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Abstract

Let p be a prime number and F a totally real number field. For each prime p of F' above p we
construct a Hecke operator 7, acting on (mod p™) Katz Hilbert modular classes which agrees
with the classical Hecke operator at p for global sections that lift to characteristic zero. Using
these operators and the techniques of patching complexes of Calegari and Geraghty we prove that
the Galois representations arising from torsion Hilbert modular classes of parallel weight 1 are
unramified at p when [F : Q] = 2. Some partial and some conjectural results are obtained when

[F:Q] > 2.
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1. Introduction

With this paper we begin the investigation of local—global compatibility results
for Galois representations attached to forsion classes (of noncohomological
weight) occurring in the coherent cohomology of Hilbert modular schemes. The
existence of such representations was previously proved in [ERX17] (see also
generalizations in [RX17, Bol5*, GKo015*]). Our results are motivated by the
conjectures made in [CG12*] (for example, [CG12*, Conjectures A and B]) by
Calegari and Geraghty, and by the consequent applications to modularity lifting
theorems as in [CG12*].

Let F be a totally real number field of degree g and let p be a prime number.
To simplify the notation of this introduction, we assume that p is unramified
in F. Denote by O the ring of integers in a large enough finite extension
of Q, and let @ be a uniformizer in O. Let S denote a finite set of places
containing all archimedean places, all p-adic places, and all places there the
level structure of Hilbert modular schemes is not hyperspecial. Let M denote
the corresponding Hilbert modular scheme (cf. Section 2.2) with hyperspecial
level structure at p, that is, the fine moduli scheme over Spec O classifying
g-dimensional abelian schemes endowed with a certain prime-to-p polarization,
an endomorphism action by OF, and a suitable tame level structure K”. We
let 7 : A — M denote the universal abelian scheme over M and we set
w =m0 M-

Let X' denote the set of p-adic embeddings of F. For each paritious weight
(cf. Section 2.8)

k= ((kr)rex; w) : ReSF/Q Gm/F X Gm/@ - Gm/@v

the natural automorphic line bundle @* descends to a line bundle w* over a
certain finite quotient Sh of M, whose C-points form a (union of) connected
components of the Shimura variety for GL, . We choose an appropriate
toroidal compactifications M'" and Sh'" of M and Sh, respectively. The
coherent sheaf cohomology of w* over Shtg/wm is naturally endowed with an
action of commuting Hecke operators T, parametrized by the prime ideals
q ¢ S. As proved in [ERX17], Hecke eigenclasses arising from any degree
of coherent cohomology have canonically attached pseudorepresentations of
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Gr = Gal(f/ F) unramified outside & whose Frobenius traces match the
Hecke eigenvalues. The existence of such representations follows from classical
results when the automorphic line bundle " is twisted by a large enough power
of @™V with 1 := (1,..., 1), since the corresponding modular forms lift to
characteristic zero by the ampleness of @' on the minimal compactification
of Sh. On the other hand, when the weight « is small, such Hilbert modular
forms or cohomological classes might not lift to characteristic zero, and Galois
pseudorepresentations are constructed in [ERX17] by exploiting the stratification
of Shﬁp induced by partial Hasse invariants, and by constructing trivializations
of suitable automorphic line bundles restricted to such strata. Our method
was later generalized by [Bol5*, GKol5*]. (We recall that the case of torsion
in Betti cohomology is extensively treated in the groundbreaking work of
Scholze [Scl15].)

In [CG12*], Calegari and Geraghty use the (conjectural) existence and local
properties of Galois representations arising from torsions in the coherent or Betti
cohomology of locally symmetric spaces to prove general modularity lifting
results over an arbitrary number field.

For instance, when F = Q a local-global compatibility theorem is proved in
[CG12*, Theorem 3.11] for Katz modular forms of weight 1 defined over an
arbitrary Z,-algebra, and a minimal modularity lifting result is deduced using
commutative algebra techniques (cf. [CG12*, Theorem 3.26]). Similarly, assume
that ¢ > 1 and let p | p be a prime of F. If we chose a weight « whose p-
components are all equal to 1, it is natural to conjecture that the corresponding
Galois representations arising from torsions in cohomology are unramified at
p. But one major problem in approaching this conjecture is the lack of a good
T, Hecke operator acting on such torsion classes. This problem is solved when
F = Q, thanks to [Gr90, Proposition 4.1].

In this paper, we construct a natural Hecke operator at p | p acting on the
cohomology of Shp,~ in any degree, and then we use this and the techniques
of patching complexes of Calegari—-Geraghty [CG12*, Section 6] to prove the
following.

THEOREM 1.1. Assume that F is a real quadratic field and p > 3 is a prime
inert in F. Let p be a Galois representation arising from H*(Shgy,,n, 0~") for
some m < 00. Suppose that p := p ® Fp is irreducible, p(Frob,) has distinct
eigenvalues, and that p(Gr) contains SL,(F,). Then the representation p is
unramified at p.

Here Sh'" is a toroidal compactification of Sh. This theorem is proved in
Theorem 5.12.
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REMARK 1.2.

(1) Here we used the weight (1, —1) as opposed to (1, 1); this is due to our new
normalization of Hecke operators. See Section 2.9 for more discussion.

(2) The assumption that p is inert in F is just meant to keep our arguments as
simple as possible. The case when p is ramified can be treated by working
over the Pappas—Rapoport splitting model of the Deligne—Pappas modular
schemes.

(3) It would be interesting to see whether the similar techniques together with
some results on the global geometry of the Goren—Oort strata of Hilbert
modular varieties from [TX16a, Section 1.5] could be applied to prove
Theorem 1.1 for a general totally real field F' assuming that for each prime
p|pin F wehave e, f, < 2.

(4) The assumption on p(Frob,) might be removed by suitable adaptation of the
doubling arguments of [CG12*, Sections 3.6-7] and [Wil4].

(5) When g > 2, one can show that the representation p coming from H°
is unramified (see Proposition 5.3 for a proof under the p-distinguished
hypothesis and see [DW15"] without the p-distinguished hypothesis).

(6) For more general p coming from higher degree cohomology groups (and
in some partial weight 1 cases), we provide a strategy to approach such a
question (see Proposition 5.16).

1.3. Sketch of the construction of the Hecke operator 7, on torsion classes.
Let p be a prime of F above p with residual degree f, and inertial degree e,,. The
naive attempt of defining 7}, f for a Hilbert modular form f € H 0(Sh‘(g‘”/w,,,, ")
via the ‘sum’

(T, f)(A....):==Y_ f(A/C....)
C

over suitable subgroup schemes C C A[p] of rank p/* does not make sense when
@™ = 0 over the base scheme. Here we lose the usual factor 1/(Nmgg(p))
comparing to many other literatures; we refer to Section 2.9 for the discussion.
When twisting the automorphic line bundle w* by a sufficiently large power of the
ample bundle vV, a global section over /@™ can be first lifted characteristic
zero and then we can apply the usual 7, operator there, and finally reduce modulo
@ ™. The problem is that, when the weight « is fixed, not all Hilbert modular forms
(for instance, in H O(Shg‘/w,,,, w®~D)) lift to characteristic zero. It is not clear a
priori why a Hecke operator T, should act with the expected g-expansion on
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nonliftable forms. Moreover, for our purposes we would like to have a T, Hecke
action on the entire cohomology H*(Shgy, .., @™ ~"), and not just on H°, so that
the trick adopted in [Gr90, Proposition 4.1] when g = 1 (which relies on lifting
amod p Katz elliptic modular form of weight 1 to an a priori meromorphic form
in characteristic zero) does not apply in our situation.

Our construction is inspired by the work of Conrad [Con07]. Let us motivate
by recalling the definition of the Hecke operator at a prime q ¢ S. We construct
a covering Sh(q) of Sh by adding an Iwahori level structure at ¢, and consider the
Hecke correspondence attached to the two canonical projections 7y, 7, : Sh(q) —
Sh given respectively by forgetting the Iwahori level structure, and by quotienting
by it. More precisely, the Hecke action of 7 is obtained by composing the natural
map (twisted by the Kodaira—Spencer isomorphism, cf. Section 3.10)

T 0" = w7 @ (1.3.1)
with the finite-flat trace map
try @ T 0 = o, (1.3.2)

and finally taking the cohomology.

It is a nonobvious fact that this geometric approach to define the Hecke action
works also in characteristic p when g = 1 and q = (p), as proved in [Con07,
Section 4.5]. The key here is to show that the composition 7,7} 0* — o* of the
morphisms (1.3.1) and (1.3.2) between sheaves on M has image inside p - &*
if k > 1, because it is so over the open dense ordinary locus.

Unfortunately, when g > 1 there are additional complications as the projections
7, 7T, are not finite flat anymore over the special fiber of Sh. For instance, when
g =2 and p isinertin F, the preimage under 7, (or 7,) of the superspecial points
of the special fiber of Sh is the union of two projective lines. To overcome this
issue, we use in this paper the dualizing trace map

tr: Rm.%, - 9

instead of the finite-flat trace map to construct the Hecke operator. (Here &, and
2 denote the dualizing complexes on Sh(p) and on Sh, respectively). Twisting by
the Kodaira—Spencer map we can identify & with the automorphic line bundle
@ @20 on Sh, and the compatibility between the dualizing trace map and
the finite-flat trace map guarantees that our construction of 7' (an appropriately
normalized 7,-operator) coincides with the usual one on the ordinary locus of
Sh. Following [Con07, Section 4.5], it suffices to show that the composition
Rm 0™ — o factors through Nmpg,g(p) - @ in the derived category of
bounded complexes of coherent modules of Sh. It is not difficult to check this
over the ordinary locus (cf. Proposition 3.17).
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Now we come to the second technical issue. This was a gap in the previous
version of the paper and we thank Pilloni for pointing this out to us. Unlike in
the case of F = Q, since we are working with the derived category, knowing
the factorization over the ordinary locus a priori does not imply the factorization
over the entire Sh. Luckily, when « satisfies certain natural and mild conditions
(cf. (3.11.1)), this implication holds. Indeed, by some standard homological
algebra argument (cf. Proposition 3.18), the factorization question is reduced to

proving that the set-theoretical support of R/ m iy for j > 0 has codimension
»

at least j + 1 in the special fiber Shg , which is the content of Proposition 3.19.

Let us point out that the proof of Proposition 3.19 makes use of some deep
geometric result of the map 7, : Sh(p)g, — Shg , along the line of [GKal2,
Hel2, TX16a]. We single out this proof in Section 4 as we believe that it has its
own interest. To summarize the key points: we show that

e all fibers of 7, 7, are unions of products of P!-bundles, and

* K

e the restriction of 7mjwZ to every P!-bundle which affects the proof of
P

Proposition 3.19, is O(n) for some n > —1, and hence has zero higher
derived pushforward.

1.4. Sketch of the proof of Theorem 1.1. Recall that p is assumed to be inert

in F. We fix a mod p irreducible Galois representation p : Gp — GLZ(FP)
which is modular of weight (1, —1). We assume that p is p-distinguished,
that is, the Frobenius eigenvalues of p(Frob,) are distinct. (The case for H 0
without this further assumption on p(Frob,) is treated by Dimitrov and Wiese
[DW15*].) The cohomology groups H*(Shy,,m, @™ ~")y are modules for the
Hecke algebra T generated by the Hecke operators attached to primes away from
S (cf. Section 5.2). We consider the localization at the maximal ideal m of T
corresponding to p.

Having available a Hecke operator at p acting on torsion classes, we can prove
(cf. Proposition 5.3) that representations arising from H(Shg, n, @®~"),, are
unramified at p. As in the elliptic modular case (cf. [Ed92] and [CG12*, proof
of Theorem 3.11]) the proof of this fact uses that the Hecke operator 7} has
the expected g-expansion on H® (Remark 3.14), and consists of computing the
commutator between 7' and the total Hasse invariant acting on forms of weight
(1, —1). By Serre duality (Lemma 2.10), the result on H° can also be read as an
unramifiedness result for representations arising from H?# (see Proposition 5.6).

From the Galois deformation point of view, the (framed) cohomology group

H*(Sht((’;r/wms a)(l,*l))El = H*(Shl(gr/mmv a)(l,*l))m ®(9/ZZT'" O/wm[[zlv 22,23, Z4]]
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becomes a module over the full universal (framed) O-deformation ring RE of

,6|GFp (with fixed determinant), where G, = Gal(@p /F,) is the local Galois
group. This ring contains a proper ideal .# cutting out the locus of unramified
lifts. The existence of the 7]-operator implies that the action of RE on HH
and H%D through the quotient RE /¥ . Moreover, when g = 2, a ‘squeezing’
argument (cf. Proposition 5.9) gives:

S H'(ShY . ") = 0. (1.4.1)

At this point, we make use of the Calegari-Geraghty version [CG12*,
Section 6] of the Taylor—-Wiles—Kisin patching argument. Denote by r the
number of finite prime-to-p places in S. For each N > 1 let Qy be a
set of cardinality ¢ > 1 of Taylor—Wiles primes congruent to 1 modulo
pY. Let Sh(Qy)? — Sh(Qy)" denote the corresponding étale cover of
compactified Shimura varieties with a (variant of) K? N I';(Qy)-level structure
and a K? N I'5(Qy)-level structure (cf. Section 5.1). Then one can construct as in
[CG12*, Section 7.2] complexes computing the cohomology of Sh(Qx){y,n
localized at a suitable maximal ideal mg, . Such complexes are endowed with
an action of a Hecke algebra Tg, m,, and of the group-algebra O[(Z/ pN7Z)1,
where ¢ is the dimension of a suitable dual Selmer group. Following the proof of
[CG12*, Theorem 6.3], we can patch these complexes together when N increases.
Introducing framing by j := 4(r + 1) — 1 variables, this process produces a
perfect complex POE’* of SODO = Ollxy, ..., x,4+;]]-modules. Moreover, H'(PCE’*)
is endowed with an action of a complete local Noetherian RE-algebra R,
of relative Krull dimension 4r + ¢ — g (cf. Section 5.10). Since g = 2 and
3. H*B = 0 by (1.4.1), we conclude that the action of R!_ on the patched
modules factors via R, := R, /.73

The fact that

dim(R}'/.#") = dim(R}}/.9) = 4
implies that the following numerical condition is satisfied:
dim R,, = dim S — g.

This guarantees that
c:odimsomo H*(POE’*) =g.

Since g is also the length of our complexes computing coherent cohomology,
[CG12*, Lemma 6.2] implies that the patched complex Po':ol’* is a projective
resolution of its top-degree cohomology. In particular, we have an isomorphism
of RE-modules:

O .
Tor;~ (H*(P2*), O/w™) = H'(ShS,., 0.
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Loosely speaking, the coherent cohomology of She~ is controlled by the top-
degree cohomology of some patched complex PE'*- Since H?# (POE’*) is built by
patching the top cohomology groups of the schemes Sh(Qx)\", /o Or Varying
N > 1, and since these give rise to unramified representations, we deduce
Theorem 1.1 (cf. Theorems 5.12, and 5.16).

REMARK 1.5. We remark that the only point in which we used g = 2 in the
argument is to show that a 4-dimensional quotient of the local deformation ring
RpD was acting on our (framed) cohomology (namely, RE /#?3). The argument
just described would go through exactly in the same way for an arbitrary degree
g = [F : Q] and arbitrary p > 3 if one could prove the following conjecture
(cf. Conjecture 5.15):

CONIECTURE. Let F be a totally real number field of degree g and denote by
S the ideal cutting out the unramified locus of the deformation ring RE. There
exists a positive integer n depending on g such that:

I H (MG, )0 = 0.

1.6. Organization of the paper. In Section 2 we recall the definition of the
Hilbert Shimura varieties, and the stratification induced on them by generalized
partial Hasse invariants. Since we allow p to ramify in F, we work with the
Pappas—Rapoport splitting model Sh™®. In Section 3 we construct the Hecke
operator 7, acting on the cohomology of Shl()QR/wm (m < oo) with coefficient
in an automorphic sheaf of paritious weight « (satisfying some conditions).
This construction relies on key Proposition 3.19, which is subsequently proved
in Section 4. In Section 5 we use the construction of 7,'-operator to prove
unramifiedness of the representations arising from (nonliftable) Katz Hilbert
modular forms of weight 1, and then we specialize to the case g = 2 to prove
unramifiedness of Hilbert modular classes.

2. Splitting models of Hilbert modular schemes

We present here some preliminaries on splitting models of Hilbert modular
schemes, as constructed by Pappas and Rapoport in [PR05]; we follow [RX17].
We also recall the stratification induced by suitable generalized partial Hasse
invariants on the special fiber of such models (cf. [RX17]). Along the way,
we make a small generalization following [TX16b, Section 2.3] to allow more
general tame level structure, which is required for later application to Taylor—
Wiles—Kisin and Calegari—Geraghty patching argument.
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2.1. Setup. LetQ denote the algebraic closure of Q inside C. We fix a rational
prime p and a field isomorphism @p ~ (. Base changes of algebras and schemes
will often be denoted by a subscript, if no confusion arises.

Let F be a totally real field of degree g > 1, with ring of integers O and group
of totally positive units O ", Denote by 0 := d the different ideal of F/Q. Let
¢ :={cy, ..., c,+} be a fixed set of representatives for the elements of the narrow
class group of F, chosen to be coprime to p. For a nonzero ideal a of F, we write
N(a) for its norm #(Or /a).

We fix a large enough coefficient field £ which is a finite Galois extension of
Q, inside @p. We require that E contains the images of all p-adic embeddings
of F(J/u;u € OF") into @p. Let O denote the valuation ring of E; choose a
uniformizer @ of O and denote by F the residue field.

We write the prime ideal factorization of pOF as p{' - - - p%, where r and ¢; are
positive integers. We also set F,, = Op/p; and f; = [F,, : F,]. Let F,, denote
the residue field of Z,,, and let o denote the arithmetic Frobenius on F,,. We label
the embeddings of I, into Fp (or, equivalently, into IF) as {7y, 1, ..., Ty, 1} so that
00Ty, ; = Ty, j+1 forall j, with the convention that 7, ; stands for 7, ; (moda f,). For
each p;, denote by F,, the completion of F for the p;-adic topology. Let W (IF,,,)
denote the ring of integers of the maximal subfield of F,,, unramified over Q,. The
residue field of W (IF,) is identified with FF,,,. Each embedding t,, ; : F,, — IF of
residue fields induces an embedding W (F,,,) — O which we denote by the same
symbol.

Let X denote the set of embeddings of F into @, which is further identified
with the set of embeddings of F into C or Q ,or E. Let X, denote the subset of
X consisting of all the p-adic embeddings of F inducing the p-adic place p;. For
eachiandeach j =1, ..., f;, there are exactly e; elements in X, that induce the
embedding 7, ; : W(F,,) — O; we label these elements as 7, ;, ..., 7, ;. There
is no canonical choice of such labeling, but we fix one for the rest of this paper.

We choose a uniformizer @; for the ring of integers OF, of Fy,. Let E,, (x)
denote the minimal polynomial of =; over the ring W(IF,,): it is an Eisenstein
polynomial. Using the embedding t,, ;, we can view this polynomial as an
element E,, ;(x) := 1, ;(E,, (x)) of O[x]. We have:

Ep j(¥) = (x =1, (@) - (x = 75 ().

