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AN ACTIVE SET SEQUENTIAL QUADRATIC PROGRAMMING
ALGORITHM FOR NONLINEAR OPTIMISATION '

QiING-3IE Hu, YUN-HAI X1A0 AND Y. CHEN

In this paper, we have proposed an active set feasible sequential quadratic program-
ming algorithm for nonlinear inequality constraints optimization problems. At each
iteration of the proposed algorithm, a feasible direction of descent is obtained by solv-
ing a reduced quadratic programming subproblem. To overcome the Maratos effect,
a higher-order correction direction is obtained by solving a reduced least square prob-
lem. The algorithm is proved to be globally convergent and superlinearly convergent
under some mild conditions without strict complementarity.

1. INTRODUCTION

Consider the following nonlinear inequality constrained optimisation:

min fo(z)

D () suchthat fy(z) <0, jel={L2...,m},

where m > 0 and the functions fy, f;(j € I) : R® —R are all continuously differentiable.

It is well known that the method of feasible directions is one of the important meth-
ods for solving the problem (P). Method of feasible directions was originally developed by
Zoutendijk [26)]. Since then, Topkis and Veinott [23] made a modification to Zoutendijk’s
method, which assured their algorithm converges to a Fritz-John point. Later, Pironneau
and Polak (18, 19] amended Topkis and Veinott’s method so that the normalisation set
was replaced by adding the term ||d]|2/2 into the objective function of the subproblem.
Their algorithms were proved to be globally convergent and had a linear convergence rate.
Cawood and Kostreva [3, 4] proposed a norm-relaxed method of feasible directions by
generalising the Pironneau and Polak’s method of feasible directions. They showed that
this method is globally convergent under mild assumptions. Since early feasible direction
methods only used the information of first derivatives, all method of feasible directions
above have at most a linear convergence rate.

Sequential Quadratic Programming algorithms are widely acknowledged to be among
the most successful algorithms for solving (P)(See[21, 22, 24, 10, 20, 6, 17, 13, 12, 11,
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8]). For an excellent recent survey of sequential quadratic programming algorithms, and
the theory behind them, see [1]. In [17], a variation on the standard sequential quadratic
programming algorithms for solving (P) (which is called a feasible sequential quadratic
programming algorithm) is proposed. It generates iterations lying within the feasible set
of (P). Feasible sequential quadratic programming is proved to be globally convergent
and superlinearly convergent under some mild assumptions. However, at each iteration,
these algorithms require the solution of two QP subproblems and a linear least squares
problem, or two linear systems of equations and a linear least squares problem. Clearly,
their computational cost per single iteration is relatively high.

Recently, another type of feasible sequential quadratic programming algorithm [15]
has been proposed. In this algorithm, the following QP subproblem is considered, for an
iteration point z*:

min 1
(2,d) z+ EdT Hd
(1.2) (QP) such that  Vfy(z*)Td < 2,
fi(#*) + Vfi(z*)Td L ovz, j €1,

where Hj is a symmetric positive definite matrix and an approximation of the Lagrangian
Hessian matrix for (P), and oy is a positive parameter. In [15], it is necessary to
solve an equality constrained QP subproblem to update the parameter o, such that
ox = O(|ld§™*|I?). On the other hand, in order to accept the unit step size, a cor-
rection direction is obtained by solving another equality constrained QP subproblem.
Furthermore, the algorithm is proved to be locally two-step superlinearly convergent un-
der certain conditions. Reference [14] proposed a similar algorithm to solve the problem
(P). It also needs to solve two QP subproblems with inequality constraints, and like [15],
it is proved to be locally two-step superlinearly convergent. Furthermore, it is required
that o, approaches zero fast enough as d* — 0, that is, ox = o(||d*||). In [25], Zhu pro-
posed a similar algorithm. In his algorithm a feasible direction of descent is obtained by
solving the QP subproblem (1.2). In order to avoid Marotos effect, a high-order revised
direction is computed by solving a reduced linear system. Furthermore, it is proved to be
globally convergent and superlinearly convergent under some certain conditions. Unlike
[14, 15], no auxiliary problem need be computed to update ox. On the other hand,
to obtain locally superlinear convergence, for the above-mentioned algorithms, the strict
complementary condition is necessary.

