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ABSTRACT. A new method is presented for the reconstruction of the radiocarbon production rate from the measured relative
abundance of ∆14C. The method treats the carbon cycle as a linear Fourier filter and thus allows for the correct and unambig-
uous inversion of the carbon cycle. The 14C production rate, as reconstructed by the Fourier filter method, agrees with the
results obtained by the traditional iteration method. Since the 2 methods use completely different approaches, this verifies the
validity of the reconstruction. The composite series is presented, based on both methods and their systematic uncertainties.

INTRODUCTION

Information on the cosmic ray flux in the past is of great importance for solar and heliospheric
physics as well as for the study of solar-terrestrial relations on long time scales (e.g. Stuiver et al.
1991; Bond et al. 2001). For the time before the era of direct observations of sunspots and related
phenomena like aurorae, only cosmogenic isotopes such as 14C, 10Be, and 36Cl can provide a
quantitative reconstruction of the cosmic ray flux. Although the radiocarbon production rate is
directly proportional to the flux of cosmic rays with energy around a few GeV/nucleon impinging on
Earth (Castagnoli and Lal 1980; Alanko et al. 2003), the direct comparison of the relative 14C
abundance in tree rings (∆14C) with the cosmic ray flux is not straightforward. Several processes
disturb the cosmic ray signal in the relative 14C concentration in natural archives. One process is
related to the long-term changes of the geomagnetic field which shields Earth from low-energy
cosmic rays. Using independent paleomagnetic data, one can take this effect into account. The most
important process distorting the cosmic signal in ∆14C is the complex carbon cycle, which
effectively leads to attenuation and variable time delay of the cosmic ray signal. While the carbon
cycle has been successfully modeled and the measured ∆14C series can be precisely calculated if the
14C production rate is known from other sources (Siegenthaler et al. 1980; Bard et al. 1997), an
inversion of this process (i.e. reconstruction of the production rate from the measured concentration)
is not straightforward. Some attempts have been made to solve this problem. For example, Stuiver
and Quay (1980) made an assumption on the 14C production rate and then fitted the calculated ∆14C
variations to the actual measurements. Kocharov et al. (1977) suggested to extract a few basic
periodicities from the original signal and to treat them separately, but they did not reconstruct the
production rate. Kocharov et al. (1983) solved, under simplifying assumptions, a system of linear
differential equations describing a 5-reservoir carbon cycle model to determine the 14C production
rate. However, their results appeared to be dependent on the assumption of the cosmic ray spectrum.
In this paper, we suggest a new method to reconstruct the 14C production rate from the measured
∆14C which treats the carbon cycle as a Fourier filter, and compare it to the earlier method based
upon an iteration approach using the carbon cycle model.
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CARBON CYCLE AND THE OESCHGER-SIEGENTHALER BOX MODEL

The carbon cycle in the interrelated system atmosphere-biosphere-ocean is usually described using
a box model where the carbon cycle is represented by fluxes between different carbon reservoirs and
mixing within the ocean reservoir(s). For the purpose of studying 14C, production and radioactive
decay are also included in box models. Free parameters in the Oeschger-Siegenthaler type box
model (Oeschger et al. 1974; Siegenthaler et al. 1980) are the 14C production rate Q, the air-sea
exchange rate (expressed as turnover rate k), and the vertical eddy diffusion coefficient K, which
combines ocean ventilation into a single parameter. Starting from the original representation
(Oeschger et al. 1974), a variety of box models have been developed which take into account subdi-
visions of the ocean reservoir and direct exchange between the deep ocean and the atmosphere at
high latitudes. These models have been run in prognostic mode for which the time series of param-
eter variations are prescribed, such as a reduction in ocean ventilation or sea-ice cover, and the
response of the atmospheric ∆14C level is obtained as output of the model. Obviously, box models
of higher complexity allow more realistic scenarios to be tested, but they require a prescription of a
larger number of model parameters. However, for the inversion of the model, i.e. to evaluate the 14C
production rate Q from the variations of ∆14C to first order, only the production rate is considered
variable, while the gas-exchange rate and ocean mixing are kept constant. Hence, any subdivision of
reservoirs or processes would not make sense and the simplest version of a carbon box model is suf-
ficient for this goal. In order to reconstruct the 14C production rate, we ran a version of the Oeschger-
Siegenthaler box model (Born 1994) using the pre-industrial steady-state values (K = 4200 m2yr–1,
k = 1/6.9 yr) and a steady-state ocean-depth profile of 14C based on ∆14C = 135‰ in the top ocean
box at the time of the start of the run (11.445 BP). The 14C production rate has been calculated iter-
atively in each time step (0.01 yr) as the difference between the observed ∆14C measured in abso-
lutely dated tree rings (interpolated from the decadal data of IntCal98, Stuiver et al. 1998) and the
model-calculated ∆14C. The production rate is obtained relative to the modern production rate of
2.2 atoms cm–2s–1, although this value may be higher than the steady-state production calculated
from the 14C inventory in the model reservoirs (see, e.g., Goslar 2001 and references therein).