2.2. Moduli space of Hilbert-Blumenthal abelian varieties with additional
information. Let S be a locally Noetherian O-scheme. A Hilbert—Blumenthal
abelian S-scheme (HBAS) with real multiplication by O is the datum of an
abelian S-scheme A of relative dimension g, together with a ring embedding
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Or — Endg A. We have natural direct sum decompositions

r

r fi
Was = @(UA/S,p,- = @ @wA/S,p,-.ja
i=1

i=1 j=1

where W(Fy,) € Op, acts on waysy, j via Ty, ;-

Let ¢ € € be a fractional ideal of F' (coprime to p), with cone of positive
elements ¢t. We say that a HBAS A over S is c-polarized if there is an
S-isomorphism A : AQo,.¢ — AV of HBASs under which the symmetric elements
(respectively the polarizations) of Homep, (A, AY) correspond to the elements of
¢ (respectively ¢*) in Homop, (A, A ®o, ¢). For such a HBAS, each w,/s ,, ; is a
locally free sheaf over S of rank e;.

We define the tame level structures following [TX16b, Section 2.3]. For a
positive integer N relatively prime to p, a principal level N-structure on a HBAS
A over S is an O-linear isomorphism of finite étale group schemes over S:

ay : (Op/NOR)® S A[N].

In general, let O r (respectively (’9\}”)) denote the direct product of completions
of Op at all finite places (respectively all finite places relatively prime to p). For
K? an open compact subgroup of GLZ(O;’”), we choose a positive integer N
relatively prime to p such that K7 contains

K(N)" = {(i z) € GL,(O") |a—1,b,¢,d — 1 =0 mod N} .20

Then a K?”-level structure on a HBAS A over S is a collection of, for each
connected component S; of S with a fixed geometric point 5; € S;, a 7(S;, §;)-
invariant K? /K (N)?-orbit of ay ; above. This does not depend on the choices
of N and 5;. We put K, = GL,(Or,) and K = K”K,. When K? = {(¢}) €
GLA@;” ) Y| ce,d —1=0mod N } the notion of a K7”-level structure recovers
the notion of I (MN)-level structure considered in [ERX17] and [RX17]. Most of
the statements of [ERX17] and [RX17] continue to hold for this general K ”-level
structure; we shall point out the change in case it is needed.

Fix an open subgroup K” C GL2(6;” ). Denote by M™® = MTK the functor
that assigns to a locally Noetherian O-scheme S the set of isomorphism classes
of tuples (A, A, «, %), where

e (A, 1) is a c-polarized HBAS over S with real multiplication by Op,

e ( is a KP-level structure, and
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e % is a collection (ﬁéf?j)izl ,,,,, rimlo fiil=0
such that

., of locally free sheaves over §

.....

- 0= ;l(»] - J;')] cC---C J(ef = wyuys,p,;,; and each J(” is stable under

the Og-action (not just the actlon of W),

— each subquotient .7, o T ”71) is a locally free Og-module of rank one (and
hence ranke, -7, (1)- = l) and

I
— the action of O on each subquotient ﬁ ® i/ ﬁ - l) factors through Or
O, or equivalently, this subquotient is anmhllated by [@i] — 7, ; (@), where
[z0;] denotes the action of @; as an element of O Fy, -

We use M?P to denote the functor obtained from M }:R by forgetting the filtrations
Z.
Both MER and M]?P carry an action of O7*:

forue Op*, (u): (A A a F) — (A, uh,a, F). (2.2.2)

This action is trivial on the subgroup (K N O})? of O+,

It is well known (cf. [RX17, Proposition 2.4]) that, when K? is sufficiently
small, the functor M (respectively M) is represented by an O-scheme of
finite type, that we denote by MP* (respectively MF®). Moreover, the moduli
space M?P is normal [DP94, Corollaire 2.3]. Let Mf“l denote its smooth locus,
called the Rapoport locus [Ra78]. Then M® is the open subscheme of MPP
parameterizing those HBASs for which w, s is a locally free (O ®7 Os)-module
of rank one. The natural morphism

o MR — MPP

is projective, and it induces an isomorphism of an open subscheme of M*® onto
MR [RX17, Proposition 2.4(3)]. As in [RX17, Theorem 2.9], one can prove that
MPR is smooth over O.

By [TX16b, Proposition 2.4 and Lemma 2.5], we may always shrink K?” so
that the following hypothesis holds, which we then assume from now on.

HYPOTHESIS 2.3. We assume the following for the open subgroup K?” C
GLz(O(p))

(1) K7 is of the form ]_[W K for an open subgroup K, € GL,(F}) such that
K = GLy(Op,) for all but finitely many place ,

(2) K7 is sufficiently small so that each MP" and each M® are O-schemes of
finite type, and
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(3) K7 is sufficiently small so that the action of O3 /(K?K » N OF)? on each
MP? and each M*® are free on geometric points.

2.4. Integral model of Shimura varieties. In virtue of Hypothesis 2.3, the
quotients of MR and MPP by the group O F/(KPK, N OF)?, denoted by
Sth and ShlfP respectively, are O-schemes of finite type, and the quotient
morphisms are étale. We point out that when K7 satisfies Hypothesis 2.3,
conditions (2) and (3) also hold for any open subgroup K'? € K? as long as
K"K,NO} =K"’K,NOx.

For ? € {DP, PR, Ra} we denote by A’ the universal abelian scheme over M.
We set

M =] M. sh':=]]sh, and A’:=]]Al.

ceC ceC ce¢

Notice that the universal abelian scheme A’ may not descent to Sh’.
Denote by w47, the pullback via the zero section of the sheaf of relative

differentials of A’ over M’. We let F = (F,, “ ') denote the universal filtration of
 4rr/ pqer . For each p-adic embedding 7 = r of F into Q we set

. = Fy); /f“ =

pi.Jj

it is an automorphic line bundle on the splitting model MFR. The additional dot
in the notation w, is placed in order to distinguish this sheaf from its descent w,
to Sh™, which will be introduced later. We provide @, with an action of O ;"%
following [DT04, Section 4]: a positive unit u € O maps a local section s of
w, to T(u)~V? - (u)*(s), where (u) is defined by (2.2.2). It is clear that this action
factors through O7 /(K N OF)2.

Similarly, for each p-adic embedding 7 of F, we define

br = (Nor820, g Har(A™/M®)) ®01820, v Onate
= (CD_I ®Z OMlzR) ®OF®ZOMER~T®1 OMER, (241)

where the canonical isomorphism is induced by the universal polarization as in
[RX17, Lemma 2.5]. While &, is a trivial line bundle as seen in (2.4.1), it carries
a nontrivial action of O /(K N O})? given as follows: a positive unitu € O 5"
maps a local section s of &, to T(u)~" - (u)*(s).

It is proved in [RX17, Theorem 2.9] that the sheaf of relative differentials
$2 ./1\/IPR o admits a canonical Kodaira-Spencer filtration whose successive
subquotlents are given by

% R0 27 forte X (2.4.2)

MPR &
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2.5. Toroidal compactifications. We need to slightly generalize the notation
of cusps from standard references, such as [Di04, Section 3], [KL05, Section 1.6],
and [Ra78]. For an ideal ¢ € €, a K”-cusp is an equivalence class of tuples
C=(ab,L,i,j, A, «a), where

e aand b are two fractional ideals of F, relatively prime to p, such that ab~! = c,

e L is an Op-lattice of F? that sits in an exact sequence
0>a'2'SLLb—0,

e &: A%, L — ¢ 'o7"is an isomorphism of Op-modules, and

o is a K?/K (N)?-orbit of isomorphisms (Oz/NOz)® S N~'L/L of Op-
modules, where N is a positive prime-to-p integer such that K” contains
K(N)? (as defined in (2.2.1)).

This definition does not depend on the choice of N. The equivalence of the
tuples is as explained in [Di04, Définition 3.1] (plus requiring it to be compatible
with the level structure o). In particular, for a fixed (a, b, A), L is always
noncanonically isomorphic to a='9~! @ b by choosing a section of j, and such
sections form a torsor under abd. So the essential choice of « is parametrized by
the double cosets

<<1) OF/iVOF) \ GLo(Or/NOW) [(K'/K(N)"). - (25.1)

We write (a, b, A, [y¢]) for the corresponding cusp, where ye € GL,(Or/NOf)
is a representative of the double coset in (2.5.1). We write X, for the fractional
ideal of O contained in (1/N)ab such that

1 ~ _ 1 0z/NO
~ 0/ Xpyer = (e(K? /KNy () (0 d 1 F>,
and let X E‘;; ) denote the totally positive elements in X[, ; := X [;i ]a—‘ C F®gR.

To proceed, we fix a smooth rational polyhedral admissible cone decomposition
D, of X Ek;c] for each isomorphism class of K”-cusps. Now, one can apply the
construction in [Ra78, Sections 4-5] for the level K” = K(N)? and then take
invariants under K” /K (N)”-action, (or make use of the more general reference
[Lal3, Section 6]). This way, we construct the toroidal compactification lea'“”
of MR Gluing over MY gives toroidal compactifications ME®" and MPP-r
of the O-schemes M and MPF. The scheme MPR" is proper and smooth
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over Spec O. We set M™" := [ _¢
D := M™ — M?" is a relative simple normal crossing divisor on M

Let Sh™ denote the quotient of M™®" by the action of the group
Ot /(K N OX)2 Put D := Sh™ — Sh’; it is the quotient of D and it is a
divisor with simple normal crossings.

For any t € X, there are automorphic line bundles »'" and & over MPRr
constructed as in [RX17, Section 2.10]. To lighten the load on notation, we
will simply write @, and &, to denote these sheaves when no confusion arises.
Both these line bundles carry natural actions of O F /(K N OF)? as described
earlier, and they descend to line bundles over Sh™®'", which we denote by w, and
& respectively. We warn the reader that &, may not be the trivial line bundle over
Sh™®"; however ¢! := ), 5. &, is a trivial line bundle because the action of O;*
on the tensor product of all &, is the naive pullback.

We point out that, while the compactification depends on the choice of
the smooth rational polyhedral cone decompositions, the cohomology groups
H*(Sh™®" ) and H*(Sh™®'"", w*(—D)) we define below are independent of
this choice (up to canonical isomorphisms) because the derived pushforward of @*
and w*(—D) from the compactification associated to a finer cone decomposition
to a courser one are canonically isomorphic to @* and «“(—D) (cf. [Lal3,
Lemma 7.1.1.4] and [LLal7, Proposition 7.5].)

M for ? € {DP, PR, Ra}. The boundary

?,tor

REMARK 2.6. If one only cares about Hilbert modular forms of parallel weights,
then defining them using the splitting model and the usual Deligne—Pappas
model is the same. More precisely, the line bundle &' on Sh™"" is the pullback
of an automorphic line bundle ¢®"P" on Sh®"'", given by extending ASwy/s
to the toroidal compactification, and then descending along the Galois cover
ShPPr . AMPPr Then for any k € Z, pulling back along the natural map
7 : ShP™®" — ShPPr gjves an isomorphism

7% HO(ShPP o) S HO(Sh™RT, o). 2.6.1)
Indeed, since ShP™'" is normal [DP94, Corollaire 2.3] and 7 is birational, the
Zariski Main Theorem says that 7,Ogppric = Ogporior. The projection formula
then proves (2.6.1).

NOTATION 2.7. For the rest of this paper, if no confusion arises, we will drop the
superscript PR appearing in the schemes introduced in the previous subsections.
In particular, we set A := AR, M := M®™ and Sh := Sh*™®. These are
schemes over O, and we denote their special fibers by Ap, Mp, and Shy
respectively.

https://doi.org/10.1017/fms.2017.26 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.26

Unramifiedness of Galois representations 15

2.8. Geometric Hilbert modular forms. By a paritious weight k we mean a
tuple ((k;)rex, w) € Z* x Z such that k, = w (mod 2) for every T € X. We
say that « is regular if moreover k, > 1 for all T € X'. For an integer n, we write
n={m,...,n).

For k = ((k;).cx, w) a paritious weight, we define

K e— . ®k £ ®(w—kr)/2 K. ®k ®w—kr)/2
w = ® (wf ' ®OMPR-tur & ' ) and o := ® (a)r ‘ ®OShPR.tor & i )
el teX

They are line bundles over M and Sh'", respectively. We remind the reader
that these line bundles (and also M' and Sh*") depend on the fixed choice of an
ordering of the 7, ;’s.

We point out that our definition of @<= js consistent with
[ERX17, RX17], but is equal to the @ *)wz»+2 in [TX16b] due to different
normalizations. In fact, the usual modular forms of weight k (for F = Q) should
be, rigorously speaking, of weight (k, k — 2) in our notation, that is, a section of
o ® e~!. However, ¢ is canonically a trivial bundle over the modular curve, it is
often omitted from the discussion.

For example, by the Kodaira-Spencer filtration on £2}, Jo We just recalled
before Section 2.5 with successive subquotients (2.4.2), we deduce canonical
isomorphisms (extended to the toroidal compactification; cf. [TX16b,
Section 2.11(4)])

KS: NG o Rhpoo®) Z0®” and  KS: NG R4 o(D) = 0?0,
(2.8.1)
A (geometric) Hilbert modular form over a Noetherian (J-algebra R of level
K? and paritious weight « is an element of the finite R-module H°(Shy', @%),
where the subscript R indicates base change to R over O. Such a form is
called cuspidal if it belongs to the submodule H°(Sh}y", @%(—D)). By the Kocher
principle [DT04, Théorem 7.1], if [F : Q] > 1, we have

HO (MY, %) = H* (Mg, &%), and hence H°(ShY', %) = H(Shg, o).

Fix a positive prime-to-p integer N such that K? O K(N)?. At each cusp
of M. labeled by the tuple C = (a, b, L, i, j, A, @), there is a Tate object (see
for example, [Di04, proof of Théorem 7.2] or [Ka78]) with additional structure
(Tateq b, Acans Xeans Mo £C an) defined over a suitable subring of the ring of formal
power series O[[¢* : § € X [J; 111 (this involves a choice of cone decomposition
that we omit here since it will not play any role). Here X [J; . 1s the subset of totally
positive elements in X, and n., (respectively gcan) is a collection of canonical
bases of @, (respectively &, ) for the Tate abelian variety. Evaluating a (geometric)
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Hilbert modular form f at this Tate object, we obtain the g-expansion of f at this
cusp:

f(Tatea,ba )"cana Ucan, 1

)
—Ccan ’ £Caﬂ

= Z ag(f.C, Tateq) ¢° € O/(@™lg" 1 & € X[ 1] (2.8.2)

+
EEX[VC]

We point out that when changing the tuple C = (a, b, L, i, j, A, ) representing
the cusp to an equivalent (cf. [Di04, Définition 3.1]) tuple C, = (ra, tb, L, ti, tj,
A, «) fort € F* and hence Xf:/c,] = thf;c], we have

a:(f.C. Tateq) = [ [ 1) - ape(f.C,. Taterq, ) (2.8.3)

2.9. Tame Hecke operators. We recall the definition of tame Hecke operators
from [RX17, Section 2.14]. Let S denote a finite set of places of F containing the
archimedean places, p-adic places, and all the places q where K, # GL,(Op,).
We define the Hecke operator T, for q ¢ S in the same way as in [RX17,
Section 2.14]. (Note that our new setup allows more general level structures in
place of the usual I7(\V)-level structure, but one can adapt the construction in
[RX17, Section 2.14] to our new tame level structure formulation.) We take this
opportunity to point out a mistake in the formulas [RX17, (2.14.1)] and [ERX17,
(2.2.9.1)]. The factor 1/ (ng(a)) there should be removed. This is because the
Kodaira—Spencer isomorphisms used in [RX17] and [ERX17] are canonical (so
there is no additional twists for Hecke operators).

To benefit the readers, we make explicitly this Hecke operator on the level of
g-expansions. We fix ¢ € € and a positive element . € F* such that ¢’ = cq for
some ¢’ € €. Consider a cusp of M, labeledby C = (a, b, L, i, j, A, «). Then the
image of m, (r; '(=)) of this cusp consists of two (possibly isomorphic) cusps:

C' = (a,0.bq7", L i,V j, 0 ) and C" = (aq, 0:b, L", i, 0], 0ch, "),

where L’ and L” are pullback and pushout of L along the natural inclusions
b C bg! and a* C a*q~' respectively, and &’ and o are the naturally induced
level structures. Then we have inclusions X1 C ¥ X, C Xy, preserving the
positive cones, where the cokernel of each inclusion is isomorphic to OF /q. For
the natural Tate objects at these cusps and & € X ., we have,

[vel”
aS(Tq(f)’ Ca Tatea,b)
= ]‘[ T(@)" 2 (N(q) - apee (. C', Tateq g, pq-1) + doee (f, C”, Tateaq.s.0))
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= 1_[ 7(9,) W R FD/2. as.(f.C', Tateg 5 6q-1)
+ [[r @0 a,..(f. C).. Tate, 1, ) (2.9.1)

Here the additional factor t(9%.)® /2 on the first line comes from different
<. an’s at different cusps. The equality of the two lines follows from (2.8.3), and

= (W 'aq, b, L", 9", j, O\, &”) is obtained from C” using the procedure
just before (2.8.3). (We shall see later that a normalization of the second line of
(2.9.1) is also valid for the Hecke operator T, we construct later.)

If for some prime-to- p finite place q € S, the corresponding level structure K|

satisfies o o0
1 Op .4 ;,q F.q
(6 %) < ko (s o).
then there is a natural U,-operator associated to the double coset K, (’UOC' (1)) K,
acting on the cohomology groups H*(Sh*", @) and H*(Sh'", w*(—D)).
We also define a Hecke operator S; for any finite place of F* (allowing g to
divide p). For each ¢ € €, let ¢ € € denote the fixed representative of the strict

ideal class of ¢q?, so that ¥2cq? = ¢” of a positive element ©.> € F*. We define
an isomorphism

Sq ZM; Mc’
(A h,a, ) —= (A = AQo, q ', V. o, 7)),

where o’ and .% are naturally induced level structure and filtrations, and

/ / 1, e A v ~ —1\V
NiA®o, ¢ —> ARp, g —> AV ®o, 1= (ARo, q°)

is the induced polarization. This map extends to the cusps, by sending the K*-
cusp with label C = (a,b, L, i, j, A, a) to the K”-cusp with label C" = (aq,
P20 L®q7Li®q!, j®q P, e, o), where o is the obvious induced
level structure. Since X|,.,1 = 2 X)), we may take the cone decomposition

Dpy. Of X [k;; ,1 to be the one induced by that at C, namely ﬁ;lé[yc]. This way, the

isomorphism S, extends to an isomorphism M — M. Moreover, the moduli
description (together with the induced isogeny on the universal semiabelian
varieties) induces a natural pullback morphism

Sq : S:d)/tor - d)/lor7

tor

where the prime indicates the similar sheaf of relative differentials on M.
Similarly, we have a natural morphism S, : S;&7* — £&°. From this, for a
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paritious weight ¥ = ((k;).cx, w), we define a natural (properly normalized)
isomorphism

87 1 = §H@ ) @ SHAT ) s D @ (AF2q,) .