In this paper, we have proposed an active set feasible sequential quadratic pro-
gramming algorithm for nonlinear inequality constraints optimisation problems. At each
iteration of the proposed algorithm, a feasible direction of descent is obtained by solv-
ing a reduced quadratic programming subproblem. To overcome the Maratos effect, a
higher-order correction direction is obtained by solving a reduced least square problem.
The algorithm is proved to be globally convergent and superlinearly convergent under
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some mild conditions without strict complementarity.

The remainder of this paper is organised as follows. The proposed algorithm is stated
in Section 2. In Section 3 and Section 4, under some mild assumptions, we show that this
algorithm is globally convergent and locally superlinear convergent, respectively. Finally,
we give concluding remarks about the proposed algorithm.

2. DESCRIPTION OF ALGORITHM

We denote the feasible set X of (P) by
X= {ze R": fi(z) £0,i€ I},
and, for a feasible point z € X, define the active set by
I(z)={ieI: fi(z) =0}.

In this paper, we suppose that the feasible set X is not empty and the following basic
hypothesis holds.

ASSUMPTION A;. The gradient vectors {V f;(z),j € I(z)} are linearly independent for
each feasible point z € X.

For z € X, we now give the “guessing” of the active set I(z) in [7]:
A(zie) = {i: fi(z) +ep(z, A(@)) > 0},
where ¢ is a nonnegative parameter and p(z, A\(z)) = /|| @(z, )) || with

fi(z)

_ [ Val(z,M2)) _| (=)
(7 A=) = (min{—f(z),A(:t)}) ’ fz) = 2 ’
fm(z)

Ma) = —(Vf(=)T V£ (z) + disg(fi(z))") " V(@ Vfolz) (See [16]),
Vf(z) = (Vfilz),i € I).

It is obvious that (z*,A*) is a KKT point of (P) if and only if ®(z*,A*) = 0 or
p(z*,A*) = 0. Facchinei et al [7] showed that if the second order sufficient condition
and the Mangassarian-Fromovotz Constraint Qualification hold, then for any ¢ > 0,
when z is sufficient close to z*, A(z;¢) is an exact identification of I(z*).

The following algorithm is proposed for solving (P).

ALGORITHM

Parameters r, r; > 0(j € I), 7 € (2,3), 0 € (0,1), 1 € (0,1), v € (0,1),
B e (0,1), a€(0,(1/2)).
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Data Choose an initial feasible point £} € X, a symmetric positive matrix H;,
o1 >0and e > 0. Set k=1.

Step 1 Set e =¢e* 1.

Step 2 Set A*(e) = A(z*, ). If V far()(2¥) is not of full rank, then set ¢ := ¢, go
to step 2. (Where V fai()(z¥) = (Vfi(z¥), j € A¥(e)).)

Step 3 Set e = ¢, AF = A*(¢).

Step 4 (Compute the search direction) For the current iteration point z*, solve

min Tz + %d’r Hd
(2.1) (NQP)  such that Vjf(z*)Td < rz,
fi(@*) + V£i(z*)Td < rjorz, j € AF,
to obtain an optimal solution (zx,d*). Let (uf,u%.) be corresponding KKT multipliers.

If d* = 0, then z* is a KKT point for (P) and stop; otherwise go to Step 5.
Step 5 Compute the higher-order direction d* by solving the least square problem:

Ls) min ol
(2.2) such that  f;(z* + d*) + V f;(z*)Td = —(1 — p)||d*||" + prsotzlld®|]
+fi(z¥) + Vf;(z*)Td* — rjonz, j€ A*,
where
)0, if ||d¥|]2 > —rjonz;
Ty, if ¥ < —rjoxzk.

If |[a¥|| > (|d*]l, set d* = 0.
Step 6 (Do curve search) Compute the step size i, which is the first number X of
the sequence {1, 5, 52, ...} satisfying

(2.3) Fo(@® + Ad* + 22d¥) < fo(z*) + @AV fo(z*)Td*,
(2.4) fi(a® + AdF + X%d*) <0, Viel

Step 7 Set anew iteration point by z+t*! = zk+\db+X2d%, o4y = min{o, [|d*||*}.

