
a solution of (2.1) for 0 < t < T and if for some ty, 0 < ty < T, u(B(xo,R), tp) C

Bs(p),xo € M,B(x0,R) C M,0 < § < g, for some R,0 < R < Ry,p € N,
(B(g,7) :={q’ € M :d(q,q")) <r}), then

|Vu(xo, to)] < % (V denotes the spatial gradient)

where 0y, Ry and c depend on the geometry of M and N and on supp, p, |t (x, to)|.

Lemma 2.4  Let u be a solution of (2.1) for 0 < t < T, and the radius of convex ball
R < 7. Then there exits 0 < ty < T such that

|Vu|(z,t) < ¢ (V denotes the spatial gradient)

forz € OM,0 < ty <t < T, where c is independent of t.
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Proof Lemma 2.3 has given interior gradient bound, and it consequently suffices to
show if d(z;,zy) = r,z1 € OM, d(z,, zy) < r, we have

(2.9) p(u(zi, 1), u(z, 1)) < ar

for some constant ¢; independent of ¢.

By Lemma 2.1 we know that for any z1,2z, € M, u(z,t), u(z,,t) can be joined by
a unique geodesic arc. We continue the geodesic arc from u(z,, t) to u(z;,t) beyond
u(z;,t) until we reach a distance 7 from u(z;,t) such that the corresponding point
denoted by q is contained in Bz (O). We consider L(z,t) = 1 —cos p(u(z, ), q). Then
by the choice of g, we have

~ 0
. . >
(2.10) (A 8t) Liz,t) >0
We then solve the following linear parabolic problem:

~ 0
(A—E)H(z,t)—o
H:MxR—R
H(z,0) = L(z,0) forze M

H(z,t) = L(z,t) forze OM,0<t < o0

(2.11)

since L has smooth boundary values, so does H.
The maximum principle implies

(2.12) L(z,t) < H(z,t) fort>0,z€ M.
Now by (2.11) and (2.12)
(2.13)  p(u(zi, 1), u(zy, 1)) = pu(zy,t),q) — p(u(z1,t),q) by the choice of q

<X Want) - Lz, )
SIn T

< L (H(z, 1) - Hia,p),
SIN T

since z; € OM. From the theory of linear parabolic equations, the solution of (2.11)
has a boundary Lipschitz bound. So we get (2.9). ]

Using (2.8) together with Lemma (2.4), we know e(u) is also uniformly bounded,
so we obtain the long time existence of the solution of the equation (2.1).

Let u1(x,t) and u,(x,t) be two sequences of maps from M into the convex ball
BR(O) Let

¥(z,1) = Qur(z, 1), uz(z, 1)),

fi(z, 1) = Q(u;, 0),
(2.14)

2
p(z,t) = Y w(filz,1).

i=1
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Using Lemma 2.1, one can check that when u (z, t) # u,(z,t),
(2.15)

(3-2)w= 0L wZe<u)+dQ((a<u1> - %) & (o) - 22Y),

when u;(z,t) = uy(z,t),
. o 2 ouy Ou,
@16) (B—2)v =Y etw)+dQ( (o) =5t & (o) - F2)),
i=1

and
2
(2.17) (A——) Z( W (VAP +w ()1 = fe(w)

+w'(fda( (otw) - %i”) 20)).

Assume that u;(z,t) and u,(z,t) both satisfy (2.1), and set function w(s) =
—In(1 — s) in (2.14). By formulas (2.15), (2.16), (2.17), and the fact w'’ = w'?,
one can check that when u;(z,t) # uy(z, 1),

(2.18)

e (A - g)ew - (2- _)¢+¢(A - %) o+ (T, V) + 20V 0P

2

2
'W‘ —wZe(uw dew”IVflz

S W = e + (Vi V) + SUIVel
i=1
_ Ivep
>

+ wZ "V + <Vso,w>

+ 2V, V()

2

1 " p_1 2, 1,0 @
> 2w;w Vi 4¢|V<p| e (V, V(e1))

V

> %e_%Vgo, V(e?y)).