(2.9.2)
(Note that when q is a p-adic place, it is essential to normalize the map Sq so that it
is an isomorphism.) Taking quotient of this map by the action of O3 /(K NO})?

and taking the union over all ¢ € €, we obtain isomorphisms
Sq : Sh — Sh™®*" and 7 : H*(ShY", wj (—D)) — H*(Shy', w}(—D))

for any O-algebra R. We can define similar action of Sy on H *(Shy', »%). We
point out that, although the map Sg depends on the choice of the element ¢, (up
to multiplication by O ;'"), the induced action S5 1s independent of this choice.

Finally, we make explicit this map S: on the g-expansions. To better present
the theory, let ¢’ € € be representative of the class of cq in the strict ideal class, so
that ¢¥.¢’ = cq for a positive element ¢, € F*. Consider the two cusps C and C”
above, then we have (for £ € X))

a;(S3(f). €' Tateq ) = N@) ™" - [ [ 957" - @, (£.C", Tateag.s ,uq1)

=N(q)™ l_[ (ﬁc(;u—kr)/Zﬁfr) . al?c_zﬂcZS(f’ Cgc,l s Tateﬂt_—laq!ﬂc—lﬁczbqfl).

T

(2.9.3)
Now, we call the polynomial ring
’I[‘g“v = 0lt,, s;‘; q a place of F not in S]

the universal tame Hecke algebra. For an O-algebra R, it acts on the cohomology
groups H/(Shy', w%) and H’(Sh}', % (—D)) via the assignment ¢, — T, and
s;' — S;.

LEMMA 2.10. Letk = ((k;).cx, w) be a paritious weight and let q ¢ S be a place
of F. Since ®®? is a canonically trivial vector bundle on Sh'" (as explained in
Section 2.5), we have the following compatibility of Hecke operator with such
trivialization and Serre duality.
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(1) For any integer w,, we have the following commutative diagram

N(q)*0-T, s
H*(Shl‘zr, wr(rfkr),w)) v 3 H*(Sh:;r, w:rgkr),w)) T o H*(Sh:nor, a)y(n(kr)’w))

l L

H*(Sh;(;r, a)r(rfk,),w-!—Zwo)) qu H*(Sh:;r’w:n(k,),w-ﬂwo)) 5a H*(Shisr’wr(n(k,),w-ﬂwo))‘
(2.10.1)

>~

114

>~

(2) Wedefine k" := ((2—k;)rex, w) to be the dual weight of k. (Note that we do
not change the normalizing weight w.) The triviality of ©®? in Section 2.5
identifies the Serre dual of @* with

N 28 ® (@) <2~Z1> 0?9 (—D) ® ¢ = w* (—D) (2.10.2)
the dual line bundle. Then the Serre duality
H'(Sh™, wf) = H*(Sh"", 0 (-D) ® @ " 0/0)" (2.10.3)

intertwines the action of Ty on the first term and the transpose Tqv on the
second term.

Proof. (1) The commutativity of the left square follows from the fact that, for
the Hecke correspondence Sh*' Ml Sh(g)*" Z5 Sh™ (cf. [RX17, 2.14]) the maps
75 kW) ek and gk (kw2 gk wt2wo) gre differed by
the factor N(q)". The commutativity of the right square follows from the fact
that S"]l : S;‘d)’((kf)'w) — @ *)) ig independent of w (as we normalized in (2.9.2)).

(2) Following the proof of [Ed92, Proposition 7.3], the Lemma is a
consequence of the commutative diagram

: SD :
i(Qulor  « g—i
[ —— 4
H'(Sh", ") H
7

Hi (Sh(q)mr

m

*
Ta

SD i
miwl) — H¢'

m

Hi (Sh(q)lor

m

%

SD .
« g—i
_ s H
nl)

H'(Sh, w

(Sh(@y,

(Sh, As2

(ShEr, At 22

(2.10.2)

1 -1\v
g ® (@)7)

(m2.4)"

v 75(2.102)

i) — HE (Sh(Q)S, A% 2y g ® (T30) ™) ——= HE (Sh(q)r

N(q)" (T3

7y (2.10.2) )
N2 e ® (Tf ) ™) ——= HE (Sh(q)r

()Y

. v (2.102)
g @ (@) 7)
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Here we use SD to denote Serre duality (2.10.3). The Hecke correspondence
Sh*" & Sh(g)* 5 Sh'" is as defined in [RX17, Section 2.14]. O

2.11. Generalized partial Hasse invariants on splitting models. We recall

some constructions from [RX17, Section 3]. For each T = ¢! . with ] % 1,

PisJ
multiplication by w; induces a well-defined morphism:

(l) JT_-(Z) /]_‘éi*jl) f(l 1)/]_‘&;2)

Zl [w—i](Z),

O}

where 7 is a lift to .7-';1) ; of the local section z. Hence m,,;, ; induces a section

h EHO(M]F,CL), ®a)11)

that is invariant under the action of O;* /(K N OF)?, and therefore descend to a
section h, € H°(Shy, %' ® a)ré—l_) [RX17, Construction 3.3].
Tpi i+

For t = 7! ., a morphism

NE
L _ ) NP
Hasseq,,; @ @ = Ty —> O40 aep,. i J(Fan) = X

is constructed in [RX17, Construction 3.6] as follows: let z be a local section
of w, I ; since it is annihilated by [e;] acting on H g (Ar/Mp)y, ;, z belongs
to [w ]e’ - Hig (Ar/ M)y, ;. Write z = [@;]%7'7’ for a local section z' of
H i (Ar/Mg),, ; (note this z’ belongs to H}; but it might not belong to w). We
define Hasse,, ;(z) to be the image of V,,, ;(z') in wif;/MF,phjf] /(.Féff;_l)l)("). The
homomorphism Hasse, ; is well defined and it induces a section

pi-i—1

. . R .®
h, € HO(./\/I]F,a)?ﬂ 1®wfef7 )
Pi.J

Pi.J

which descends to a section K. = € H°(Shy, ®1 ''® a) ) [RX17,

i Tl
Construction 3.6]. Note also that the action of OF on o ] - ® d)flf.’ is
P[ PL Jj—1

just the simple pullback (without the twist by powers of 7 (u) foru € O;'™).
We remark that the total Hasse invariant % is the product of some powers of &,
for T € X. For a more explicit expression, see [RX17, Lemma 3.8].

2.12. Goren—-Oort stratification of Shy. For each p-adic embedding 7 € X,
denote by X, the zero locus of the generalized Hasse invariant 4, on Shg. In
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general, for a subset T € X, we set X; := [),_, X,, with the convention that
if T is the empty set, this intersection is interpreted to be the entire space Shy.
We define X and XT on My similarly. These X: (respectively XT) form the
Goren—QOort stratification of Shy (respectively M) following the pioneer works
of Goren and Oort [GO00, Go01]. We write

X3 = XT\ U X and X; = XT\ U X

2T 2T

for the corresponding open stratum.

We remark that, although the generalized partial Hasse invariants 4, and h,
depend on the choice of uniformizers @;, their zero loci X, and 5(, do not.
Moreover, each section /i, extends to the fixed toroidal compactification M
of My and, by [RX17, Theorem 3.10], each subscheme X, is disjoint from the
cusps, which are ordinary points of the moduli space.

PROPOSITION 2.13. The following properties hold.

(1) The closed subschemes X, (respectively X.)are proper and smooth divisors
with simple normal crossings on Shy (respectively Mg). In particular, X .
and X for any proper subset T C X are proper and smooth varieties over
F.

(2) The union of the closed subschemes X, (respectively X, ) when t varies over
all embeddings of the form r"]i, ; withl # 1 coincides with the complement of

ShR* (respectively ME?) in Shg (respectively My).

(3) The ordinary locus Sh%rd (respectively M) of Shg (respectively _/\/lF )
coincides with the complement of the set | ], . X, (respectively | . 5 X:).

Proof. Tt is enough to prove the proposition over M. The first statement is
contained in [RX17, Theorem 3.10]. To prove the second statement we can
work with closed points of My, since the Rapoport condition on the Lie
algebra is an open condition. Let then (A, A, «?, #) be a k-point of Mp,
for k an extension field of F. The abelian variety A with RM satisfies the
Rapoport condition if and only if multiplication by @; induces an isomorphism
FDJFID - FIV)FI2 for all i, all j, and all [ # 1. This is clearly
equlvalent to the glven condition on the divisors X,. Statement (3) follows from
the fact that the total Hasse invariant is the product of powers of /., ’s, as remarked
at the end of Section 2.11. O
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3. Hecke operators at p in characteristic p™

In this section, we construct the T,,-operator acting on the cohomology of some
automorphic line bundles with torsion coefficients. We work exclusively with
the Pappas—Rapoport splitting model, as indicated in Notation 2.7. The general
construction of Iwahori level structure on the splitting model is already explained
in [PROS] (in a much more general setup). We here make it more explicit in
our particular setup. Our construction of 7, is inspired by the work of Conrad
[Con07]. The essential main technical input is Proposition 3.11 whose proof we
complete in the next section.

We fix a prime ideal p € {py, ..., p,}; denote by f its residual degree, and by e
its inertial degree. We write o, for the chosen uniformizer at p as in Section 2.1.
For every fractional ideal ¢ € € we choose once and for all a positive isomorphism
0. : ¢p =~ ¢’ of cp with a (uniquely determined) fractional ideal ¢’ € €.

3.1. Splitting models with Iwahori level structure. For a fixed ¢ € € we
define the corresponding splitting models with Iwahori level structure following
[Pa95, PRO5].

Let M. 9. (p) denote the functor that assigns to a locally noetherian O-scheme
S the set of isomorphism classes of tuples ((A, A, a, F); (A", X, o', F'); ¢, ¥)
where:

(1) [(A, A, a, F)] is an S-point of M.,
(2) [(A', X, o', .Z )] is an S-point of M,

B)¢p:A—> Aandy : A - A® (/)" are Op-equivariant S-isogenies
satisfying:
(a) both ¢ and ¥ have degree p/,
(b) the compositions 1 o ¢ and (¢ ® c(¢')~") o Y are the natural isogenies
A— A®c(¢)tand A’ — A'®c(¢’)"!induced by Op C p~! %~ ()1,

(c) g) is compatible with the polarizations, that is, ¢ o L o ¢V = ):’, where
A’ is the map (A")Y — A’ ® ¢ induced by composing A" with the map
07!
¢ >~cpCe,
(d) both ¢ and i are compatible with the level structures, that is, poa = o’
and Yy oo’ = a ® c(¢)!, and
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(e) ¢ and i are compatible with the filtrations, that is, for any indices
iefl,...,r}and j €{l,..., f;} the morphisms of Og-modules

* .
" L Oays L T Oasp

. ~ n—1
and  Y* : wasspj = @asspj @ ()T = Oaysp
preserve the filtrations .#° . and .#/* ..
pi.J PiJ

We point out that ¢ and ¢ determine each other, but we need to keep both
isogenies in the data to state the condition that ¢* and ¢* preserve the filtrations

Te ale .
Fo i and F In particular, for p; # p,

95/(1) @ 9’(1), v* j‘/(l)

pisJ pinJ PisJ
are isomorphisms for all j = 1,..., f; and [ = 1,...,e;. Moreover, the
construction also gives a commutative diagram:
AV — = AR (3.1.1)

|
AV s A

Without the additional filtrations, the moduli problem M, (p) is the same as
the one in [Pa95, Definition 2.2.1] and is hence representable by an O-scheme
of finite type by [Pa95, Theorem 2.2.2]. Introducing the additional filtrations
amounts to building a further Grassmannian bundle and requiring compatibilities
with ¢ and v is a closed condition. So M, (p) is represented by an O-scheme
M .o, (p) of finite type.

There are two natural forgetful maps 4, : My, (p) — M, and may, :
M. (p) — M, induced by only keeping (A, A, a, %) and (A", X, o', F'),
respectively. A different choice of positive isomorphism 6, : ¢p =~ ¢’ is of the form
u6. for some u € (9;’+. Then there is a natural isomorphism & : M. 4. (p) =
M6 (p) given by

(A, A, a, F); (AN, o, Z); d,0)
— (A, Ao, Z) (A u™'V, o, ) o, ¥).

It then follows that
e, = 7T1',9£ o® and Tp, — U - 7'[2'9& 0®. (312)

Now the group Oy */(K N OF)? acts freely on M4 (p) (by acting
simultaneously on A and A’). We denote by Sh.(p) the corresponding quotient.
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We set M(p) :=[[.ce Mco. (p) and Sh(p) := [ [ .. Sh(p). Both 7, 4, and 7, 5,
are equivariant for the action of O3 /(K N OF)? and induce maps:

T = (7'[1,9() : Sh(p) — Sh and m, = (77.'2,9() : Sh(p) — Sh.

By (3.1.2), the natural maps m; and m, are independent of the auxiliary choice of
the isomorphisms 6.

REMARK 3.2. When p is unramified in F (or if we only consider the ordinary
locus), the moduli space M (p) can also be described as the moduli space of
tuples (A, A, «; C)/S where

e [(A, 1, )] is an S-point of M, (the filtration datum on w,s is uniquely
determined in this case);

e C is a finite flat, closed, Op-stable S-subgroup scheme of A[p] of rank p/
(which is necessarily isotropic with respect to the Weil paring induced by 1).

It is not clear whether such interpretation could be extended to the splitting model.
For this reason, we defined M (p) as a moduli space of isogenies.

PROPOSITION 3.3. The scheme M (p) (respectively Sh.(p)) is a flat local
complete intersection of relative dimension g over O. In particular, it is
Gorenstein, and hence Cohen—Macaulay. Moreover, the special fiber M (p)p
(respectively Sh.(p)g) is smooth outside a closed subscheme of codimension I,
and M (p) (respectively Sh.(p)) is normal.

Proof. Tt is enough to prove the statements for M. (p), since the natural quotient
map M (p) — Sh.(p) is finite and étale. The proof is then reduced to an
argument in terms of local models similar to [DP94, Théorem 3.3] and [Pa95,
Theorem 3.3.1] (cf. also [PR05] and [Sa14*]). To benefit the readers, we provide
with more details.

The key is to show that for any closed point x, of M (p) with finite residue
field, there exists a (sufficiently small) open neighborhood U C M (p) of x, that
admits a map U — N étale at x,, where A\ is a fixed moduli problem we explain
below, also known as the local model. For an O-scheme S, we consider two maps

uy) vy 05 — O, (3.3.1)

pinj? TPt
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given by explicit matrixes

1 0 . . (@) 0\ .
f i = PisJ f i =
0 <Or (w’)) Rhe=p o . ( 0 1) thEr

Up,j = pij
10 . 10 .

N where

Our local model \V is taken to be the product of O-schemes []; ;, N7,
each ./\/;(l]) represents the functor on the category of locally noetherian O-schemes
sending a scheme Sy to the set of isomorphism classes of pairs (&, .%’) of
invertible Og,-subbundles of O§ satisfying u(l) J(F) S F and vff[)! J(F) T
Each G@ is clearly a closed subscheme of the product of two Grassmannians.

Exp11c1tly, if p; # p, N} '~ Pl (as .F and .’ determine each other). If p; = p,
one can show that (see for example the case N = 1 of [Pa95, Proposition 4.2.2]),
over a small enough open subspace I C ‘ﬁ,(l; where both .# and .%' are trivialized,
there is an étale map '

h:U— OWY, Vo1 /(U v =t (@)

p.Jj? p.J p}

such that the maps u 1 ¥ — F and v(l) . F — F' are given by multiplication
by Uél)j and Vp(l;, respectlvely. So to sum up, 91 and hence M (p) (if we had
proved that AV is a local model) are étale locally isomorphic to the spectrum of

the following ring:

e O[U(/) V(l)] )

) ’
OLW,, Dpip. =t fiid=te; ] ®0 <®® ) V(l)pj

oo WiV Tp,j(wp))

This ring is visibly normal and is a flat complete intersection of relative dimension
g over O, which is also smooth outside a closed subscheme of codimension 1.
This would then prove the Proposition.

Now, it remains to show that for each closed point xy, of M (p) with finite
residue field,

(i) there are an open neighborhood I/ and a map ¢ : i/ — N/, such that

(i1) the map induces an isomorphism Guor : Toyd = T, N on the tangent space
(sodthat the map ¢, : Uy, — N ) onthe completlon is a closed embedding),
an

(iii) (by deformation theory) that the map ¢,, is an isomorphism.
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For this, we follow the general method in [DP94, Section 3.3], but we need
to study the deformation functor for points on M. (p) following [RX17,
Theorem 2.9]. We first quickly recall Grothendieck—Messing deformation theory
of abelian varieties. Let Sp < S be a closed embedding of locally noetherian
(O-schemes whose ideal sheaf of definition Z satisfies Z> = 0. Let Abg denote
the category of abelian varieties A over S. For an abelian variety Ay over Sy, let
%;riS(AO /So)s denote the evaluation of the first relative crystalline cohomology.
Let Abgo denote the category of abelian varieties A, over S, together with a lift
@ C HL(Ao/So)s of ways, € Hig(Ao/So) = H.. (Ao/So)s,- The main theory
of crystalline deformation theory (cf. [Gr74, pp. 116-118], [MM90, Ch. I
Section 1]) says that the natural functor

Abg —— Ab}

Ar—— (A x5 Sy, wass)

is an equivalence of category. In other words, to lift an abelian varieties A, over
So to S, it suffices to lift the corresponding sheaf of differentials. (Extending
additional endomorphisms on A, amounts to requiring the lift of the sheaf of
differentials is stable under the action of the endomorphisms.)

Let Sy denote a noetherian (J-scheme and (’)gf)is the structure sheaf on the
crystalline site. Consider an Sp-valued point xo = ((A, A, o, F), (A, X, o,
F); ¢, ) of M (p). Let H!. (A/S,) denote the crystalline cohomology sheaf

of A over Sy. The action of O on A induces a natural direct sum decomposition:
ro i
Heo(A/S0) = €D €D Hes(A/ S0

i=1 j=1

where W(F,,,) € O, acts on H}; (A/So)y, ; via t,, ;. Moreover H/; (A/So)p, ;

cris

is a locally free module of rank two over
OF,, ®weE,,).1, ng)is = ng}is[x]/(Ep,-,j(x))-
The polarization A : AY — A ®p,. ¢ induces a nondegenerate, symplectic pairing

()t Higg(A/S0)p; X Hin(A/So)p,.; = OFF, suchthat  (3.3.2)

cris cris

(ax,y) = {(x,ay) and {(ax,x)=0. (3.3.3)

fora € O, and x,y € H},; (Ao/So)y,.; (as proved in [RX17, (2.9.1-2)]).
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Analogous constructions, notations, and properties can be introduced for the
abelian scheme A’/Sy. The isogenies ¢ and 1 define morphisms

¢* cns(A /SO)Pz - chs(A/SO)P: and
v/ crls(A/SO)P \J - Hém(A /SO)PiJ‘

The commutative diagram (3.1.1) implies that
(x, 9" (M) = (Y (x), y)

forx € Hcm(A/SO)p, and y € Hcm(A//SO)Piqj'

Consider S an infinitesimal deformation of S,, that is, S, — S is a
closed immersion of locally noetherian O-schemes whose ideal of definition
T satisfies 7> = 0. Since S is a PD-thickening of S;, we can evaluate the
crystalline cohomology over S to obtain !, (A/S)s and its direct summands

ML (A/So)s,p:. ;- For a subspace .F of H.. (Ag/So)s,p,,j» We use F* to denote
its orthogonal complement under the pairing (3.3.2).