CARBON CYCLE AS A FOURIER FILTER

All carbon cycle models consist of a system of linear differential equations describing the carbon
exchange between several reservoirs. Consequently, such a process works as a linear Fourier filter—
i.e. it does not change the shape of a propagating harmonic signal so that a sine wave is amplified/
attenuated and phase-shifted, but its frequency remains the same when propagating through this pro-
cess either in forward or in backward direction. In such circumstances, the carbon cycle can be con-
sidered as a Fourier filter process G. Let us denote the functions describing the 14C production rate
as Q and q and those for the ∆14C abundance as D and d, where capital and small letters denote the
functions in the time (t) and frequency (f) domains, respectively. We denote the direct and backward
Fourier transform operations as F and F–1 so that

 (1)

Using this formalism, the carbon cycle can be formally presented as follows:

(2)

q f( ) F Q t( )[ ] Q t( )e2πift td
∞–

∞

∫≡=

Q t( ) F 1– q f( )[ ] q f( )e 2πift– fd
∞–

∞

∫≡=

Q t( ) q f( ) d f( ) D t( )→ → →F G F–1
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First, the original signal (the production rate, Q[t]) is transformed to the Fourier series q(f), then the
filter G describing the carbon transport model is applied to obtain the Fourier representation d(f) of
the ∆14C series. Finally, d(f) is transformed back to the time series D(t) of ∆14C. Since the filter G is
linear in the frequency domain, the chain (2) can be unambiguously inverted,

(3)

so that by decomposing the measured ∆14C series, passing it through the (inverted) filter and com-
posing it again, one can obtain the time series of the 14C production rate. Based upon the general
approach described above, we now consider the details of the 14C production rate reconstruction. In
our calculations, we use the FFT method, substituting the integrals in Equation 1 by a finite sum,

    (4)

where ∆t is the sampling rate and N is the number of the points in the series. The frequency domain
representation is qk ≡ R(qk) exp[iφ(qk)], where R(qk) and φ(qk) are the amplitude and phase of qk,
respectively. The frequency characteristics of amplification/attenuation and phase-shift coefficients,
also called Bode plots (Bode 1945), completely define a process (Jenkins and Watts 1969). The
Bode plots of the filter G corresponding to the Oeschger-Siegenthaler box model (Born 1994) are
shown in Figure 1 together with the frequency characteristics of the 12-box PANDORA model (e.g.
Bard et al. 1997). Applying this filter G to the series qk, one can obtain the series dk = G(qk) as fol-
lows:

 R(dk) = Ak × R(qk), φ(dk) = φ(qk) + φk (5)

where Ak and φk are the attenuation coefficient and the phase shift for the kth frequency, respectively
(see Figure 1). Inverting the filter, one can obtain the Fourier series qk = G–1(dk) from dk:

Figure 1 The frequency characteristics of the attenuation and phase-shift coefficients in the carbon atmospheric transport
model: line - according to the Oeschger-Siegenthaler box model (Born 1994) used here, and open dots - according to the
PANDORA model (e.g. Bard et al. 1997).
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Q t( ) q f( ) d f( ) D t( )→ → →FG–1F–1

Qk Q k∆t( ) qme 2πimt( ) N∆t( )⁄

m N 2⁄–=

N 2 1–( )⁄
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R(qk) = R(dk) / Ak, φ(qk) = φ(dk) – φk (6)

The representations of the series q(f) and d(f) in the frequency domain are shown in Figure 2. By
applying the inverse Fourier transform, we obtain the 14C production rate Q(t) from q(f).