Step 8 Compute a new symmetric positive definite matrix Hj,,, set k := k + 1,
and go back to Step 1.

We now show that the proposed algorithm is well defined.

LEMMA 2.1. Let z* € X and suppose that Assumption A, holds. Then Step 2
in the proposed algorithm can be finished in a finite number of computations.

The proof is similar to the one of Lemma 1.1 and Lemma 2.8 in [9)].
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LEMMA 2.2. Suppose that H, is symmetric positive definite, parameters
r, ri(j € A*) are all positive and o > 0. Then (NQP) always has a unique optimal
solution.

The proof is similar to the one of {25, Lemma 1].

LEMMA 2.3. Suppose that H; is symmetric positive definite, then (LS) always
has a unique optimal solution.
This proof is easy by using the positive definiteness of Hj and the full rank property
of gax(z*).
LEMMA 2.4. Suppose that the conditions in Lemma 2.2 are satisfied and (zj,d*)
is an optimal solution of (2.1). Then
(1) rzp+ 1/2(d*)THyd* < 0 and 2z < 0;
(i) zx =0 <= d* =0 <= z* is a KKT point for (P);
(iii) 2y < 0=> d* is a feasible direction of descent for (P) at point z*.

The proof is similar to the one of [25, Lemma 2].

LEMMA 2.5. The line search in Step 6 of the proposed algorithm yields a stepsize
Ay = (7 for some finite j = j(k).

It is not difficult to finish the proof of this lemma.

3. GLOBAL CONVERGENCE
In this section, we analyse the global convergence of the proposed algorithm. The
following assumptions are necessary.
ASSUMPTION A,. The sequence {z*}, which is generated by the proposed algorithm, is
bounded.
AsSUMPTION A;. There exist a, b > 0 such that a||d||> < dTH,d < b||d]|? for all k and
alld € R™.

We suppose that z* is a given accumulation point of {z*}. In view of A* and J,
being a subset of the finite and fixed set I, respectively, there exist an infinite index set

K such that

1 k — k= =
(3.1) ,lclerP(z =z*, A*=A, JLh=J Vkek,
where

Je = {j € A*: f;(z*) + V[i(c")Td* = rjona}.

LeEMMA 3.1. Suppose that Assumptions A, and Az hold. Then the sequences
{d*: k € K},{2x : k € K} and {d* : k € K} are all bounded.
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PROOF: Firstly, from V fo(z*¥) = Vfi(z*), k € K, there exists a constant ¢y > 0
such that || V fo(z*) ||< co, Vk € K. Furthermore, from Lemma 2.4, formulas (2.1) and
Assumption Aj, one has

0> ra+ %(d")Tde” > Y fola*)Ta + S|
a
> [V Ao@)| -] + Sl
> ~alldtll + 17, ke K.

This shows that {d* : k € K} is bounded.
Secondly, the boundedness of {zx : k € K} follows from the boundedness of {d* :
k € K} as well as the following inequalities

1 1
(3:2) 02 2z >~V fo(z*)Td* > —=||Vfo(a*)| - lld*]| > —9'i||d’°||, keK.

Lastly, the boundedness of {d" k € K} follows immediately from the boundedness of

{d* : k € K}. 0
We know that the KKT conditions of (NQP) can be formulated as follows:
(3.3) Hyd® +ufVf(z¥) + D ubVfi(a*) =0, b = (uf,j € 4Y),
JEA*
(3.4) r=rub+ z ubrjon, uf > 0,5 € A%,uf >0,
jEAk
(3.5) 0<uk L (rz — Vio(z¥)Td¥) > 0,
(3.6) 0 < ubL(rjorze — fi(z*) - Vf;(z¥)Td*) 2 0, j e AF,

where the notation Ly means z7y = 0.
LEMMA 3.2.
(i) The multiplier sequence {uf}, is bounded.
(ii) Let multiplier vector u* = (ufs ), Onare) = (uf,,0ns). If lg?( ¢ = z*
and ’lclerlr} d* = 0, then {u* : k € K} is bounded under Assumptions A,, A,
and A3.
ProoF: (i) From the KKT condition (3.4), one has
r= ru§+ Z ufr,-ak = rug, 0< uﬁ <L
jeak
(ii) Suppose by contradiction that the given statement is not true, then there exists
an infinite index K' C K such that || u* ||=|| u% |- oo, k € K'. Therefore, dividing
(3.3) by ||u*[| to yield