The submodule wy/g, p,,; Of ’Hcm(A /S0)s5.p:,j 18 (maximal) isotropic for this
pairing. In particular, .# 5\ (1) ;i C (35 @ )L for all i, j, [. Moreover, we have

’ ’ 1
(P*((g[ (]) ) cCZ G‘él)ﬁ ¢*((gpfl)) ) C (y(l) ')J_

w (ﬁ‘(l) ) C F 0“);(7)]’ and w (( o“(l) ) ) C (g/(l) )L

Let

A ALS) = [z e (FE ) FUD 1l = o, @z =0),

and similarly define e%’;(l)j (A’/Sy) for each index i, j,I > 1; so that we have
natural morphisms

Bo + s (A[S0) = A (AJSy) and Yt A (A)So) — A0 (A So).

It is shown in the Claim of the proof of [RX17, Theorem 2.9] that %‘;@](A /So)
is a rank-two Og,-subbundle of H}; (A/So)sy.p,.;/Fp, - ]) . In particular, the sheaf
FI ) FI is a rank-one Og,-subbundle of ", (A /So)

By crystalhne deformation theory for abehan schemes lifting the Sp-point x
associated to the isogeny ¢ : A — A’ to § is equivalent to the following procedure,

applied to each choice of i and j:

(1) Write S (A]So)s and J,(A'/So)s for the kernel of the map [z;] —
,.j(@i) acting on H! . (A/ SO) s.p; and HL. (A'/So)s.p:. > rEspectively.
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Lift .7, C A, (A/So) and Z,") C A (A'/Sp) to (isotropic) rank-

one Og-subbundles %", c "\ (A/Sp)s and F\" C H(A'/So)s
satisfying the conditions q&*(ﬁsz;) - jp(l)J and w*(j;ilq)j) c j;“; Here,
the isotropic condition is automatic by condition (3.3.3); see the proof of
[RX17, Theorem 2.9] for more details.

(2) Once lifts jp(l) ; and j};(hj are chosen forall [ <t — 1, set

A ALS0s = |z e (Fy ) FL 1ol = 7, @)z =0}

and similarly for %’;E?,(A//SO)S; by the proof of Claim (1) in [RX17,
Theorem 2.9], the sheaves J“i’;fi)j(A/ So)s and %’;%(A// So)s are rank-two
Os-subbundles of H!.(A/So)sp,.;/Fa " and Hl (A /S0)s ./ F0 7",

cris cris
respectively. Then we need to lift rank-one Og,-submodules ,?p(t) ; ,?p(t_j” C
S (A)Sy) and F,." ) TV AL (A']Sy) to (isotropic) rank-one Os-
subbundles .Z."/“"" and Z,"/"V of J",(A/Sy)s and H"(A')Sy)s
respectively, such that
FFD) S FU ana yH(FT) € B
Once again, this isotropic condition is automatic by condition (3.3.3). After

this, we define jp@ ; to be the preimage of ﬁgf?é(l_l) under the natural

s =Dy L G—D\1 ) Gri=D) GO s
projection (F, )" — (#,, ;) /F,, ; anddefine # . similarly.

Following [Pa95, Lemma 3.3.2], we claim that for any locally noetherian O-
scheme Sy, the tuple

(P45 (AT S0), AL (A [S0), @3, W)

is Zariski locally (over S,) isomorphic to the ‘constant’ tuple (Oéo, 0§0, uﬁi), I
vffi), ;) of (3.3.1). Indeed, this is obvious at a closed point of Sy of characteristic
zero. At a closed point s € S, of characteristic p, we observe that ¥%, o
9%, and ¢%, o ¥}, are both zero; and the kernels of ¢%, and v}, are at
most one-dimensional, as the kernels of ¢* and y¥* on HJz(A'/k(s)),, ; and
HJ;(A/k(s))y,.; respectively are one-dimensional. It follows that the images of
Y%, and @7, are both one-dimensional. The claim is clear from that.

The isomorphism of this claim (by the definition of the moduli problem N)
gives, for any given closed point x, of M (p) in characteristic p, amap ¢ : U —
N we sought in (i). Moreover, applying the discussion of deformation theory to
the case of Sy = Speck(xy) < S = Spec« (xo)[€]/(€?), descriptions (1) and
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(2) of the deformation functor imply that ¢ induces an isomorphism at the level
of the Zariski tangent spaces at x, of the special fibers of .#,, and .4,,. This
shows (ii). Finally, the argument at the end of [DP94, Section 3] (again using the
description of the deformation theory above) implies that ¢,, is an isomorphism
of formal schemes, and therefore g is étale at x,. This completes the proof that N
is a local model of M (p) and concludes the proof of this Proposition. O

NOTATION 3.4. The proof of the above Proposition suggests us to define
a stratification of M (p)r, following [Hel2, GKal2]. The study of certain
geometric structure of these strata is the key ingredient in proving our main
technical result Proposition 3.19 in Section 4.

For two subsets S, S" € X, such that S U S’ = X, we write YS,Sf for the
subscheme of M (p)r where

o /(l) /ﬁ“l R f(l) /ﬁ;i;l) vanishes if 7, ; € S, and
o Yt (l) i F o 7~ l) 5\/(1) /fgljl) vanishes if 7} ; € S'.
Note that qb* ) xp* and ¥* o ¢* vanish modulo p by the moduli problem; so we
need the condition S U S’ = ¥, otherwise Yoo is nonempty.
We write Y5 € Sh(p)r for the quotient of YS s by the action of Oy *
(K NOF).
LEMMA 3.5.
(1) There are 3*%v closed strata Ys,sr.

(2) For another pair S, S| € X, such that S, U S| = X, we have

Ys,s’ N Ysl,s’1 = Ysusl,s’us’l-

(3) EachY. 5. IS a smooth variety over F of dimension

— (#s +#5' —#X,).

(4) The irreducible components of M (p)r are exactly those given by Y. s.5p\s for
S a subset of X,

(5) The open strata are given by
YSO'S/ = Y.'S’S, \ ( U Yslys’l>,
(51,5D2(8,8"

where (S, S]) 2 (S, 8') means S| 2 S and S| 2 S', and the equalities of
sets cannot hold simultaneously.
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Similar statements hold for the strata Ys s < Sh(p)r.
Proof. (1) and (2) are immediate from the definition.

(3) follows from the local model computation in the proof of Proposition 3.3
that Y5 o is étale locally isomorphic to the spectrum of the following ring

FLU. V1w ift); es,
F[W;Qj]pi;ﬁp,j:l,..,,f,-,l:l ,,,,, o OF ® ]F[U;I)J, V(l)]/(V(l) if ‘Cé’j es,
n<% | FLUY), v(”]/(U;”], vy ifrlesns’.

It follows that YS, « 18 smooth of the said dimension.
(4) and (5) are immediate corollaries of (2) and (3). The statements for Y5 s €
Sh(p)r follow from taking quotient by Ox* /(K N OF)2. O

REMARK 3.6. It seems that these strata Y ¢ are likely to be isomorphic to certain
iterated P!-bundles over (the special fiber of) some other quaternionic Shimura
varieties. One expects that certain variants of the arguments in [Hel2, TX16a]
can be applied to our situation.

We have the following result.

PROPOSITION 3.7. The morphisms of O-schemes 1y, 7, : Sh(p) — Sh are finite
and flat over the ordinary locus of Sh(p).

Proof. 1t is enough to prove the statement for the analogous morphisms between
fine moduli spaces. For a locally noetherian (O-scheme S, we say that an S-
point ((A, A, e, F), (A, X, o', F'); ¢, V) of M.(p) is ordinary if and only if
A (or, equivalently, A,) is an ordinary abelian scheme.

Recall that we fixed a positive isomorphism 6, : ¢p =~ ¢/, with ¢’ € €. We
need to prove that, after restricted to the ordinary locus, w; = 7 4, : M (p)d =
Mo, (p) — M and 7, = 1y, : M ()™ — M are finite and flat.

By [AGOS, Remark 3.6] an ordinary abelian variety with RM automatically
satisfies the Rapoport condition, and as such it admits exactly one filtration
satisfying the Pappas—Rapoport conditions of Section 2.2. In what follows we can
then forget about the filtrations appearing in the tuples classified by M. (p)°™,
M and M. The proof of the proposition is now analogous to the one of
[DR73, V, Lemme 1.12]. For brevity, we only show the finite flatness of:

e ZM;(]J)Ord_) M(zrd.

Since 7y is proper, it is enough to show that it is quasifinite and the rank of the
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geometric fibers of 77 is constant. Then 7, is forced to be finite and flat (as M‘;fd
is reduced) by [DR73, V, Lemme 1.13].

Let k be an O-algebra which is an algebraically closed field of characteristic
p, and let x : Speck — M be a k-point of M defining a tuple (A, A, @).
(Recall that we can forget about the filtrations.) By Remark 3.2, the fiber T of
m, over x is the k-scheme representing the functor which assigns to a locally
noetherian k-scheme S the set of isomorphism classes of finite flat, closed, OF-
stable, A-isotropic, S-subgroup schemes C C (A x; S)[p] of rank p/.

Since A is ordinary, the connected-étale exact sequence of A[p] is of the form:

0~ F, 8 iy — Alpl > F, @2 (%) — 0. (3.7.1)

where the morphisms are equivariant for the natural action of Op /p =F,. If C C
(A x; S)[p] represents an S-point of 7', we can write S = §'[ [ §” where C x5 §’
is equal to the connected part (A x; S")[p]° = F, ®z u,;s of (A %, S)[p], and
C xS8” is isomorphic to F, ®7(Z/ pZ) . (To see this notice thatif y : Spec/ — S
is a closed point of S for some field extension / of k, and if the group of geometric
points C, (1) of the fiber of C at y is nontrivial, then the existence of an action of
IF, on C,(I) forces C, to be isomorphic to F, ®; (Z/pZ),;. On the other hand, if
C, has trivial étale quotient, then it is contained in the connected component of
the identity of (A x/)[p]; the existence of the IF,,-action then forces this inclusion
to be an equality.)

The decomposition S = S'[][S” induces a corresponding decomposition
T = T'||T” where T’ is the reduced k-scheme that assigns (A Xx; S)[p]°
to any locally noetherian k-scheme S, while 7" represents the functor of IF,-
equivariant splittings of the exact sequence (3.7.1). Since T” is a torsor under
the group scheme Home®Zk(A[p]ét, Alp]°) = F, ®z tpsk, we see that T ~~
Speck [ [(F, ®z /i) is finite over k of constant rank equal to 1 + p/.

Let us now assume that & is an algebraically closed field of characteristic zero,
so that A[p] >~ (F, ®z (Z/pZ);)* is étale. By fixing an arbitrary F,-stable, closed,
and A-isotropic k-subgroup scheme of A[p] isomorphic to F, ®z (Z/pZ); and
considering the corresponding exact sequence, one sees via arguments similar to
the ones above that there is an isomorphism T >~ Speck [ [(F, ®z (Z/pZ)y), so
that the fiber T is still finite over k of rank 1 + p/.

This shows that, in either case, m; is quasifinite of constant rank 1 + pf and
hence concludes the proof of this Proposition. O

REMARK 3.8. When g > 1, the morphisms 7; and m, are not finite over the
nonordinary part of Sh. This phenomenon already occurs when p is unramified in
F [St97].
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3.9. Extension of Hecke correspondence to the toroidal compactification.
For each ¢ € € fix sufficiently fine rational admissible polyhedral cone
decompositions for the cusps of the Rapoport locus of M. (p). One can then
construct smooth toroidal compactifications M (p)*", M (p)*, and Sh(p)*" of
the splitting models with Iwahori level structure, as in [RX17, Section 2.11]. Here
we require that the cone decomposition we chose at each cusp of the M (p)*"
is a smooth refinement of the pullback via 7, and m, of the cone decomposition
at the corresponding cusps of M, and M., respectively. This way, 77; and 7,
extend to maps 7, 77, : Sh(p)'™ — Sh'". The restriction of 7, to the ordinary
locus 77{°° : Sh(p)**® — Sh'*"*" may no longer be finite and flat (due to the
refinement of the cone decomposition), but it is still true that

d
R Mok = )% " (3.9.1)

See the proofs of [LLal3, Lemma 7.1.1.4] and [L.al7, Proposition 7.5].

3.10. Construction of 7,,. We now construct the Hecke operator 7, over
the Spec O-scheme Sh, extending a geometric construction of Conrad [Con07,
Section 4.5].

Recall that for each fractional ideal ¢ € € we fixed an isomorphism 6, : ¢p =~ ¢’
of fractional ideals with positivity such that ¢ € €. Moreover we denoted by
T =T, t M(p) = Mo (p) > M, and 7 1= 4, : M (p) > M, the
‘taking the source’ and ‘taking the target’ morphisms at the level of fine moduli
spaces. Denote by f : A, — M, (respectively f' : Ao — M) the universal
abelian scheme over M. (respectively M.). Set & = f.2); m, and @' 1=
fle! A./m,, - these are bundles of rank g over M, and M respectively. Similarly,
let A(p) and A’ (p) denote the two universal abelian varieties over M. (p) and let
Jo 0 A(p) — M. (p) and f : A'(p) — M.(p) denote the natural morphisms.

Define the following morphism of rank-g bundles over M. (p):

/. * o/ >~
pmw fp*QA%p)/M ® o fP*QAm)/M o =T,

where the first and the last isomorphism are induced by base change and the
middle arrow is induced by pullback of differentials. There is an analogously
defined map at the level of de Rham sheaves:

B i H g (Ao /M) = miHip (A /M),
which induces an isomorphism:

T3 Norason,, Hin(Ae/Me) = 917 Ny, 0,0,,. Hir(A/Mo).
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In particular, the map n}é. — ¢, induced by 8” is an isomorphism if T ¢ X,
and it is an isomorphism onto 7 (@) - 7;é, otherwise.

Fix a paritious weight « = ((k;).cx, w) such that k, > 1 forall t € X'. Take a
positive integer N sufficiently large so that w + N > k. if T € X,. Observe that
B” induces an isomorphism

. N ® k:)/2 ® ke)/2
,3,:, . ®p . * 1Q(w—k¢)/ Mok - ®T[* (w—k¢)/

TeX TeX

where 7, .y 1= pV*F[] T(w,) ")/, Twisting the sheaf » and &' by the

TeXy
character attached to the tuple (k. ).ex, and applying the maps g’ and p"** - N
B, one obtains a morphism of invertible sheaves:
B " — niak. (3.10.1)

This map does not depend on the auxiliary choice of N. But one should note that
this map depends on the choice of the uniformizers @, except when all k, for
T € X, are equal, we may take the canonical choice 7, , v := pV*¥ - N(p)~*/2
to eliminate the ambiguity.

Denote by & the relative dualizing sheaf of the smooth scheme M, —
Spec O. The canonical identification 7 = A, 2/ spec 0» together with the
isomorphisms (2.8.1) give rise to a canonical isomorphism

KS: 9 — &®0.

Denote by 7, the relative dualizing sheaf of M (p) — Spec O: it exists as an
invertible sheaf on M (p) since the latter is a flat local complete intersection over
Spec O, by Proposition 3.7.

We now construct a canonical morphism of sheaves & : 7% — ¥, as
follows. First, Proposition 3.3 implies that the complement of the O-smooth locus
M (p)™ of M (p) is of codimension 2 inside M. (p). Since M. (p) is Cohen—
Macaulay, it suffices to construct the desired morphism & over M (p)*™. But over
M. (p)™™, the dualizing module 7, is givenby Ay, oy (£2 My spec 03 50 the
natural morphism (7;™)*$2}, SpecO > 2. (pym/spec 0 induces the sought-for
morphism £°" between their top exterior powers (here ;™ denotes the restriction
of 7t to M (p)*™).

We now combine the above maps and denote by 5 the composition of Rm,f :
Rm o™ — Rmmieo* with the following morphism in the derived category
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Db (M,):

. e . IQKS™! .
Rm o = o 2.0 & Rm*nl*a)(z’o) =5 o0 g Rm79

19§ 18ty
—

&0 @ R7,. D, — @R P
1 . . .
OKS ye—(2.0) ® »?0 = o~

where tr,, : Rm.%, — Z denotes the trace morphism of normalized dualizing
complexes associated to the proper dominant morphism 7; : M. (p) - M..
Recall that tr,, is nonzero by [BST15, Proposition 2.13], and it is compatible
with localizations on the base scheme.

Applying the construction of 7 : R, 750" — @* to each component M of
M and quotienting by the action of 03" /(K N O})? we obtain a well-defined
morphism

n: R0 — of
in D, (Sh). We remark that this morphism 7 over Sh does not depend on the
choice of identifications 6, : ¢p =~ ¢ for ¢ € €.

Ideally, we would like to extend n to a morphism over the toroidal
compactification and show that this construction does not depend on the choice
of the cone decomposition of M (p). (In particular, we could consider the
universal semiabelian varieties and show that the corresponding map B is
divisible by the correct power of @ .) However, we content ourselves by making
a remark that one can certainly define n over the generic fiber of the toroidal
compactification (just as how we define tame Hecke operators before), therefore,
for some positive integer M, pMn extends uniquely to a morphism p"n :
R0 — o* in D%, (Sh'). (But then Proposition 3.11, or more precisely
Proposition 3.17, below shows that 5 itself extends uniquely to a morphism
n: Rmm o™ — o)

Now the key technical result is the following.

PROPOSITION 3.11. Assume that the weight k satisfies >
following conditions:

k. = ef and the

TeXy

kr::—! 21%]_ forallj=1,...,f, andl=1,...,e—1; (3.11.1)
and Pkr;j > k,;H foral j=1,...,f.

b
coh

Then the morphism p™n in D, (Sh'") uniquely factors as

(1 f)’l pftM
Ryt 0" ALY o T o, (3.11.2)

where the second map is the multiplication by p/+™.
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Note that the condition (3.11.1) automatically forces all k&, > 0 for T € X,,. We
also point out that the condition (3.11.1) is similar to the conjectural ampleness
condition in [TX16a, Theorem 1.9], at least when p is unramified over p.

The proof of Proposition 3.11 will be given later in Section 3.16. (We are
informed by Pilloni that he has a different and simpler proof of Proposition 3.11.
But our proof reveals some interesting finer geometry of the map 7, : M(p) —
M.) We assume Proposition 3.11 temporarily to complete our construction of the
operator 7 on cohomology. The first map in (3.11.2) gives a canonically defined
morphism (1/pf)n : Rrm50™ — o*. Form € Z.y U {oo} we denote by o,
the sheaf w*/(zw™), with the convention that > := 0. The morphism (1/p/)n
induces a morphism

M * R, 705 (0)) — .