When u;(z,t) = uy(z,t), we have » = Vi = 0. So

2
(2.19) e’“f(ﬁ — %) et > Ze(ui) > 0.
i=1
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From (2.18) and (2.19), the maximum principle implies the uniqueness of the solu-
tion of the equation (2.1). So we already have:

Proposition 2.5  If (M) C Br(O),R < § and Br(O) lies in the cut locus of O, then
the evolution equation (2.1) has a unique solution which exits for 0 < t < oo.

3 Hermitian Harmonic Maps From Compact Manifolds Into Convex
Balls

First, we consider a Hermitian harmonic map from a closed manifold (compact with-
out boundary) to convex ball Br(O).

Proof of Theorem 1.1 Let u: M — N be a Hermitian harmonic map, that is, u
satisfies (1.1), and u(M) C Br(O),R < 7. Putting f(z) = Q(u(z), O), we have

(3.1) Af(z) > e(u) cos p(u(z),0) > 0

Since M is closed, the function f(z) must be constant, hence p(u(z), O) is a constant.
We conclude that u(M) C S,(O), where S,(O) denotes a geodesic sphere of radius
r with center at O, and there must be a point zy € M such that u(z;) € S,(0). We
join u(z) with O by a geodesic arc. On this geodesic arc, we can choose a point
O’ different from O such that we can find another geodesic ball B,,(O’) satisfying
B,(0O) C B,/(0") C Bg(O). Setting F'(z,t) = 1 — cos p(u(z),0’), we also have
AF’(z, t) > 0. Using the maximum principle again, we have p(u(z),0’) = r —
p(0,0") =", foranyz € M, i.e, u(M) C S,./(O’). But it is easy to see that there is
only one point in S,(0) N S,/ (0’), so u(M) = u(z). [ ]

Proof of Theorem 1.2  First of all, we will show that if (M) C Br(O),

~ 8 |u[|2
3.2 AN——)———2>0
(3.2) ( (9t) (b- )2~
where R = arccos 25ﬁ < 7> Ro = arccos %, and b = 1 — cos Ry. In fact, from (2.5)
we have
(3.3)

~ 0 |1,¢[|2 1 2
(2=30) g = Gt [ Vul® = p = 2lullv1]

+2(1 = b)(b — f)|uPe(u) — \utlzlvflz}

>2 |us|?e(u) [cos Ro(cos p — cos Ry) — sin” p]

L
(b— )

To get (3.2), it suffices to prove that cos Ry (cos p(u, O) —cos Ry) —sin® p(u, O) > 0,
ie.,

5 1
(3.4) cos p(u, 0) > 4/ 1 cos?Ry+ 1 — 3 cos R,
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And it is easy to see that when Ry, = arccos ‘[ , the right side of (3.4) reaches its

minimum M . Therefore we have proved (3.2), when p(u(z), 0) < R = arccos M

Now, we solve the following Dirichlet problem on M [7, Ch. 5, Proposition 1.8]

Av(z) = __lul \
(3.5) T -
v(z)|om =0

Setting w(z,t) = fo |“‘ 7 (z,5)ds — v(z), by (3.2), we can see that

(&— %) w(z,t) >0

(3.6) w(z,t)|om = 0
w(z,0) = —v(z), z€eM

Again by the maximum principle we have

(3.7) / = f)z < sup [v(2)] < o0

Hence, we conclude that there exists a sequence {#; } such that

li lim 2% — o
m = moes =0

Then the standard elliptic regularity implies that there exists a subsequence u(z, t;)
converging to a Hermitian harmonic map as 7 goes to oc.

Assume that u;(z) and u,(z) both are Hermitian harmonic maps satisfying the
same boundary condition. Similar to (2.18) and (2.19), it is easy to obtain

(3.8) e P NeP > %e—’%w, V(ef1))).
or, when u;(z) = uy(2),
(3.9) e~?Aefyp > 0,

where 9, ¢ is defined in (2.14).

Then the maximum principle implies the uniqueness of Hermitian harmonic map.
|
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