k

(3.7) Hyd* + 2oV fo(2h) + 3 i

1
—_— —_—
Tl T u ZTaey VA =
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Noting that the sequence {u%/||u%|| : £ € K'} is bounded with norm one, we can assume
without loss of generality that

k
(3.8) ”zl‘—;“anj, keK, jeJd, 0<(m,jeJt)#0.
J

Thus, passing to the limit £ € K’ and k — oo in (3.7), and taking into account Assump-
tion A; as well as the given conditions, we have

(3.9) jeZJﬁijj(i‘) =0.

On the other hand, from the given conditions, one has J C I(z*), so we can construct
a contradiction from (3.8), (3.9) and Assumption A;. Therefore the boundedness of
{u* : k € K} is shown. ]

LEMMA 3.3. Suppose that {zF} is a sequence generated by the proposed algo-
rithm, lim z* = z* and lim @* = 0 hold. Then z* is a KKT point of (P).
keK kEK
Proor: Taking into account the boundedness of {uf : k € K}, {u*: k € K} and

{ok}, we can assume without loss of generality that

u"=(u§,je])-—)u‘=(u;,jel), Ug“*uﬁ, or—o,., k€K

Moreover, the fact ,lclené z* = z* and ’lcgln% d* = 0 implies ’lclerg z* = 0. Thus, passing to the
limit k£ € K and k — oo in (3.3)—(3.6) and the given conditions, we obtain

wVfole®) + D ujVS,(z*) =0,

I3
(310) 'U:;fj(-z‘) = 0, 'U.; 2 0’ fj(x‘) S 0: J € A7
T = TUy + 0, eru;, ug 2 0.
j€J

From the third formula of (3), we know that (u§, u%) # 0, furthermore, u} > 0 from
Assumption A;, which together with (3) shows that (z*, (u*/u})) is a KKT pair of (P).
The proof is complete.

Based on Lemma 3.1, Lemma 3.2 and Lemma 3.3, we now can present the global
convergence theorem of the proposed algorithm as follows.

THEOREM 3.1. Suppose that Assumptions A,, A, and A; hold, then the pro-
posed algorithm either stops at a KKT point z* for problem (P) in a finite number of
steps or generates an infinite sequence {z*} of points such that each accumulation point
z* is a KKT point for problem (P). Furthermore, there exists an infinite index K such
that the sequence {u*/uf : k € K} converges to a KKT multiplier associated with z*
and lim uf > 0.

kek
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PROOF: The proof is similar to the one in [25, Theorem 1].

The first statement is obvious. Thus, assume that the proposed algorithm generated
an infinite sequence {z*} and (3.1)holds. The cases g, = 0 and o, > 0 are considered,
separately.

A. 0. = 0. From step 7, there exists an infinite index set K; C K such that

lim d¥~! = 0. By step 7, it holds that
keK)

| 2% — 27 (I e | d*0 || 22 || IS 2% || dF | — 0, k€ K.

So, the fact that lim z*¥ = z* implies that lim z*~! = z*. Moreover, we know that z* is
keK, keKy

a KKT point for problem (P) from Lemma 3.3.
B. o, > 0. Obviously, it is sufficient to show ‘lcxerg d* = 0. For this, we suppose by
contradiction that ,Elerfl( d* # 0, then there exist an infinite subset K’ C K and a constant

A > 0 such that || d* ||> A holds for all k € K'. The remainder proof is divided into
two steps as follows, and we always assume that k € K’ is sufficient large and A > 0 is
sufficient small.

a. Show that there exists a constant A > 0 such that the step size Ay > X for
ke K.
fo(z* + Ad* + A2dF) — fo(z*) — aAVfo(z*)Td*
= V fo(z¥)T(Ad* + A2d*) — aAV fo(z*)Td* + o())
< M1 = @)V fio(zx)Tdx + o(N)
< M1 —a)rzg +o(N)
< —%/\(1 — @)(@)T Hed* + o(A)

< —%a,\(l — a)[ld|12 + o(A)
< —%a/\(l — a)A? +o()).