DEFINITION 3.12. We define the action of the Hecke operator T, on the
cohomology of wf, as the following composition:

Ty H'(Sh™, ofy) —> H'(Sh(p)"™, 750}

T

2 HU(Sh™, Ry (@) -2 HI(Sh™, o).

REMARK 3.13. Let R be either a finite extension of QQ, or the ring of integers
of a finite extension of Q, where K; = GLz((’)Fq) for all primes q above £. The
moduli schemes My and M(p)r defined in the obvious way over Spec R are
both smooth, and the natural maps m g, 7oz : Sh(p)r — Shy are finite and
flat. In particular, one can define the ‘usual’ Hecke operator 7, acting on the
cohomology of Shi by means of the finite-flat trace map attached to m; . The
compatibility between the finite-flat trace map and the dualizing trace map implies
that the operator 7, defined above coincides with the classical Hecke operator
T,y in these settings.

REMARK 3.14. The g-expansion of 7, f for f € H(Sh!", @t ) is “as expected’,
namely it is the expression in the second line of (2.9.1) divided by the normalizing
factor p/ [, t (@)™ */2. In particular, for weight (n, n —2) and p is inert (with
@, = p), this normalizing factor disappears.

In particular, if p is inert in F and we take @, = p and . = p, the formula
(2.9.1) (at the cusps defined therein) simplifies to

as (T, (f),C, Tateq p) = ape (f,C', Tateq p) + 1_[ P, (f, C)1, Tateg ).

TeX

Notice that the formula is meaningful in O/(zw™) since k,; > 1.

https://doi.org/10.1017/fms.2017.26 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.26

M. Emerton, D. Reduzzi and L. Xiao 36

Finally, we remind the reader that we have introduced a normalization by the
factor 7, , y in the definition of our Hecke operators (see (3.10.1)). In particular,
since w®? is a canonically trivial vector bundle on Sh'", the natural isomorphism

H*(Shmr, C()’(;lc,),w)) i H*(Shtor, wr(rﬁkr),w—&-Zwo))
for any integer wy is equivariant for the action of 7}'.

REMARK 3.15. The morphism K S o (try, 0 ) o KS™! : R, 0?0 — @0
that appears in the composition defining n coincides, over an open subscheme
of M, on which the map 7 is finite flat, with the usual finite-flat trace map
7,7 0?0 — ®29_ This follows from the compatibility between the dualizing
trace map and the finite-flat trace map (cf. [Con00]). In particular, when g = 1 (so
that 77, is finite flat over the entire space M = M), our construction coincides
with the construction given in [Con(7, Section 4.5].

3.16. Outline of the proof of Proposition 3.11. Since the morphism 7 is
obtained by taking invariants under O /(K N OF)?* of the (homonymous)
morphism R, 7,0 — @ on M, it suffices to prove the result for the
latter morphism, as a morphism in DZ, (M'"). This will follow from the three
propositions below.

PROPOSITION 3.17. Suppose that Zze):p k. > ef. Let M be as in the end of
Section 3.10. Restricting p™n to M"Y (noting that m, has no higher derived
pushforward over M) the homomorphism pMn : (15 0™ | pprorors —
| pporo Of coherent sheaves factors uniquely as

ke It
- @ |Mtor,ord e A ()] |Mlor,ord.

(Trl*nz*d)“() |Mmr,nrd
PROPOSITION 3.18. Suppose that the support of R'm, 7wy has codimension at
least t + 1 in the special fiber My for all t > 1. Then n factors uniquely as

o
Ry, i — o 25 of (3.18.1)

in Db, (M) if the restriction of 1 does on the ordinary locus (as shown in

Proposition 3.17).

PROPOSITION 3.19. Suppose that the weight k satisfies the condition (3.11.1).
Then the assumption in Proposition 3.18 holds.
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Proposition 3.18 is a formal homological algebra result. Proposition 3.17 is a
straightforward generalization of [Con07, Theorem 4.5.1]. The proof of these two
propositions will be given shortly in Sections 3.20 and 3.21, after we summarize
the basic idea of the proof of Proposition 3.19 (whose proof will be given in
Section 4).

By Grothendieck’s formal function theorem, the cohomological dimension of
R . wjwy is bounded by the dimension of the fiber of the map m; : M(p)r —
M. Since the source and the target of ; have the same dimension, localizing
at a codimension ¢ point x of My, R”'m t5w} is automatically trivial, and
the contribution to the localization of R'm . ey at x only comes from the
irreducible components of M (p)r of (maximal) dimension g (see Lemma 3.5
for the description of these strata). Recall that My admits the Goren—Oort
stratification (cf. Section 2.12). The proof of Proposition 3.19 consists of the
following ingredients.

e The image of each irreducible component of M (p)r is a closed Goren—Oort
stratum (Proposition 4.5 below); so it suffices to look at those open Goren—
Oort stratum X whose closure is the image of some irreducible component of

M(p)r;

e over the geometric generic point of the open stratum X3, only the dimension
t = #T fibers are relevant (by Proposition 4.8 below), namely the ones given by
the irreducible components of M (p)r; and

e these dimension ¢ fibers are unions of products of P'’s, such that the restriction
of m}@™ is O(n) on each P'-factor for some n > —1 (cf. Section 4.9 below).

3.20. Proof of Proposition 3.17. Since »* is an invertible sheaf on a scheme
M@ smooth over Spec O, it suffices to prove the proposition over a Zariski
dense open subscheme, for example, the ordinary locus M4 C M before
taking the toroidal compactification. This is further equivalent to checking for the
stalks at each closed point of M9, Let k be a separably closed extension of IF and
let x : Spec k — M be a map of Spec O-schemes. Let y : Speck — M (p)>¢
be an element in the scheme-theoretic fiber '(x). Denote by R, the strictly
henselian local ring of the stalk of O at x, and similarly for R, and R, ).

By Proposition 3.7, the morphism 7 is finite flat over the ordinary locus of
M, so that the fiber 7" (x) is a finite scheme over Spec k and the map R, — R,
is finite flat. By Remark 3.15 it then suffices to show that the composition:

W; N~ * * K _ . K Try @1 . K
) > @y X (T0°), = Ry Qp, 0 —> (3.20.1)

d)K
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has image in p’/@". Here ny is induced by pulling back differentials, the
isomorphism is induced by the ‘contraction map’, and Try, : R, — R, is the R,-
linear finite-flat trace map. In particular, the information of the Kodaira—Spencer
isomorphism is contained in the trace map Try,.

Assume that x corresponds to the abelian scheme A/Speck with extra
structures, and that y corresponds to an isogeny A — A’ defined over Spec k
and with kernel C (notice that we can forget about the filtrations because we are
working over the ordinary locus). The closed, finite-flat k-group scheme C C A[p]
has rank p” and it comes with an action of O /p =: F,.

We now prove the desired result distinguishing two cases, depending on
whether C is étale or multiplicative (no other possibilities occur in our settings
as A is ordinary and C is O-stable). We work with the strict henselization of the
stalks modulo p/.

Case 1. C is multiplicative. In this case the kernel of the universal isogeny ¢
over R,/(p’) is isomorphic to Fy, ®z [,k /ps)- Recall that X, denotes the set
of field embeddings F — @p inducing the p-adic place p. For each 7 € X, the
pullback map (wy,y)): = (@) is zero modulo t(zy). In particular, UM is zero
modulo p/ as desired, since hence )y . s, ke > ef.

Case 2. C is étale. The R,/(p/)-algebra R,/(p’) (the ‘hat’ denotes
completion) classifies splittings of the connected-étale sequence of A[p], where
A is the universal ordinary abelian scheme over R./(p7). These splittings form
a torsor under the group scheme

HOMg speci, /iy (AT ALPT?) 2 Fy ®2 12,4,

defined over R./(p”). Such torsors are classified by the cohomology group
Plfi)pf(Spéc R./(p)), Fy®zit,z scpr))» Which by Kummer theory is equal to F, ®,
(Re/(p"))*/ )

(R./(p”))*P. Therefore there are units u; € (R./(p’))* which are not pth
powers such that

R./(pDIX1, ..., X/
(Xf —Uu, ,X; —I/lf)‘

R,/(p") =~

This implies that the R, /(p/)-linear trace map R, /(p’) — R./(p’) is zero: the
only thing to check is the vanishing of the trace on the identity element, which
occurs since R, /(p’) has rank p/ as an R,/(p’)-module. We deduce that also
the trace map Try, : R_‘,/(pf) — R./(p’) is zero, and hence the map (3.20.1)
vanishes modulo pf , as desired. O
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3.21. Proof of Proposition 3.18. Using the exact sequence
N LN/ N/
0 — m0" — njo" — myoF — 0,

we see that, if R'm; oy (for ¢+ > 0) is zero when localized at a codimension
t point x € My, then multiplication by @ is surjective on R'm; 7@ when
localized at x. By Nakayama’s Lemma, this means that R'm 7 @™ is trivial
when localized at x, as R'my ;@™ is a coherent sheaf. So the condition of this
Proposition implies that

e the (set-theoretical) support of R'm ,7r;@™ has codimension > ¢ in the special
fiber My forallt > 1.

For two complexes C*, D* € D?(M), we may define the sheaf of morphisms
Hom ppr a1y (C*®, D*) as the (coherent) sheaf on M whose evaluation on an open
affine subspace Y € M is

Home(Z/{) (C. ®OM Ou, D* ®OM OU)

This is the same as the H? of the derived RHom p»p)(C®, D*). For i € Z, we
write 'Hom"D,,(M)(C', D*) for Hom ps a1y (C*, D*[i]).
Consider the long exact sequence obtained by applying the derived functor
pf
Homs, o (RT1LT50", =) 100 > @& > & — @& /p/ — 0. To show that
the map 7 factors uniquely as (3.18.1), it is enough to show that

(a) (existence of factorization) the composition R, ;0" — & — &*/p/ is
the zero element in Hom ps v (R, i 0™, @/ p’), and

(b) (uniqueness of the factorization) ’Hom;,l, ( M)(Rm,*nz*cb”‘, o“/pf) =0.

We claim that the natural map m; . 75@™ — Rm, ;@™ induces an injection

Hom'y, gy (R 750", 0/ pT) <> Homly, (1 27050, &/ pT)
= Homy,  (m1.m50", & /p)),  (32L1)

for i = —1,0. Here ”Hom(}lM (S, @/ p’) is automatically zero because
Hom is left exact; so (b) follows from this injectivity. Similarly, when i = 0, the
injectivity implies that a map in Hom ps ) (R7Ty 050", @/ p’) is zero if and
only if its induced map in Homo,, (7 .0, &* /p’) is zero, which is in turn
equivalent to its restriction to M is zero. So this together with the assumption
of the Proposition implies (a). In summary, it is enough to prove the claim on the
injectivity of (3.21.1).
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Represent Ry ;@™ by a complex C*. For t € Z3,, we denote by 7¢,C*
its truncation at degree < t, that is, the unique object in D?(M) (up to quasi-
isomorphism) such that H”'(t,C*) = 0, and there is a map 7 C* — C°*
inducing isomorphisms on the cohomology groups with degree < ¢. In particular,

~

17<0C* = my 0" and 1, C* = C* fort > 0.
To (inductively) prove the injectivity of (3.21.1), it suffices to prove that the
following map is injective for every ¢t > 1 andi = —1, 0:

HomiDh(M)(TétC.v wK/pf) — HOmiDb(M)(Tgtflc.7 wk/pf)
Using the long exact sequence associated to the tautological exact triangle
. . t * * /K +1
T<,_1C — Té,C — R 1,47, @ [—1] —,

it suffices to show that

Extly (R'm 50", & /p’) =0 forj=1—1,1.
Looking at the long exact sequence induced by the following exact sequence 0 —

-

o L oF > @“/p’ — 0, it is enough to show that

ExtéQM (R'mty @, ) =0 fori=r—1,t,1+1.

Since M is regular, the condition that the (set-theoretical) support of R’ 7 5@’
has codimension > ¢ in M (and hence codimension > ¢ + 1 in M), implies that

<t+1 . .
Sxt(;j: (R'mty )", @) = 0.

This completes the proof of Proposition 3.18. O

4. Proof of Proposition 3.19

This section is entirely devoted to proving Proposition 3.19. While this is the
essential technical core of the construction of T, readers may choose to skip it
and proceed to the last section directly. We keep the notation from the previous
sections.

4.1. Recollection of the moduli problems for M and M (p). We first recall
from the definition of M in Section 2.2 that, for the universal abelian variety A
over M, we have a universal filtration

(0) (1) (ei) . Lo
0=Fp,~,jC]:pi,jg"'gfpf,jzwA/M,Pi,j fOI’l=1,...,r, ]:],...,fi,

=
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with subquotients d),; .Forl=1,...,e,weput
i

Hy = {z e FL MY/ FED | iz — 1) @)z =0},

irJ i)

where (.7-",;{,31))L is the orthogonal complement of .7:37) in Hi(A/M),, ;
with respect to the natural pairing induced by the polarization. By [RX17,
Corollary 2.10], we have

(1) each H;(al,-), ; is alocally free coherent sheaf of rank two over M,

2) ]-";]) i/ }";ifjl) is a rank-one subbundle of Hg,-), ; (this is in fact a corollary of the
previous point because ]:é[) i/ fgi,_jl) is a subbundle of Hj (A/M),, ;/ ]:;ifjl)

contained in Hg,»).j since [w;] — réf?j(wi) kills f;ﬁ%j/f;ifjl)), and

. . . . 2 ) ~
(3) there is a canonical isomorphism A, Hy i = € -

Moreover, by [RX17, Constructions 3.3 and 3.6], the partial Hasse invariants we
recalled in Section 2.11 extend to surjective homomorphisms over My

(ORI Y10 (I=1) (1-2) (=1)
Mej Hpi-j H)’Fp j /‘Fpi,j - ,Hpi,j and

@i,] * i»J
1 . " (p)
Hasse,, ; H;i),j — w?f C (7—[:;3,,1) P, 4.1.1)

pi.Jj=l

fori=1,...,r,j=1,..., fi,andl =2,...,¢;.
Now, we recall from the definition of M (p) in Section 3.1 that, over M (p), we
have the following two isogenies of universal abelian varieties.

¢p: A— A and v : A — A

We write ]:;(llfj and ’H;J(l) ; for the corresponding constructions for A’. By the proof
of Proposition 3.3, we see that ¢* and ¥* induce homomorphisms

Bpoga Moy = Myl and g MY > M (4.1.2)
such that ¢, and ;. , are isomorphisms if p; 7# p, and, over M, we have
Im(¢, ;) =Ker(y, ;) and Im(y, ;) = Ker(¢, ;)
and both modules are subbundles of rank one of the corresponding rank-two

vector bundles over Mp. One can check from the definition that ¢y, and Yo,
respect the partial Hasse invariant maps (4.1.1), namely we have commutative
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diagrams of sheaves over M (p)r

HO Voi.ia 4/ Phi.i g
pi.Jj Pi.J Pi.J
l 0) l [0) lm(n )
@i, @i, J @, J
A ot
(=1 i () Pi-J. (=1
Hpi-j ,Hpiyj ,Hpi,j
[/ [N
1) Pir), (1) PirJ: (1)
Hpi,j HP:‘J /HPi,J'

LHassemi J lHassemi J LHassemi J
* *

pii (e:) Piit (ei)
(’Hpi’j_l)(p) (Hpi,j—l)(l7)’

fori=1,...,r,j=1,...,ﬁ,andl=2,...,e,

4.2. Frobenius factor. Let k be a perfect field. A map g : ¥ — X of k-
schemes is called a Frobenius factor if it induces bijection on closed points,
and there are an integer s € N and a morphism g’ : X — Y such that the
composition g o g’ is the relative p*-Frobenius on X, where X7 := X x k,Frob,- K.

It is proved in [Hel2, Proposition 4.8] that if g : ¥ — X is a proper morphism
of k-schemes of finite type that induces bijection on geometric points and if Y is
reduced and X is normal, then g is a Frobenius factor.

NOTATION 4.3. For asubset S C X, we write S¢ for X\ S. Recall that e and f
denote the ramification and inertia degree of p over p.

Recall that, elements in X\, come with a chosen order, as fixed in Section 2.1.
We consider the map 0 : ¥, — X, given by 0(1: D= r[+I if] < eand 0(z, ;) =
‘L'p j—1- When p is unramified over p, 6 is exactly the actlon of Frobenius & on 2.
This way, the partial Hasse invariant map at 7 (4.1.1) is a map

W; —> Wp-1; OF cbf,plr.
We recommend the readers to assume that p is unramified over p when reading
this section first time. It helps to understand the key point of the argument.

To better imitate the unramified case, we rename ‘L’é’ i into 7(j_1).4s and set
Ty = Tamodef»> SO that we have 0(t,) = 7,41. Accordingly, we write H for

0) o . .
Hy, o write @7 for ¢y ., write ¥

T(j—lye+l

. ,
ey for Y0, and write Hay;_,,, for the

corresponding partial Hasse invariant map (4.1.1) on Ag, namely m() ifl #1
and Hasse,, ; if / = 1. Similarly, Ha denotes the partial Hasse 1nvar1ant maps
between H,’s that are defined for A{F.
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4.4. A combinatorics construction. For later convenience, we make explicit
the following combinatorics construction: for each S a nonempty proper subset of
2, we decompose the set S into the union of ‘adjacent places’ (according to the
action of 6 on X)), namely, we write

S = {Ta,fls cos Tapns Ty —1s oo Tayj=hy_ys + o o> Tap—1s o+ 5 Ta1711}7 (441)
where the numbers

(1) ay,...,a, € {l,...,ef} are in increasing order such that a;,| — a; > 2 for
alli >2anda, +ef —a, > 2, and

2) rief{l,...,a; —a;_y — 1}foralli >22and A, €{1,...,a,+ef —a, — 1}.
Then we have
T:=0(S\S ={ty,-.-> 7}, and S\O(S) = {Tu,—a,> Tay—ins--+» Tay—i, }-

Recall the stratification X of M in Section 2.12 and the stratification Ys.sr of
M(p)r in Notation 3.4. The following is a key geometric result on the restriction
of the natural map 7, : M(p)r — My when restricted to these strata.

PROPOSITION 4.5. Let S be a subset of Ep, and put T := 6(S)\S. Then
71 (Ys. sc) = X+1. More precisely, if we write pr Y, — X+ for the (PY*T-bundle
given by [],ce\o) P(Ho) (where the product is taken over Xy), then Tily,
factors as

Ysso = Vo = Xo,

where g is a Frobenius factor.