The Fourier filter approach provides a useful tool to study cosmic ray flux in the past using the 14C
data. Once the frequency characteristics (amplification and phase-shift coefficients) of the carbon
transport model are calculated, the method can be readily applied. However, this approach has some
shortcomings. Its application is hardly possible for frequencies higher than 0.1 yr–1 since the very
strong attenuation coefficient in the high-frequency range results in amplification of the noise that
is always present in the measured data due to, e.g., local fluctuations of the carbon deposition or due
to measurement errors. Accordingly, the high-frequency part of the reconstructed series is domi-
nated by the amplified noise. Another limitation of the method for high frequency is that it substi-
tutes the real-time delay, τk, in the carbon cycle for a frequency fk (corresponding to period Tk) with
a phase shift φk = 2πτk/Tk. This is possible only if the time delay is shorter than half of the period in
the signal (τk < Tk/2), which is not correct for the high-frequency part of the model and leads to the
saturation of the phase shift at 90° (π/2) for periods shorter than 10 yr (see Figure 1). Therefore, this
method cannot reconstruct annual data but requires sampling or low-pass smoothing of the data
series with the frequency lower than 0.1 yr–1. Also, the reconstructed data become uncertain near the
beginning of the time series because the effective phase shift refers to the unavailable earlier data.
This is equivalent to the uncertainties of the initial conditions in the iteration method.

Figure 2 The representations of the production rate q(f) (solid line) and the ∆14C series d(f) (dotted line) in
the frequency domain. The top and bottom panels depict the phase and amplitude, respectively.
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RESULTS

We have presented a reconstruction of the 14C production rate from the relative abundance ∆14C
measured in tree rings, with decadal resolution (Stuiver et al. 1998), using the 2 different approaches
described above. Both methods yield similar results. An example of the 2 reconstructions of Q is
shown in Figure 3 for the last 2 millennia together with the measured ∆14C. The 2 reconstructed
series of the production rate nearly coincide with each other during this as well as during the entire
11,400-yr time intervals (Figure 4). Taking into account that the 2 reconstructions have been
performed using very different methods—the iteration fitting procedure and the Fourier filter
approach, both based upon the same description of the carbon cycle (Born 1994)—the present result
verifies both methods for reconstruction of the 14C production rate. We note that using the frequency
characteristics of another carbon cycle model, the 12-box PANDORA model (Bard et al. 1997),
leads to the very similar results. However, we would like to stress that both methods assume steady-
state conditions at the beginning of the reconstruction and the subsequent ∆14C in the atmosphere
defined solely by changes in the production rate. While variability in the carbon cycle is believed to
be rather small during the Holocene and production changes are considered to dominate the decadal-
to century-scale ∆14C fluctuations, the assumption of the steady-state initial condition is possibly
invalid for the first few millennia following deglaciation.

A composite 14C production rate series, which is the average of the 2 reconstructed series, is given
in the upper panel of Figure 5, while the lower panel shows the deviations between the individual
and the average series, which serves as a measure of the model uncertainty. The standard deviation
is 0.04 (atoms cm–2s–1). The mean deviation is zero, and only beyond 11,000 BP do the 2 series start
diverging due to the uncertainties near the beginning of the series. Accordingly, our reconstructed
14C production rate series is verified by the 2 very different techniques.

Figure 3 The 14C profiles for the last 2 millennia. The measured decadal ∆14C (Stuiver and Braziunas 1993) is shown
by the gray curve (left axis). The reconstructed 14C production rate Q (right axis) is shown for the iteration method (solid
bold curve) and for the Fourier filter (dashed curve) approach.
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Figure 4 Scatter plot of the 14C production rate Q reconstructed since 11,400 BP by the
2 different approaches: the iteration method and the Fourier filter.

Figure 5 The 14C production rate Q composed as the average of the 2 reconstructions (upper panel) and the
systematic errors of the production rate due to the difference in reconstruction methods (bottom panel).
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CONCLUSION

The composite series presented here of the 14C production rate on the multi-millennium time scale
has important implications for the long-term studies of cosmic rays, solar and heliosphere physics,
solar-terrestrial relations, climate, etc. For example, it is common to check the consistency of the
10Be and 14C cosmogenic isotope data by assuming that the 14C production rate is proportional to the
10Be concentration in polar ice, calculating the expected ∆14C employing a direct carbon cycle
model and comparing it to the measured ∆14C (e.g. Bard et al. 1997). The approach suggested here
permits for a direct comparison of the 14C production rate to 10Be data and to study their common
features and discrepancies.
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