The last inequality above shows that (2.3) holds for k € K' and A > 0 small enough.
Analyse (2.4): if j ¢ I(z*), that is, f;(z*) < 0. from the continuity of f;(z) and the
boundedness of {d* : k € K} and {d* : k € K}, we know f;(z* + Ad* + A?d¥) < 0 holds
for k € K' large enough and A > 0 small enough.
Let j € I(z"), that is, f;(z*) = 0. Then j € A* from (3.1). So by Taylor expansion
and (2.1), we have

fi(zF + Ad* 4+ N2d¥) = f;(z*) + AV f;(z¥)Td* + o())
< fi(2") + Mrjorze — f5(%)) + o(N)
= (1= N fi(z*) + Arjorz + o())
< Arjorze + o(A).
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Therefore, from (2.1) and Assumption A;, we have

fi(z* + Ad* + X:dF) < Arjot (—;—r(d")Tde") +o())

.1

< —/\TJ'O' -2—Ta “ d* ”2 +O()\)
't

£ —Arjo gaA2 + o(A).

Thus, from the inequality above, we can conclude the search inequality (2.4) holds
for k € K’ large enough and A > 0 small enough.
Summarising the analysis above, we conclude that there exists X > 0 such that
M=Xforallke K.
b. Use A\; > X > 0 to bring a contradiction. From (2.3), (2.1) and Assumption As,
we have
fo(@**1) < fo(2*) + aAeV fo(a*)Td*
< fole¥) - o(at)T Hid

fo(xk) + a/\krzk
folzk) = %a/\ka Id* |2, vk

NN

Therefore the sequence {fo(z*)} is decreasing. Furthermore combining klg}r{n, fo(zF)

= fo(x*), one knows klim fo(z*) = fo(z*). On the other hand, one also has
—+00

Fol@**) < fol) — -;-aaXA"’, Vke K.

Passing to the limit k € K" and k — oo in the inequality above, we have —(1/2)ac)A?
> 0, which is a contradiction. So, d* = 0. According to Lemma 3.3, z* is a KKT point
for problem (P). 0

4. RATE OF CONVERGENCE

In this section, we shall analyse the convergence rate of the proposed algorithm. For
this, the following further hypothesis is necessary.
ASSUMPTION A,. (i) The functions f;j(z)(j € I) are all second-order continuously
differentiable.

(i) The sequence {z*} generated by the algorithm possesses an accumulation point
z* such that KKT pair (z*, u*) satisfies the strong second-order sufficiency conditions,

that is,

(4.1) V2, L(z*,u')d >0, Vd€ Q¥ {de R*:d £ 0,V f1+(z*)Td = 0},
where

(4.2) L(z,u) = fo(z) +j€21u,-f,-(z), It ={jel:u;>0}.

https://doi.org/10.1017/50004972700035577 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035577

78 Q-J. Hu, Y-H. Xiao and Y. Chen [10]

LEMMA 4.1.
(i) Suppose that Assumptions A;, A; hold. Then klim d* =0, klim d*
—00 —00
=0, lim zx =0, lim o} =0, and lim ||z*+! — z*|| = 0.
k—oo k—yoo k—o0
(i) If Assumptions A,, A, and A; are satisfied, then klim z* = z*,
PRroOF: (i) Similar to the proof [25, Lemma 4.2]. We have that klim d*
—00

= 0, lim 2* = 0. Furthermore, it is easy to conclude that lim d* = 0 from Step 5
k— o0 k—oo

and klim o* = 0 from Step 7.

On the other hand, from the conclusion above, one has
lim ||z — 2*|| = lim )| \ed® + A2d¥|| < lim (||d*|} + |d¥]]) = 0.
k—o0 k—o0 k— o0

(ii) Under Assumption A, (ii), one can conclude that the given limit point z*
is an isolated KKT point of (1.1)(See [11, Theorem 1.2.5]), therefore z* is an isolated
accumulation point of {z*} from Theorem 3.1, and this together with klim |zF+1—zF|| =0

—00

shows that lim z* = z*. The proof is finished. 0
k—00
LEMMA 4.2. Under all the above-mentioned assumptions, when k is sufficiently
large, the matrix
M, ( H, VfAk(zk)) .
V fax (z")T 0
is nonsingular, furthermore, there exists a constant C > 0 such that ||M;!|| < C.