Proof. The cases of S =@ and S = X, correspond to the closure of the ordinary
locus of M(p)r. In this case, 7 is the Frobenius map and an isomorphism,
respectively. From now on, we assume that S is a nonempty proper subset of X,,.
We may assume that S is as described in Section 4.4 so that T = {z,,, ..., T, }.
We first show that m(YS,Sr) C X.. Take an S-point of YS, sc, and we write 2,
and 7 for the evaluation of H, and H/ at this S-point. For t € T = S\0(S),
namely T € S and 6~ 't € s¢, consider the following commutative diagram

v *;

A ! A, 4.5.1)

L Ha, l/ Ha/, L Ha,
v [

(S ) (AL, T ()W,
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Here and later, if T = 7, with a #% 1 mod e, we loose all the Frobenius twists on
the modules at 6~'z. The condition 0~'t € s° implies that Ker(¢;_, ) = cbf,{'e_]r
(which would be @a ¢-1, if T = 7, with @ # 1 mod e, as said above). Since
the image of Ha! : ¢/ — e%f)',({’ t) is exactly d)ff o-1,» We see that the composition
¢, oHa is the zero map, so is the composition Ha, o¢?. In particular, this means
that Im(¢}) C Ker(Ha,). But t € S implies that w, . € Ker(y) = Im(¢?). This
shows that Ha, (w4 ) = 0, meaning that the image of this S-point under 7, lies in
X, (for our chosen T € T). Applying this to each 7 € T shows that ; (I'/S~ sc) C X;.

We now construct the map morphism g that factors the morphism ;. Given
an S-point y of Ys, s, 1(y) belongs to X ¢ as shown above. For each 7 €
S\O(S) = {Tay—s,> Tar—sas - - - » Ta,—3, }» the image ¢ (') C #; defines a rank-
one subbundle of the latter. So this lifts the map 7, to a map

g: Y.vsqsc — P(Hfal—?»l) Xy, Xg, P(He, ) =t Yé.sc.

Since Ye s is reduced and Ys’,sf is normal (as both are smooth over ), we
may use the criterion of Frobenius factors as recalled in Section 4.2. To prove
the Proposition, it suffices to show that g induces a bijection on k-points for any
algebraically closed field k containing F.

We start with a k-point ¥ = (A = A, A, a, F = F,) of X; N M., with k
algebraically closed. We write .77] for H. ;, and we ignore the Frobenius twist on
each 77, (vt € X)), as it is a two-dimensional vector space over an algebraically
closed field.

Claim. Giving a k-point y in Y5 g N 7y (%) is equivalent to specifying, for
each T € X, a one-dimensional subspace M, C .7, (which will be the image
@ (A)), such that

(i) Ha,(M,) € My-1,, and
(ii) foreach r € S, M, = w4, and
(ii1) for each v € 6(S), M, = Ker(Ha,).

We temporarily assume this Claim and deduce the Proposition. Note that, for T €
S¢U6(S), M, is already uniquely determined by (ii) and (iii). Actually, for t €
SN 6O(S) =T, M, is ‘over-determined’ as required to be equal to both w,4 , by
(i1) and Ker(Ha,) by (iii), but these two subspaces of .77 are equal as the Hasse
invariant fzr vanishes at x. The only unspecified M,’s are those with t € S\6(S),
or explicitly with t € {7,,_;,, Ts, -3, > - - -» Tay—2,} i terms of the combinatorics
of Section 4.4. Their choices are equivalent to specifying a point in Y .. over x.
To conclude, we observe that (i) holds for any such choice of M, .
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o If T € 6(5°), Ha,(M,) € Im(Ha,) = @ -1, = My-1, by (ii).
o If T € 6(S), Ha,(M.) = 0 by (iii).

This completes the proof of the Proposition assuming the Claim.
Now we turn to the proof of the Claim. First, given a point

y=A o, F) (AN, d, T, ¥) € Yoo Ny (),

we set M, := ¢ (). Since y € YS, sc, we deduce (ii) and (iii) as follows, which
further imply (i) formally as shown above.

e foreach v € 5, M, :=Im(¢p}) = Ker(¢¥}) = w4 ,, and
e for each t € 0(S), wy9-1. = Ker(¢,_, ); s0 ¢, o Ha! = 0, or equivalently
Ha,; o ¢! = 0. From this we see that M, := Im(¢}) = Ker(Ha,).
Conversely, given M, for T € X, satisfying (i)—(iii), let 15(A) denote the
contravariant Dieudonné module, which decomposes into the direct sum

r

fi
D(A) = P EP DA,

i=1 j=1

according to the O-action, so that each summand ﬁ(A)p,., ; 1s a free module of
rank two over Oppi ®wiEy,).rp,; W) =: OFFi'k (which is a complete discrete
valuation ring). In particular, f)(A)p,.,j/p = Hi(A)y, j is a k[x;]/(x;")-module
free of rank two, where the x; acts by [@;]. In particular, we write x for the action
of [m] on D(A), ;. We write

i 1 DAy, = D(A)y, /P = Hig(A)y,

for the naturally induced map. For each [/ = 0, 1, ..., e, we write j;]; for the
preimage of .# fp(; under the map u, ;, and for [ = 1,...,e, write e%i(lj) =
x! 35'51; so that its image under

. -
IL;JZ)J D(A)p j 5 Hyp(A)y; = H;R(A)P,j/ﬁtgj )

is exactly 77, ; @ In particular, H, @ contains Z, ([)4 =xH,; (H) as Op, y-modules

with colength 1 and jf W = )c’1 pD(A)p e Here and later we say an inclusion
M < N of O, - modules has colength i if N/M is a successive extension of i
copies of Op, + /(@) = k as an O, ,-module.
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Now foreach!/ =1, ...,e, we deﬁne j@ '({) to be the preimage of M, C 7, for

T = tp - under the above map up I it is an (’) F, «k-Submodule of jf D of colength

1. Consider the O-stable submodule M = @,_, @jzl M,, ; of D(A) with

7 D@y i £,
P p’lxjﬁi(j,l) if p; = p.

\Ye shall show that M is a Dieudonné submodule of ﬁ(A), namely, p]\71 - VM C
M. This is clear for the summands with p; # p. At p, in fact, we shall prove the
following stronger statements.

(141)

(a) Foreachj=1,..., fandl=1,...,e—1,wehavean 1nclus10nx%ﬂ C

%/(J” of colength 1 (which in partlcular implies that %’gf? c A f(l-+1)).

(b) For each j = 1,..., f, we have an inclusion xl‘eV(%i(j})) C %ﬂ/(e)l of
colength 1, which in particular implies that f%;;'(f),l cp’! V(t%’;/.(jl)) (note
that x¢ and p define the same ideal in O Fpk)-

Provided (a) and (b), we deduce the following inclusion
VM, ,; =V(p~'xH) ) C A cx AT o ax A =My,

which has total colength e (accumulating 1 from each inclusion). So in particular,
pM p.j—1 1 also contained in V M, ;. We now check (a) and (b). For (a), we first

note that the multiplication by x map: -x : (%’;(’l;'l) — jﬁ( j) is injective and its

reduction modulo x is exactly the partial Hasse invariant Ha,_ K e ¢+ — A, (l?

The fact Ha, i+ (M, /+|) C M, ! from (1) immediately implies that X sends Vay /(”1)

into jf; (j]), Where the cokernel can be easily computed to have length 1. To see

(b), we first claim that the map x'~¢V takes %’;( j) into %’jf j>_ - But this is clear, as
X'V = TV pD(A)) = aps

and it is an O, ,-submodule of jf @ | of colength 1. Moreover, inspecting the

construction of Hasse, ; recalled in Sectlon 2.11, we see that the reduction of the

map x'~“V modulo x is exactly Hasse,, ;. The condition (i) Hasse,,, J'(Mf,', ) C
JJ

M in turn implies that x'~*V takes %ﬂ ‘D into S, /(j) ,» and the cokernel of
this map is one-dimensional over k. This completes checklng (a) and (b)

Now by standard Dieudonné theory, the inclusions pM CVMCMwe just
proved above imply that there exists an abelian variety A’ together with Op-
equivariant isogenies ¢ : A — A’ such that the induced map on Dieudonné
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modules ¢* : D(A) — D(A) can be identified with the natural inclusion
M C D(A) By construction D(A)/M is a free module of rank one over F, ®r, k
as opposed to having rank one over [,[x]/(x*) ®r, k. (Note that the latter
condition would give rise to an isogeny such that ¢ o v is multiplication by p,
but not ‘multiplication by the ideal p’.) We see that there exist a (dual) isogeny
¥ : A’ — Aandapolarization 1’ : A" — A'®p, ¢ satisfying condition (3)(a)—(d)
in Section 3.1. The tame level structure i on A naturally propagates to A’. So it
suffices to define a filtration .’ on w, satisfying (3)(e) of Section 3.1 and check
that the point defined lies on YS se. If p; # p, ¢* and Y* induce isomorphisms
between Hjy(A)y, ; and Hj (A’ )p, ;; this forces ﬁ/(”J = qﬁ*(ﬂ;?j). We now
consider the case atp. For j = 1,..., fandl =1,. — 1, we set

T = x AV pD(A),; and  F) = VD(A)y 111/ pD(A)y) = 0ap
they are subspaces of Hj, (A’ )p.j- Note that by (a) above, we have an inclusion
9’;”]) C 9’;(’[]*1) of colength 1, for/ = 1, ..., e — 1. Similarly, by (b) above, we
have an inclusion

x%i(je) - xpilV(%;;/,(jl)) =xp 'V(px~'My ;) = Vf)(A/)pvf“’

which has colength 1. In other words, we have an inclusion 9 /(e_l) - ﬂ /(e)

colength 1. All these imply that .7, '(”’s deﬁne the needed ﬁltratlon Z on a)A/

Analogous to the situation on A, for Jj= L fandl =1,... e, we set
. 6‘/(1) /(I-1)
Wy = /yp,j :

p.J .
Finally, we check that the point we constructed belongs to Y5 s, For this, it is

enough to check the following.

e For 1 € s¢ w, = Ker(y)) = Im(¢}), which follows from the construction and
condition (i1).

e For 7 € S, w. = Ker(¢;), which is equivalent to Hay, o ¢, = 0, which further
follows from the construction and condition (iii).

This concludes the verification of the Claim and hence completes the proof of
the Proposition. O

COROLLARY 4.6. Let T be a subset of X, with t = #T.

(1) Over the open stratum X >, the fiber dimension of m, is less than or equal to t.
The equality holds only when T is sparse (this is called spaced in [GKal2]),
namely, T and 0t do not belong to T simultaneously for any T € X\,
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2) Suppose that T is a sparse subset of X, then the t-dimensional fibers of
T (XT) are the (not necessarily disjoint) union of YS se Such that T =

B(3)\S.

(3) We write S, for the subset S given in (4.4.1) as determined by T and a tuple
A = (A, ..., A). Then for any two tuples ., A, if A — Al = 2 for some
iefl,.. r} then m, (YSA s¢ N YSA, 55, ) is disjoint from the open stratum Xo

(4) Let A and )" be two tuples such that ; = A; for i # iy and A = XA, + 1.
Then the ideal sheaf defined by the inclusion Ysb s N Y Sy.88, > YSL, s IS

. .
a)-A/’Tui—A; ® Opr -

aj—h;

Proof. (1). By Proposition 4.5, each irreducible component f’s,s« is a fiber bundle
of pure dimension #(6(S)\S) over Xg(s)\s The base is the union of all open
strata X °, with T" D 6(S)\S. In particular, the codimension of X o, is #T’ which
is greater than or equal to the fiber dimension #6(S)\S and the equality holds
exactly when T/ = 6(S)\S (which implies that T’ is sparse). Since this holds true
for all irreducible components, (1) is clear.

(2). This is an immediate corollary of (1).

(3). We know that YsA s ﬂYS 2S5 = YS)USA, s5Us;, - by Lemma 3.5(2). If A} —

2 for some i, then this intersection is contained in Y. . for
S/ = S)\ U {tdi—)\.i—z}‘
But then 6(S")\S" = T U {t,,_1,—1}. So we have

nl(YsL.si N Ysl,s‘)i,) = nl(Ys&us-ﬁ/,siusj\'/) C (Y ,5e) C XTU[ra’.,)\i,l}-

In particular, 7, ( Y. 51,58 nY. SAHS;) does not intersect with X o
(4) Note that the condition implies that S, = S, U {7, _5;}. S0 ¥, sc MY, ¢, =

Y5, s is a closed subscheme in Y5, ¢ defined as the vanishing locus of

¢r , 0N, > WAL -

S a;—X; aj—h;
a; A i i 1 i

The statement of (4) follows, because the ideal sheaf of the vanishing locus of a
section of a line bundle is the inverse line bundle. ]

Before proceeding, we need some additional geometric information regarding
the map 7, : YS « — Xr.
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PROPOSITION 4.7. Let S be a subset of X\, and put T := 0(S)\S.

(1) We have the following isomorphisms of line bundles on Y 5 5¢!

.®p . . _
. . - ift =1, witha=1mod e,
ifr,07'tes, aa, = A0 s ! (4.7.1)
Wap-1; Otherwise,
. 4 ¢ .~ d)i,”e,l ift =1, witha =1mod e,
ift,07'te€sS, wyg,=4.74"T7 ) 4.7.2)
' wpg-1;  Otherwise.

(2) Foreach T € S\O(S), we write O, (—1) for the canonical subline bundle on
Y. .. at the P'-factor indexed by t. Then we have

d).A/,l'uif,\i ; g*OTui,;ﬁ (1)1 and

- ®p . .
{“)A’,raiki, ifa; — X, =1 mod e,

g0, (=D =y, .
¥ otherwise.

Proof. (1) We shall prove (4.7.2) and the proof of (4.7.1) is similar. So we assume
that 7, #~'t € s¢. For simplicity, we assume that T = 7, witha = 1 mod e; the
argument for the other case is similar by loosing all the Frobenius twists in the
proof (and hence getting @ 4/ 4-1, as opposed to d)if g-1, on the right hand side
of (4.7.2)). Take an S-point of YS, sc; we look at the commutative diagram (4.5.1)
which we copy to below

I, (4.7.3)

lHa’, LH&r
*

]/f;*lr ¢9*]r
(A1) ———— (A )P ———— (H1)P.

Since 7,07 't € S, we have
wa . = Ker(y) : I — A =1Im(p) = A — I).

Note that cbf,{’g,lr is also the image of .7#7 but under the map Ha’. To prove the

desired isomorphism, it suffices to show that
Ker(Ha)) = Ker(¢?) = Im(y)). 4.7.4)

Since both sides are subbundle of %”r/ of rank one, it suffices to show that Ha’t o
¥ = 0, which is equivalent to show that ¥, o Ha, = 0. But the image of Ha,
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is exactly ®® % 9 1, Which lies in the kernel of v/, by the assumption 6~ It € s
So we conclude (4 7.4) and hence prove (1).
(2) The first equality follows from the equality
2H;[, -2 = Kergb:u[—x[ ® Imd);-_ . CL)_A/ Ta;—1; ® g*Ofa, ,( ])’
because the left hand side /\27-[’ _,, can be canonically trivialized over M (p) by
Section 4.1(3) and [RX17, Lemma 2.5] (through pulling back along 5).

For the second equality, we shall only prove it when a; — A; = 1 mod e; the
other case is similar but without the additional Frobenius pullbacks. We take an
S-point of YSYSF as above; we may look at (4.7.3) for T = t,,_;,. We note that
.f’ia,v—x,- , is the image of 7  under Ha _,»and g*O;, (1) is the image

of 7,  under ;.- Soit sufﬁces to prove that

A

Taj—2

Ker(Ha’faﬁM_) = Ker(d)fa’_ 7).’_) = Im(y} . ).

Similar to the argument in (1), for rank reasons, it suffices to show that

Ha/f«,-—x,- o ‘/’:u,-—, He s, — (%{;_k 1)@)
is the zero map. But this follows from that wj (a)ﬁf )Tu _,_,) = 0 because
Tgi—2i—1 € S, O

The following corollary of Grothendieck’s formal function theorem will reduce
Proposition 3.19 to a calculation at the component described in Corollary 4.6(2).

PROPOSITION 4.8. Leth : X — Y be a projective morphism between noetherian
schemes, and let t = max{dim X |y € Y}. Let F be a coherent sheaf on X.

(1) Then R'h,(F) =0 foralli > t.

(2) Suppose that X is the union of two components X, U X,, such that
max{dim X, ,|y € Y} < t. Then we have

R'ho(F) = R'ho(Flx,).

Proof. (1) is a corollary of Grothendieck’s formal function theorem; see for
example, [Hart77, Corollary II1.11.2].

(2) Write i : X; — X for the natural inclusion. Let G denote the kernel of the
surjective morphism F — i,F|y,; then G is supported on X,. By (1), R"h.(G) =
R™'h,(G) = 0. So we proved (2). O
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4.9. Proof of Proposition 3.19. We are now ready to prove Proposition 3.19.

By Corollary 4.6(1), for every point % of M of codimension ¢, dim 77, ' (x) < ¢
and the equality holds only when % is a generic point of X2 for some sparse set
T C X, with 1 = #T. By Proposition 4.8(1), the stalk of R>'m; , 750 is zero
at all other points (of codimension #). So to prove Proposition 3.19, it suffices to
show that, for each sparse set T € ¥, witht = #T, R'm; . wy vanishes on every
geometric generic point 7)r of X ° By Corollary 4.6(2), the t-dimension fibers of
X, are exactly those of YS se for which 6(S)\S = T. Write Z. for the union of
these YS, se (with the reduced scheme structure). Using Proposition 4.8(2), we see
that

(R'my om0y @ ) gy = (R 4 (0 @™ 5 ) 4.9.1)

The proof of Proposition 3.19 is then reduced to prove the vanishing of (4.9.1) for
each nonempty sparse set T C X,,. Here and after, we shall frequently write (—),,,
to indicate the base change to the point 7. We shall prove Proposition 3.19 in the
following two steps:

(1) Let (Ys sz»)‘ed denote the reduced subscheme of (YS, s¢)y.- We shall show that
the natural map g/ : (Ys, s )it — (. ts)n = (P! defined below in (4.9.2)
is the p- Frobenlus in the factor labeled by t for which T = 7, with a =
1 mod e; so in particular, (Ys, Sc);er itself is isomorphic to (IP");T.

(2) We shall prove that (nz @"); 2o is a successive extension of line bundles L
supported on each (YS, s )ne»> and Ly, o)t is the external tensor product of

line bundles on ]P’}7T of the form O (n) with n > —1 (assuming our conditions
on weights in Proposition 3.19).

We start with (1). Note that the map g : Y. 5.5 —> Y. .. is a Frobenius factor, so

S, 8¢
the base change (YS s¢)y, to the geometric generic point may not be reduced; we
write (YS s )red for its reduced subscheme. Then the base change of g over to 7y,

denoted by g,,, gives a Frobenius factor (over the residue field «r at nr):

gt (Yoo = (Y s (4.9.2)

We claim that this is in fact the p-Frobenius in the factor labeled by t for which
T = 7, witha = 1 mod e, and an isomorphism on other factors.