The proof of Lemma 4.2 is similar to in [12, Lemma 2.2] or in [11, Lemma 2.2.2],
and is omitted.

LEMMA 4.3. Suppose that Assumptions A,, A, and A3 hold. Then

(43) |l =0(lI&*l), &) = O(max{lld*I, —rjonzs, 5 € An}) = o(lld*1),

(4.4) I* C Jy CI(z") = A*.
PRroOF: Firstly, from the first inequality constraint of (2.1), we have
1
—[[Vfo(=®)| - d*]| < 7z, |zel < ;IIVfo(z")II - 1d*l-

So it is not difficult to verify that |zx| = O(]ld*|)).
Secondly, we shall show the second equation of (4.3). In view of (LS) being equivalent
to solve the following system of linear equations:

H; Via(z*)) (@) _ 0
V far(z*)T 0 ¥ —(1 = p)lld*|"ear + potzelld®lIra, + far — oxzr s
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where

Far = = far (2t + d5) + fau(a¥) + V (2T,
TAy = (ijj € A")T’
ear = (1,...,1)T € R4,

By using the Taylor expansion, one has that fu = O(lld*|I?). So it is not difficult
to verify that

lld*)| = O (max{l|¥|l?, ~rjonze, j € Ax}) = o(lld*])-

From Lemma 4.1, Lemma 4.2, 7 € (2,3) and |z| = O(||d*|]).

To show the relationship (4.4), one first gets Jy C I(z*) from klir& (zF, d*, z¢,0%)
= (0,0,0,0). From {7, Theorem 2.3 and Theorem 3.7], we know that /(z*) = A* under
Assumptions A;, A4(ii). Furthermore, one has klg{.lo /\’,‘+ = A}+ > 0 from Theorem 3.1, so

/\’,‘,, > 0 and I* C J; holds for k large enough. The proof is complete. 0

LEMMA 4.4. Suppose that Assumptions A;, Asand A; hold. Then {u*/uk} con-
verges to the KKT multiplier associated with z* for (P) and klim uf = 1.

—00
ProoF: Using klim (z*, d*, d*, 2¢) = (0,0,0,0) (see Lemma 4.1), and a proof similar
—00

to that of Lemma 3.2(ii), we can conclude that the entire sequence {u*} is bounded.
Noting that the KKT multiplier associated with z* for (P) is unique we can conclude
that, for any infinite index subset K, the sequence {uf/uf : k € K} possesses an ac-
cumulation point @* such that (z*,%*) is a KKT pair for (P). Therefore, the sequence

{u*/uk} converges to a KKT multiplier associated with z* for (P). Lastly, from (3.4), the
boundedness of {u*} and Lemma 4.1(i), one has

kll’l?ouo— lim (1——Zu r,a,,) =1L
Jj€Jx
The proof is complete. 0

To ensure the step size Ay = 1 for k large enough, an additional assumption as
follows is necessary.

ASSUMPTION As. Suppose that
(V2L (a*, (b, /8 - H) || = o),

where

L(z,= ) folz)+ 3 kf,(x)

JE-’I:

REMARK 1. This assumption is similar to the well-known Dennis-More Assumption [2]
that guarantees superlinear convergence for quasi-Newton methods.
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LEMMA 4.5. Suppose that Assumptions A;, Aa, As, Ay and As hold. Then the
step size of the proposed algorithm always equals one, that is, A\, = 1, if k is sufficiently
large.

PRrOOF: We know that it is sufficient to verify that (2.3) and (2.4) hold for A = 1,
and the statement “k large enough” will be omitted in the following discussion.

We first prove (2.4) holds for A = 1. For j ¢ I(z*), that is, f;(z*) < 0, in view of
(z*,d*, d*) — (z*,0,0)(k = co), we can conclude fi(z* +dF + d*) < 0 holds.

For j € I(z*) = A*(e), from Taylor expansion, (2.1), (2.2) and formula (4.3), we
have

(4.5) fi(z* +d* + d¥) = fi(z* + d*) + VS;(z* + d*)Td* + O(||d*|]?)