To easy the presentation, we may extend both M and M((p) from over O
to over the completion of maximal unramified extension of (0. This way, all
closed points of M and M(p) are defined over FP. We follow the proof of
Proposition 3.3 to take a small enough Zariski open neighborhood U/ € M of
nr (in the integral model) and then take a small enough Zariski open subset
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V C n;7'(U) € M(p) intersecting the fiber Ys s, such that the tuple
(Helv. Helv, @) ¥ )rex,  is isomorphic to

2 2 1 0 ‘L’(w)O
(980 (0 im)- (V).

Let F denote the moduli problem of rank-one O-subbundle M, € O9* for
each t € X,\T corresponding to the subbundle w4 .|y C H.|y. Let G denote
the moduli problem of rank-one Oy-subbundles M, C O for each v € S
corresponding to the subbundles @ 4 .|y C H.|y and rank-one subbundle M/
(9@2 foreach t € s¢ correspondlng to the subbundle @ 4 .|y, € H.|y. The theory
of local model says that X: (respectively Y s.sc) 1s étale locally 1somorphlc to Fy,
(respectively Gg ). The local parameters of Fy (at a point) are u, for 7 € X \T

which measures the position w4 .|y C H.|y. In particular, the completion of X:
at a closed I ,-point x is isomorphic to I, [(u;)-c s\ The local parameters of
GF, (at a point) are u, for T € S which measures the position of @4 .|y C H:|v,
and v, for 7 € S° which measures the position of @ A/ |y € H.|y. In particular,
the completlon of YS s at a closed IFP -point y € m, 'x) N YS sc 18 isomorphic
to IF,, [(u:)ces, (V:)rese]. Note that we can use the same notation u, for local
parameters on Fg and on Gg, because in the homomorphism

% x = FPH(MI)IEEI'\T]] — O\A/) = FP[[(”T)TGS’ (UT)TGS"]] (493)

on the completions induced by m;, one may choose the local parameters in a
compatible way so that u, for t € S is taken to u,.

To understand the image of u, for T € (¥,\T)\S = S° N (S°), we consider a
variant of the argument of Proposition 4.7(1). If 7,07t € s¢ and if T = 7, with
a = 1 mod e, the proof of Proposition 4.7(1) implies that Ker(Ha) = Ker(q&jﬁp).

: : . ~ /(p) s
So we may choose an isomorphism ¢; : Hz,ﬁp =H 6-1eF, such that Ha_ is the

same as ¢, o ¢j? . Under this identification, we have
S p

gl(d)A,r,Fp) = fr(Im(fﬁ )) - Im(Ha ) - wA’ -1 F,"

So we see that we can rearrange the choices of local parameters so that the local
parameter u, (for t € SN O(S°) and T = 7, with a = 1 mod e) is sent to ve .
under the map (4.9.3). The same argument shows that, when 7 € S N 6(s¢) and
T = 7, with @ # 1 mod e, we can rearrange the choices of local parameters so
that u, is sent to vy-i,.

Using this, we see that the completion at a closed point y, of (YS,SL-),7T is
isomorphic to

— ' —
Fp((ur)rexp\T)ag ®Fp[(”r)reZP\T] Fp[(ur)‘EESv (UQ*Ir)reSCﬁ(?(S‘)][[(Ur)reefl(s)ﬂs“]]-
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Using the identification of u, with vg,lr (respectively vg-1,) for T € S°NO(S) with
T =1, fora = 1 mod e (respectively a # 1 mod e), we see that the completion
of (Ys, S/:)f,’er at a closed point y,, is isomorphic to

Kt [[(vr)ree" (s)ns‘f]] .

Here we recall that k- is the residue field of n; and v, is the coordinate for the
subbundle w4 . € H,.

On the other hand, the completion of (Y} ), at f,.(y,) is isomorphic to
KT[[(v;)reS\g(S)]], where v! is the coordinate of the chosen subbundle of H, in
the definition of f/s’.s[. We need to show that, up to adjusting the local parameter
,U/

T2

P o — : — .
forevery 7 € S\O(S),  fr(u) = | Vot 7= Tvitha=lmode;
vg-1, if T = 7, witha # 1 mod e.
4.9.4)
For this, we fix one such t € S\0(S). We assume that T = 7, witha = 1 mod e
(and the other case can be proved in the same way by removing all the Frobenius
twists). Following exactly the same argument as above, we start by noticing that
Ker(Ha)) = Ker(¢:‘ﬁp). So we may choose an isomorphism ¢, : H, 5 = 7-['9(57 ) oF,
such that Ha is the same as ¢, o d’:,ﬁ,,' Under this identification, we have

¢ (Im(¢7 5 ) = Im(Ha)) = &5, - .

So it follows that, up to adjusting the local parameter, (4.9.4) holds. Since g;er is
already a Frobenius factor, it must take the form as described in (1).

Now we may identify (qusc)ﬁf;‘ with (IP’}]T)’ . Write O;(1) for the canonical
quotient bundle from the ith factor. In particular, g; O,, , (1) is equal to O;(p)
if 4 — A = Imode and to O;(1) otherwise. As a corollary of this and
Proposition 4.7, we have

Oi(p) ift =1, andag; —X; = 1 mod e,
| ~lom ift =1, anda; —X; # 1 mod e,
WA 7 |(Vg ge)red = .
AT TN O(=1) i T =1,

Oy, ..y otherwise.
5.8/t

4.9.5)

We now turn to (2). Corollary 4.6(3) and (4) explained the intersection relation
among Y.'SA,S;’S. Puts, =a; —a;_y —1fori >2and s =a +ef —a — 1.
For example when ¢ = 2, the following diagram shows the intersection relation,
where two irreducible components of Z. intersect in codimension 1 if they are
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linked by a line, and they intersect in codimension 2 if they are at the opposite
vertexes of a square:

YSI.I’S‘LI YSI.ZaSLf_z e YSI.SQ«

¢
Sl,sz
Vo o — Yo qo — i Vo o
$2,1,55 522,55, 52,5535,
| | |
Yo o0 — Yo o0 —-—7, .
S"I’I’le.l S"]vz’sxl.Z S“lv-‘Z'Sgl,xz

Moreover, these Ys;;, sc’s have proper intersections by the proof of
Proposition 3.3. So by Corollary 4.6(4), @*|;, is the successive extension of

t
i, . ® ® (wA,,%_%H@w;{rai_“_]) forall A; € {1,...,s;}, (4.9.6)
=l

in which the term with A = 1 is the subobject and the term with A = (s;);=1,...,
the quotient object. Restricting this to the (IP’}]T)’ -bundle (Y ¢ fde, this is equal to

Oi(pka,‘f)v - kai*)ti*]) if )\'i =S and a; — )"i = 1 mod e,

® O,’(ka[,)”. — kal.,)\i,I) if )\.,‘ = and a; — )\.,’ 7_é 1 mod e,
O (pky; 5, — kg 5,1 —1) ifx; Zs;anda; — A, = 1 mod e,

i=1 !

Oikg—3; —kagy—3,—1 — 1) ifA; #s; and a; — &; £ 1 mod e.

i

By the assumption of Proposition 3.19, the numbers in the parentheses of the
right hand side are always > 1. Since H!(P', O(n)) = 0 forn > —1, we see that

R (4.96)|, ) = 0.

It then follows that
R'701 (030" | (z,ye8) = O. (4.9.7)
To prove the needed vanishing of (4.9.1) and hence Proposition 3.19, we
observe that, due to the cohomological dimension, by Proposition 4.8(1),
R'm (=) is a right exact functor on sheaves set-theoretically supported on
(Z: ;id, and it is trivial on any coherent sheaf set-theoretically supported in
dimension < ¢ subspace of (Z‘T)?Td. We show below that, by (a variant of)
Nakayama lemma, this implies that

R'71 (036" 2,.) = 0.
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Indeed, write F for (n;‘d)“‘)l(z‘r)“. If Z is the ideal sheaf of (Z'T)ffTd in (Z'T),n, it is
enough to show that

Rm (L' F/IT'F)=0 foreveryi >0.

ButZ' /"' @ F — I' F /Z'"' F. By the right exactness of R'm; .(—), it suffices
to show the vanishing of R'7, . (Z' /27" ® F). But Z'/Z'"' @ F is (scheme-
theoretically) supported on (Z'T)f;’Td and it receives generic surjective maps from
finite direct sums of F| ;. yied (for example, induced by local generators of Z'). By
the properties of R'm; ,(—) recalled above and the vanishing result (4.9.7), we
deduce that R'7; .(Z' /2" ® F) = 0. This concludes Proposition 3.19. O

5. Unramifiedness of modular representations in weight 1

Recall that O denotes the ring of integers in a large enough finite extension E
of Q,, with uniformizer & and residue field IF. For simplicity, we assume for the
entirety of this section that the prime p is inert in F, so that the Hecke operator
T, will be denoted by T,. We denote by € : Gr — O the p-adic cyclotomic
character of G, and by ¢, its reduction modulo @ ".

Recall that Sh denotes the Hilbert modular Shimura scheme, smooth over
Spec O, of tame level K? satisfying Hypothesis 2.3. For any positive integer m,
denote by Sh,, the base change of Sh — Spec O to Spec(O/(w™)), and write
similarly Sh)"", »* , and so on.

m

We assume throughout this section that p is odd.

5.1. Shimura varieties with auxiliary level structures. We follow [CG12*]
for most of the notation and constructions of this section. Recall that S denotes
the finite set of places including the archimedean places, p-adic places, and all
the places q where K; # GL,(Op,) (cf. Section 2.8). Let Q denote a finite set
of finite places of F disjoint from S. (We will fix later suitable sets Q consisting
of Taylor-Wiles primes; for now, @ = @ is allowed.) With abuse of notation, we
will often use the letters S and Q also to denote the ideals of O determined by
the ‘product’ of the finite places in S and Q, respectively.

Denote by Sh(Q) (respectively Sh(Q);) the Shimura scheme over Spec O of
tame level

KP(Q) := {(Z Z) € K?; ¢ =0mod Q} and

K?(Q), = {(‘c’ Z) € K7(Q): d = a mod Q} , (5.1.1)
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respectively. For each ¢ € €, there is a natural étale morphism M. (Q), —
M (Q) — M., where the first map has Galois group (Op/Q0p)* =
[1,c0(Or/9)*. Note that we have equalities

K’K,NO% = K" (QK,NO: = K"(Q),K,NOF. (5.1.2)

So when passing to the quotient by this group (as in the beginning of Section 2.4)
and summing over all ¢ € €, we obtain a natural étale cover

Sh(Q); — Sh(Q) — Sh, (5.1.3)

where the first map has Galois group (Or/QOr)*. (In an earlier version of this
paper, we used another tame level structure that causes further complication. We
thank the anonymous referee for pointing out this.) Let (Or/QOr)* — A be a
quotient map and denote by M (Q), (respectively Sh(Q),) the corresponding
subcover over M (Q) (respectively Sh(Q)) with Galois group A.

We now explain the extension of (5.1.3) to the toroidal compactification. Using
what we have recalled on the toroidal compactifications in Section 2.5, we see that
over each cusp of M, labeled by C = (a, b, L, i, j, A, ), the cusps of M (Q)
are labeled by subsets R C Q:

C'R = (aa ba Lai’ j7 )"7(172)

where ag isa K”(Q)/K (N Q)?-orbit of isomorphisms

a®@Parg: (Or/NON® & @(Or/901)® > N'L/Le @ a'L/L,
qeQ qeQ qeQ

where ar 4 is given by the matrix (} 9) if ¢ € R, and is given by the matrix ({ })
if ¢ ¢ R. Rigorously speaking, to literally apply Section 2.5, we need to use
principal level structure with integer levels. But we can easily modify the above
definition by introducing a positive prime-to-p N integer Q that is divisible by Q,
and then take K (N Q)? /K (N Q)? invariants.

We say that this cusp Cr of M (Q) is unramified at R C Q. In terms of the
recipe in Section 2.5, we have X, ; = (R/Q)Xj,. (in particular, if R = Q,
the map M (Q) — M, is an isomorphism at that cusp if we use the pullback
cone decomposition). In general, we give an O *-stable smooth admissible cone
decomposition of X E,*c Lat each cusp Cr, that refines the restriction of the cone
decomposition of X7,/ ,. This way we obtain a morphism M. (Q)*" — M and
then a morphism Sh(Q)" — Sh'" that extends the second map in (5.1.3).

For the map M (Q), — M (Q), over each such cusp Cr of M (Q), the
cusps of M (Q), are parametrized by A. Precisely speaking, for each § € A,
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there is a cusp with label
C’R = (a’ ba La iv ja )"a a'R,S)a

where g s = o @ @qeg (aR,q . (g (IJ)), where § is a lift of & for the quotient
map (Or/QOF)* — A. We note that Xj,. . 1 = Xj,._ . So we may pullback the
cone decomposition on X EZR] to a (smooth admissible) cone decomposition on

*+
X[}/cRﬁ
on M (Q), this way. Therefore, we have natural étale covering maps

- For the rest of this paper, we shall always take the cone decomposition

MA(Q)F - M (D) and Sh(Q)7" — Sh(D)™

with Galois group A.

5.2. Hecke algebras with Taylor—Wiles primes. For a finite set of places Q
as above (allowing Q = @) and a choice of quotient (Or/Q0Or)* — A, we define
the abstract tame Hecke algebra to be

TuQniv = O[Allty; g ¢ SU Q][s;; q finite].

Let ']I‘g} denote the image of the abstract tame Hecke algebra ']I“SiV acting on
B> H(Sh(Q)Y',,, wi™"), by sending 1, = T, (4 ¢ SU Q), s > S,
and [a] — the Diamond operator {a) for a € (Or/QOr)* lifting a € A. We
remind the reader again that, due to our normalization of tame Hecke operators in
Section 2.9, weight (n, n — 2)) is the parallel weight n in many other literatures.

Let p : Gr — GL,(FF) be an absolute irreducible representation (which we do
not assume to be unramified at p at this moment). Let mj, denote the maximal
ideal of ’]I‘éO}, generated by

w, tq—tr(p(Froby)) (q ¢ S), and s; — det(p(Froby))  (for all finite q),

(5.2.1)
where det(p(Frob,)) is independent of the choice of the Frobenius elements at .
We assume that Q satisfies the following additional conditions:

e foreach q € @ we have N(q) = 1 mod p,

e for each q € Q the polynomial X* — T,X + Sy € T{MO}[X ] has distinct roots
modulo my; we choose for each q € Q one such root «; € I (and enlarging the
field F if necessary), and

e The group A is a p-group.
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Let my, denote the maximal ideal of ']I‘g} containing the generators (5.2.1) and
the elements U, — o4 for g € Q. It follows from the main theorem of [ERX17]

that there is a Galois representation pg : G — GLZ(Tg{m,Q ) lifting p, unramified

outside S U Q, and such that tr(pg(Frob,)) = T, and det(pg (Froby)) = Sy for
allgg SU Q.

PROPOSITION 5.3. Assume that for any lift Frob, € Gp of the arithmetic
Frobenius at p, the eigenvalues of p(Frob,) in F are distinct. Then there exists

a unique deformation
po:Gr— GLy(Tg )

of p unramified outside S U Q and such that for all primes q ¢ S U Q we have
tr(pg(Froby)) = T, and det(pg(Froby)) = S;‘. In particular, pg is unramified
at p.

Proof. Recall that we did not insist that p to be unramified at p. If p is ramified at
P, the representation pg we obtain is the zero representation, that is, T{gm, =0.

Thanks to the existence and properties of the operator 7} acting on \?veight
one forms (cf. Section 3.10), we can prove this Proposition exactly as in [CG127,
Theorem 3.11], where the case F = Q is treated (see also [DS74] and [Ed92,
Proposition 2.7]). For completeness, we sketch the argument below, but the reader
is referred to [CG12*, Theorem 3.11] for further details.

Let M be an arbitrary positive integer divisible by p™~! and denote by hy €
H°(Sh(Q)Y",,, oM ®=D:Mr=D)) 4 lift to O/(w™) of the Mth power of the total
Hasse invariant 1 € H°(Sh(Q)s, w "~ (cf. [ERX17, Section 3.3.1]). Let
U, denote the action of the Hecke operator 7] on modular forms of paritious
weight (m,n —2) ;= A+ M@p—1),M(p — 1) — 1) over O/(w™). Moreover,
we assume that n is sufficiently large so that H>°(Sh(Q)', wi" ™) = 0. We
remark that, because of our choice of w = n — 2 (for parallel weight n forms), the
normalization factor as explained in Remark 3.14 is just 1. So we can temporarily
ease ourselves from the scrutiny of normalizations.

Define the operator

Vi i=hyoT) —Ubohy
sending H(Sh(Q)Y',,, ®,,) into H*(Sh(Q)'Y",,, @®™). (If m = 1 we can choose
M = 1 and then V}; coincides with the classical operator V, (up to a twist)
induced by Frobenius base change on the abelian schemes parametrized by
Sh ® F.) Notice that V}; is well defined, since the hypothesis on our weights
guarantees that 7 and U, are defined.

Now, we study the effect of these operators on the g-expansions. First, the
g-expansion of hy is one at each cusp of Sh”". By Remark 3.14 and the setup
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of Section 2.9, at a cusp C = (a,b, L, i, j, A, @) of M., if we put C' := (a,
b, L', i, pj, pX, ((1) pgl)a) and C" = (a,b,L", p7li, j, pA, (1’(;] ?)oz), where L’
(respectively L") is the natural pullback (respectively pushout) of L via the
inclusion b € p~'b (respectively a* C p~'a*), we can write down explicitly the
action of U I‘,‘ and TI? on the level of g-expansions (modulo =™):

(ls(U;(f), C, Tateq ) = a,e(f,C', Tate,,) and
ag(Tp“(f), C, Tateq ) = a,:(f,C', Tateq p) + a,-1:(f, C", Tateq ).

So it follows that
af(v]:}(f)7 Cv Tatea,b) = a[)’IE(f; C//a Tateu.b)'
We claim that the following natural map

Y = (hu, Vip) - HO(Sh(Q)Y,, 0l ) — H(Sh(Q)Y’,,., 03" ) (5.3.1)

m m

is injective. It is enough to prove the injectivity when m = 1; indeed, if
ahy f = bV,;g fora,b € O/w™ and (f, g) € H(Sh(Q)Y,,, w{l"")®2, then
writing @ = w’a and b = w’b with (@, b) € (O/w™")®\{(0, 0)}, we must
have ahy f = bV}g in H(Sh(Q)",, ™). So injectivity of ¥, implies the
injectivity of v,,,. We quickly remark that both V}; and multiplication by 2" are
clearly (individually) injective as can be seen from the map on the g-expansions.
Now, suppose that we have

W f=a-Vyg for(f, g € HSh(QY, 0" ") anda e F;. (53.2)

We now pullback all forms to M (Q)"", instead. Recall that there is a differential
operator 6 acting on Hilbert modular forms over F and increasing weight by
(p+1,..., p+ 1), whose action on g-expansion mod p (at any cusps) is given
by: Y, a.q® — > Nmgg(a) - aeq® (cf. [AGOS5, Section 16.2]). Applying 6
to both sides of (5.3.2), we obtain that 8 (h™ f ) = 0. Since 6 and h commute
(we can check this on g-expansion), the injectivity of & implies that f € ker6.
We conclude that f = 0, since 6 has trivial kernel in weight (1, —1). (This last
fact follows from the arguments of [Ka76, [V], suitably extended to the settings of
Hilbert modular forms.) By (5.3.2) again, we see that V,(g) = 0, by the injectivity
of V,; we conclude g = 0. Therefore, we have proved the claim above, namely
the injectivity of i, and hence of (5.3.1).

We point out that (5.3.1) is also equivariant under the action of ’JI‘{QO} (as can be
seen on the g-expansions). The action of U, on the domain of ,, is then given,

via ¥ !, by the matrix
Ty Sy
-10 )’
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which can be seen by the explicit g-expansions. Here S is as defined in
Section 2.9. Therefore, U ]'j satisfies X2 — T;X + S; = 0. Denote by o and
B the distinct eigenvalues of p(Frob,) in F*, and choose lifts & and ,3 of o
and B respectively to O (for this we might need to enlarge E). We have
af = S, mod mg, and the Hecke operator (U, — @)(U,; — B) acts nilpotently
on Im(I//m)m/Q . In particular, this implies that U[‘,1 is invertible on Im(lﬂm)m'g and
Tn _ Sn(Un)—l _|_ Un

We denote by T'g 0" , the Hecke algebra acting on @,,,, H*(Sh(Q)",,, 0" =)
generated by the operators Tyforq¢ SUQ, U, forqe Q,S), and the dlamond

operators. We set T{gn = ']I‘gn[U »]. Denote by my, , the maximal ideal of ’H‘{Qo{n
generated by (5.2.1) and U, — «, for all ¢ € Q. Let moreover m, (respectively
mg) denote the maximal ideal of Tg}n containing my, , and U, — o (respectively
—B).
Let I,, denote the annihilator in Tg}m, of H'(Sh(Q)¥" , =Dy . As in
mlg ,m m Qo

[CG12*, Section 3.5], we see that TG, /1,[U"] C Endo(Imy)g, contains T}

and is naturally a quotient of Tg},n,m‘ Denote by pone : Gr — GLZ(TQ otig)
the Galois representation attached to the ordinary Hecke algebra acting in welght
(m, n — 2) and cohomological degree zero. Composing this representation with
the quotient map considered above, we obtain representations pg,, : Gr

GLQ(T{O} /1, U )2 Since all traces and determinants lie in the smaller ring

Q,my
{0} .
TQ!m,Q/Im, we obtain a representation pg, : Gp — GLZ(TQ!m,Q/Im). The

representation pg = l(glm po.m satisfies the desired properties, except possibly
the condition of being unramified at p. We observe that

- _(€NPIrg %
pQ,m|GFP —_ 0 )\'~

where A, : G, — (O/(@w™))* denotes the unramified character of G F, sending a
geometric Frobenius element to x. Notice that P~ is trivial since p”~' divides
M.

The Galois representation oo, can be equivalently (by the Chebotarev density
theorem) defined using the eigenvalue S, so that:

~ ~ )\5[ % ~ )\5 %
pQ,m|GFI7 — 0 )‘«5 = 0 )\’& .

Since & # ,5 we deduce that the extension classes denoted by x are trivial. Thus
Po.m and hence pg ,, is unramified at p. O
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REMARK 5.4. It seems that the methods of [CG12*, Section 3.6—7] would allow
us to prove the above result also when o = 8. See for example, [DW15*].

5.5. Unramifiedness in the case of surfaces. We assume in this section that
g = 2. Recall that we are moreover requiring for simplicity that p is inert in F.
We will prove, under the assumption of Frobenius distinguishedness introduced in
Proposition 5.3, that Galois representations arising from Hilbert modular classes
of paritious weights x = (1, —1) are unramified at p. We keep the notation as in
Section 5.2 and Proposition 5.3.

Let x denote the Teichmiiller lift of detp and denote by Ry the complete
local Noetherian (J-algebra representing the functor of framed (O-deformations
of plg, 5,0 With determinant x .

Denote by T the image of the abstract tame Hecke algebra acting on

P HGhDY,. 0l "),

m>1,k>0

by sending t; = T, (q ¢ SU Q), sg > Sg, and [a] > the Diamond operator {a)
fora € (Or/QOr)* lifting a € A. There is a natural surjective map Tg — ’]I‘{QO}
(where the latter is the Hecke action on H® only). Let mg denote the preimage of
the maximal ideal m'y. The main result of [ERX17] implies that there is a natural
continuous homomorphism of O-algebras Rg — T m,. In particular, we can
view H*(Sh(Q)'",,, @{l""")m, as a module over Rg.

We shall frequently use the following. The exact sequence

( 1,-1) (1 -1

_ i
0— o™V Zs ol — o -0

of coherent sheaves on Sh(Q)Y" induces a long exact sequence in cohomology

which, after localization at mg, is given by

. — H' (Sh(Q)‘Of 1—1))mg _) Hi (Sh(Q)lor (1'_1)):119
— H' (Sh(g tzrm’ 1, _1))an Hl+1(Sh(Q)t0r 1, —1))n1Q ... (551)

m

Denote by .#g the ideal of Rg characterized by the following property: a lifting
0 : Gr.sug = GLy(A) of p with values in a complete local noetherian O-algebra
A is unramified at the unique prime of F above p if and only if the corresponding
map Rg — A factors through Rg/.%5.

LEMMA 5.6. Ifi € {0, 2}, the Rg-module H' (Sh(Q)'Y",,, @', is supported
on Spec(Rg/-#9).
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Proof. Wheni = 0 this follows from the Frobenius distinguishedness assumption
and Proposition 5.3. Assume i = 2. By Lemma 2.10, the Serre duality gives a
natural isomorphism

H*(Sh(Q)Y',,, @}) = H’(Sh(Q)Y',,, @}, (=D))"
intertwining the action of 7, with Tqv for q ¢ SU Q. But the Galois representation

appearing in HO(Sh(Q)‘Z','m, @ (—=D))mo S (Sh(Q)Y',,, @) m, is unramified by
Proposition 5.3. This implies our lemma when i = 2. O

Note that we did not require the residual representation p to be unramified at p.
(But of course if 4 is ramified at p, the localizations H' (Sh(Q)Y',,, @{"" ") for
i =0, 2 are zero.) The following lemma shows this for i = 1.

LEMMA 5.7. Suppose that p is modular, that is, mg is not the entire To. The
representation p is unramified at p.

Proof. Suppose by contradiction that p is ramified at p. By Lemma 5.6 we see
that H' (Sh(Q)Y’,,, @)y = 0 fori € {0, 2} and for any m. We need to prove

A,m?
this fori = 1.

The exact sequence (5.5.1) gives:
0 — H'(Sh(QY. 0" M)mg ”—> H'Sh(Q)F, 0" Mg — H' (W), 0 mg
- H*(Sh(Q)Y, 0" )y — % H*Sh(Q)Y, @t )y = 0.

The injectivity of the second map implies that H'(Sh(Q)Y, ")y, is
w-torsion free. But by Fact 5.8 below, H'! (Sh(Q)F g, @ o 71))mg sees only
representations that are unramified at p. From this, we deduce that H'(Sh(Q)'Y,

o D), = 0. Moreover, the surjectivity of the multiplication by @™ map
between the degree-two cohomology groups implies that those localized modules
are zero. We conclude that H'(Sh(Q)'",,, @{" "), = 0, and hence the ideal mg
is not in the support of any cohomology, contradicting the modularity of p. [

FACT 5.8. All Galois representations appeared in H' (Sh(Q)Z’rC, =Dy are
unramified at p.
Proof. It follows from [Harr88, Theorem 2.4.4] that

H'(Sh(Q)ic. 0 ™") = H' (4, Kai Ca ® C(1)).

After localizing at a non-Eisenstein ideal, an easy computation of (g, K.)-
cohomology gives an isomorphism of Hecke modules

H' (Sh(Q)Y¢, 08 Mg = H(Sh(Q)'Y s 08 M mg ® AT(CH).
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Our Fact follows from the unramifiedness of Galois representation arising from
H' by [DS74]. O

From now on, we assume that p is modular.

PROPOSITION 5.9. There exists a positive integer n such that the Rg-modules
H'(Sh(Q)%', 1), and Hi(Sh(Q)Z’fm, o) o, are annihilated by S5 for
all i, m. Moreover, the value n = 3 suffices (when g = 2).

Proof. We argue using the long exact sequence (5.5.1) of Rg-modules, which we
spell out here.

0= HSHQ), 0" g > H'(Sh(QY, 0" )y > HSHQ,, @ mg

Am> m

— H'(Sh(Q)Y, 0" Mg = 2y H'(Sh(Q)™, o Do = H' (SH(QY,, 0" )

m

— HASh(Q, 0" )y T HASH(Q)Y, 0* D)y = HAS(Q)F,. & )

A.m? m

—0. (5.9.1)
First, H(Sh(Q)Y', ")y, is w-torsion free, hence it is a Hecke-equivariant

subspace of HO(Sh(Q)‘XrE, 1_l))mQ, which is annihilated by #5 thanks
to [DS74]. By Lemma 5.6, we know that H°(Sh(Q)Y,,. &% ")m, and
H*(Sh(Q)Y',, w~),. are annihilated by .#o. Moreover, by Serre duality
and its compatibility with Hecke operators (cf. Lemma 2.10), we have an

isomorphism of Rg-modules
HA(Sh(Q), 0" g = HO(SH(Q)Y, ™" @ E/O);,,

We know that .%5 annihilate the right hand side, so it also kills the left hand side.
We now look at the following exact sequence of Rg-modules (to separate the
torsion part and torsion-free part)

0= H'(Sh(QY, 0" g [™] - H'(Sh(Q), 0" g

— E®o H'(Sh(Q)Y, 0 g
(5.9.2)

The torsion part in the above sequence is a quotient of H°(Sh(Q)Y",,, ol 71))mg
for some large enough m’ > 0 by (5.9.1); in particular as an Rg-module it
is annihilated by .#g. The last term of (5.9.2) coincides with H'(Sh(Q)%",,
a)g’_l))mg and is therefore annihilated by .#¢ according to Fact 5.8. We conclude
that 3 - H'(Sh*", 0" D) =

Finally, by exact sequence (5.9.1), the term H'(Sh)>", w{"~"),,, is an extension
of a submodule of H*(Sh*", "), and a quotient of H'(Sh*", o*~") .. So

it is annihilated by fé. This concludes the proof of the Proposition. O
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5.10. The patching argument. We make use here the techniques of patching
complexes of [CG12*, Section 6]. All the ring dimensions computed below are
absolute Krull dimensions, unless otherwise stated. Recall that p is assumed to
be inert in the totally real field F, and that we assume g = 2 (but most of the
arguments below continue to hold for arbitrary g).

Let RE denote the universal framed O-deformation ring of p|,,, corresponding
to lifts of determinant x |g,, . Let .#, denote the ideal defining the locus where the
universal (framed) deformation of p is unramified. For each positive integer n
we set RL”) = RE /84 »- Since unramified lifts are determined by the matrix of a
Frobenius element, we deduce by simple calculations that:

: (n) _
dlme =4,

Recall the finite set S of places of F defined in Section 2.9. For each finite
place q € S\{p} we similarly denote by RE the universal framed O-deformation
ring of /5|Grq corresponding to lifts of determinant x |qu . Since q 1 p we have (cf.
[Boel3, Theorem 3.3.1]):

dimR; =4, qeS\(p}).

Put R
R = R®0 Q) . Ri-
We put R(Q") = Rg/SL, and let R(Q”)’Ds denote the deformation ring with
frames at finite places in S. In particular, R(Q")’DS is a free power series ring in
J :=4|S| — 1 variables over R(Q"). Moreover, restriction to decomposition groups

at the finite places in S induces a natural morphism R\ — R(Q")’DS.

Assume that p(Gr) contains SL,(FF,) and that p > 3. Recall that p is totally
odd, since it is modular. By [Gel4, Proposition 5.9] there exists an integer ¢ > 1
with the following property: for any N > 1 there is a set Qy consisting of finite
primes of F such that:

Qy has cardinality ¢ and is disjoint from the set S;

for each q € Qy, p(Frob,) has two distinct eigenvalues o, B, € IF;

Nm(q) = 1 (mod p") for all g € Qy;
° RSL’DS

is topologically generated over Rl((’)’c) byh:=qg+|S|—-1—-[F:Q]=

q + |S| — 3 elements.

For each N we now fix a choice of Taylor—Wiles primes Q, and for each such
set a choice of distinguished eigenvalue « of p(Frob,) for q | Qy .
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Set n = 3 and define

R N R( )[[-x17~-'7'xh]]’

loc

so that
dmR, =3|S|+1+h=14+g+j—[F:Q] (5.10.1)

We choose for each N > 1 a surjection
Roo — RS (5.10.2)

We let Sy = O[Ay], where Ay = (Z/p"7Z)?, and we set Sy, = lim Sy ~
Ol(Z,)"].If M > N > 0andif [ is an ideal of O, we regard Sy /I as a quotient
of Sy via the natural surjective maps O — O/I and Ay — Ay.

We denote the operation of complete tensor product over O with O := O[[z,

., z;]] by the superscript L. For example, SOEC'J = S ®00[[z1, ..., Z;1l.

Denote by m,, the maximal ideal of the Hecke algebra Ty, contracting to
my C Ty and containing U, — a4 for each q | Qy, where the eigenvalues o are
fixed as above. Applying to our settings the construction of [CG12*, Section 7.2]
(noting that Sh(Q), — Sh(Q) is étale with Galois group (Or/QOr)* by
Section 5.1), we deduce the existence of a perfect complex

00— CN,Z e CN,I —> CN,O -0

of Sy/(w)-modules with an action of TQN,mQN whose ith homology is
Toy,me, -equivariantly isomorphic to:

Hi(Sh(Qu), s @y ™ (=D)mg,, = H'(Sh(QW) S, s oy ™ g, -
Here the superscript ¥ denotes taking O/ (= ")-dual.

REMARK 5.11. The complex that we have denoted here by Cy . is denoted in the
end of [CG12*, Section 7.2] by hm T™C,, where T is a suitable Hecke operator
constructed therein. Taking the limit is what allows to obtain the cohomology
localized at mg,, as in [CG12*, Section 7.2].

Let D% denote the chain complex obtained from Cy , by taking O/(zV)-duals,
that is, D}, := Cy, ;. Observe that

H'(Dy) ~ H' (Sh(Q0)'S, vr @ ™ Mma, (5.11.1)

is the cohomology in which we are interested. The main result of [ERX17]
together with Proposition 5.9 imply the existence of a canonical map RS)A;DS —
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TSN,mQN
DE’* = D;@O(’)D. In particular, for each M > N > 0 with M > 1 and for
each m > 1, the cohomology H' (DAD/* ®s,, Sn/(@™)) is also an R,,-module via
(5.10.2), and the actions of R, and S,E on this space commute.

We let H := H*(Sh*", 0" ®0 E/O)n, and we defined a chain complex
T with trivial differentials d = 0 by setting 7' := H'(Sh", w{" ")y, so that
H*(T) ~ H/(w). We also set R = Rg”ﬂs to be the global deformation ring
defined earlier attached to the empty set of Taylor—Wiles primes. Notice that H is
an R-module.

By (5.10.1) we have the numerical equality:

, so that the global deformation ring RS)A;DS acts on the cohomology of

dim R,, = dim S — [F : Q].

We then see that the hypotheses of [CG12*, Theorem 6.3] are satisfied (the
notation we introduced for Sy, So, R, Ry, H, T, and Dy matches the notation
of the statement of the theorem in [CG12*], with [, there being equal to g = 2).
In particular, we can patch the complexes Dj, to produce a perfect chain complex

0.0 0.1 0.2
0—- P, =P — P;"—=0

of finitely generated SODO-modules which is a projective resolution of H 2(POE**).
Moreover, the cohomology of PJ* carries an action of R,,®0S. We have
therefore an isomorphism of Ry, ® o O/ (zw™)-modules:

Torl™ (H(P2). 0/(@™) = H'(P2* &5 O/(@™).

Observe that the action of R, on H Z(PE’*) factors through the quotient by
Z, R+ since the top-degree cohomology H?(PZ) is constructed by patching the
duals of a suitable system of HO(D;‘;L_ Qsy, Sy, /(™)) for various M; > N; > 1
(cf. proof of [CG12*, Theorem 6.3]), and these H° are all supported on the
unramified locus by (5.11.1) and Proposition 5.3. So H' (POE'** Qg0 O/(w™)) ~

H'(Shy", o{"V)0 " is annihilated by .#, C R}’ Similarly, running the same
O
argument for Tor;~ (H*(PJ™), 0), we deduce that H'(Sh™, o™~")J s

annihilated by .7,,.
We conclude:

THEOREM 5.12. Assume that p > 3, that p is Frobenius-distinguished at p, and
that p(G ) contains SLy(F ). Then the cohomology groups H'(Sh>", 0=y
and H'(Sh*", ")y, are supported on Spec(Ry/-%y), that is, they give rise to
Galois representations unramified at p.
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REMARK 5.13. It seems that if we assume minimality condition analogous to
[CG12*, Theorem 1.3], we might be able to prove certain R = T theorem for
minimal deformations.

5.14. A conjecture. The conjecture below follows from the expected
properties of modular Galois representations arising from forms of weight

1,...,1:

CONIJECTURE 5.15. Let F be a totally real number field of degree g over Q and
let p be an arbitrary prime number. Fix a prime p of F lying above p, and let
ky = ((kr)zex, W) be a paritious weight such that k. = 1 for all T € X, and that
w = —1. Let T denote the image of the universal tame Hecke algebra acting on
H*(Sh*', E/O ®p **) and let m denote a non-Eisenstein maximal ideal of T,
with associated Galois representation p. Then:

(1) p is unramified at p;

(2) Let R denote the universal ring for O-deformations of p with fixed central
character, and let .9 denote the proper ideal of R cutting out the locus of
lifts that are unramified at p. Then there exists a positive integer n depending
on g such that 9" annihilates the R-module H*(Sh"", E/O ®p @ ).

Assuming the above conjecture and applying the arguments of the previous
section one can prove that:

55 O, m i pOx m i tor  wp\O
Tor;™ (H*(P."), O/(@™)) =~ H'(P," ®@s0 O/(w™)) =~ H'(Sh,", w,?)
for all i and all m. (Here the notation is as before.) Using a suitable generalization
of Proposition 5.3 to the case of non-Frobenius-distinguished representations,
together with Grothendieck—Serre—Verdier duality, we see that the action of R
on H# (POE'**) factors through .#. We then obtain:

PROPOSITION 5.16. Fix a prime p of F above p > 3 and a paritious weight
ky with k;, = 1 for all T € X, and w = —1. Let T denote the image
of the universal tame Hecke algebra acting on H*(Sh'", E/O ®¢ «*) and
let m denote a non-Eisenstein maximal ideal of T. Assume the validity of
Conjecture 5.15, and suppose Proposition 5.3 holds without the assumption of
Frobenius distinguishness at p. Then H*(Sh*', E/O ®o &*? )y, is supported on
the unramified locus of Spec R.
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