(4.6) = fi&* +d*) + Vf;(z*)Td + O(|}a¥|| ”&’c“) +O(ll&]?)

(4.7) = = (1= DI + pryofanlldl] + f(z*) + Vf;(2*) " — ryonz
(48) +0 (max{ll¢*|1%, ~rjozulld*l|})

(4.9) < —(1 = Pl + pryotaslld) + O max{[|d*I, —rjouzella|})-

Therefore we have from (4.5) and the value of p
fi(a* + d* + d¥) < —(1 - p)l|d*||” + prjopald*)] + O(ma.x{||d"||3, —Tjakzklldkll}) <0.

This shows that (2.4) holds for A = 1.
The next objective is to show (2.3) holds for A = 1.
From Taylor expansion and taking into account relationship (4.3), we have

(4.10) wp & fo(z* + d* + d¥) — fo(z*) — aV fo(z*)Td*
= Vet (d* + &) + 5@V fola¥)e - ¥ fo(zt)7d* + of[?).
On the other hand, from the KKT condition of (2.1) and formula (4.3), one has

(4.11) ufVfo(@*)T(d* +d*) = —(d*)THpd* — > ubV £;(z¥)T(@* + d¥) + o(]|d*|?).

JE€J
ufV fo(z*)Td* = —(d*)THed* - > ubV f;(z*)7d*
JEJ
= —(@)TVfid* + Y ukfi(@*) - Y ubrjonz.
JE€Jk JEJ

Again, from the third equation of (4.5) and Taylor expansion, we have

Fi(@) + V(A + )+ 5@V = old), 5 € i
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Thus
(412) - WtV f(EH)T(d +dY)
JEJx
= S (e + 3@ (T st ))a +o(lIe1P)
jE€EN €S

Substituting (4.12) into (4.11), one has
(4.13) ufV fo(z*)T(d* + d¥)
—(@*)THed* + Y ubfi(a*) + = (d" (Z uk V2, f;(zF )d" + o(l|d¥||?).
JEJ: JEJ
Substituting (4.13) and the third equation of (4.11) into (4.10), we obtain

k
n = (o= (@) Hud + (@) VEL(*, St
(4 Uy

ub
+(1-0) Z kf,(x") +a Z —r,akzk + o(||d*|1?)

J'G-’b JGJI:
k
< (l@~1)+3 )alletl? + (a7 (vz,L(zk, £)-B.)a
Ug
+(1-a) Z 4 f,(z") +a Z u —Lrioxz + of[|d*)]?).
Je.h, €L °

So, using Assumption A; and the given conditions, one has
1 1
we < (pla— 1)+ 3 )alld*|? + o(lla*|).
0

Therefore, according to o € (0,(1/2)), uf — 1, we know (2.3) holds for A = 1. The
whole proof is finished. a

Let
Ry = (Vf;(z*),j € Jk), Pi= E,— Ri(RLRx)™'RL.
To discuss the convergence rate of the proposed algorithm, we give a lemma as follows.

LEMMA 4.6. Under all the above-mentioned assumptions, when k is sufficiently

large, the matrix
D, PVZ L(z*,u*)
k RT
is of full rank.

The proof of Lemma 4.6 is similar to that in (12, Lemma 2.2] or [11, Lemma 2.2.2),
and is omitted.
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THEOREM 4.1. Under all above-mentioned assumptions, the algorithm is super-
linearly convergent. that is, the sequence {z*} generated by the algorithm satisfies

lla**! — 2*|| = o(ll=* — =*|))-

The proof is similar to the one in (25, Theorem 4.1}, and is omitted.

5. CONCLUDING REMARKS

In this paper, we have presented an active set feasible sequential quadratic program-
ming algorithm for optimisation problems with nonlinear inequality constraints. Because
of introduction of the active set technique, the size of the QP subproblem is reduced.
To overcome the Maratos effect, a higher-order correction direction is obtained by solv-
ing a reduced least square problem. The algorithm is proved to be globally convergent
and superlinearly convergent under some mild conditions without strict complementarity.
Thus, the results show that the global convergence and superlinearly convergence are still
guaranteed by deleting some “redundant” constraints.
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