DOUBLE SERIES OF ISOLS
JOSEPH BARBACK

1. Introduction. It is assumed that the reader is familiar with the fol-
lowing notions: regressive function, regressive set, regressive isol, infinite
series of isols, the minimum of two regressive isols, combinatorial function,
and canonical extension. We shall use the slightly more general definition of a

regressive function introduced in (3). The next three notions are defined in
(2), the fifth in (3), and the last two in (7 and 8). Let

e = the set of all non-negative integers (numbers),
A = the collection of all isols,
Ar = the collection of all regressive isols.

Dekker (2) associated with every sequence {a,} of numbers a function
Y sa, from Az into A. In the special case that a, is a recursive function it
can be shown (1) that D_sa, maps A into Az The main object of this paper
is to introduce and study a double series D (s.r @;; associated with any
double sequence {a;;} of numbers (i.e., function from e? into €) and any
ordered pair (S, T") of regressive isols. The principal definition is as follows:

DEFINITION 1. Let {a;;} be any double sequence of numbers. Then for
(S, T) € A%,

Z(s.r) Ay = ReCIZkeBsEtestj:i[skv ti, V(akz)],

where v(ax:) = {y|y < axi} and s, and t; are any two regressive functions such
that psy € S and pt; € T.

Since any two regressive functions which range over sets belonging to the
same isol are recursively equivalent, it easily follows that the sum of the
double series given above is well defined. It will be shown that D s,z a4, is
always an isol. On the other hand, it need not be a regressive isol; this is
true even if a;; is a recursive function.

The principal result of this paper is the following

THEOREM. Let a,, be a recursive function. Let the recursive function q(x,v)
be defined by

Qoy = Dicz O i<y G (= 0 if either x = 0 or y = 0),
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and let Q(X,Y) be its canonical extension to A% Then for all regressive isols S
and T,

D aiy = Q(S, T).

2. Preliminaries. Throughout this paper we shall use the notation and
terminology introduced in (2 and 3). In particular, we let

V = the class of all sets,
Q = the class of all finite sets,
A; = the collection of all cosimple isols,
Acr = the collection of all cosimple regressive isols,
Q = the collection of all RET’s.

The functions j, js, k, k31, ka2, k33, I will denote the familiar primitive recursive
functions defined by

J,y) = x4+ x4+ )« +y+1)/2,
Ja, 9, 2) = j(x, j(y 2)),
Jjk(n), L(n)) = n,
Ja(kar(n), kse(n), kss(n)) = n.

The function j maps ¢ one-to-one onto ¢ and the function j; maps €* one-to-
one onto e. If # is any number, then v(rn) = {y|y < n}. If @ is any set, then

o' denotes its complement, i.e., &/ = ¢ — a; po, p1, - - . Will denote the well-
known canonical enumeration of the class Q defined by
po= 0

_ (¥1, . . ., y&) where ¥y, . .., y; are the distinct
Pa+1 numbers such that x + 1 = 2v1 -, ., 4 2k,

The cardinality of the set p, is denoted by 7(x); it is easily seen that r(x) is
a recursive function. Finally, if ¢, is a regressive function and p is a regressing
function of ¢,, then p* will denote the partial recursive function associated
with p (3, p. 348) having the property that p*(¢,) = n for n € &t

3. Elementary properties of double series. The main purpose of this
section is to investigate which of the following elementary propositions con-
cerning series of the form ZT a, can be generalized to double series.

Let T € Ag and let a,, b, be recursive functions. Then

(@) Dra. € A,

8) 2.7, € Ag,

() Srkea, =k ra, for k € e
) >oran+ 2 rby =21 (@ + b)),

(e) >l =T
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Remark. The references for these five propositions are as follows: the first
is (2, Theorem 1), the second is (1, Theorem 1), both propositions (y) and
(6) follow from (1, Theorem 2), and proposition (e) appears on (2, p. 89).

It is readily verified that Definition 1 is equivalent to

DEFINITION 2. Let {a;} be any double sequence of numbers and (S, T') any
ordered pair of regressive isols. If both S and T are finite, say S = p and T = g,

s Gig = Doicp Doi<a @iy (= 0 if either p = 0 or ¢ = 0).
If S is finite and T is infinite, say S = p,

2sm iy =2 7 @+ ...+ apmry) (=0if p=0).
If S is infinite and T is finite, say T = g,

sy =25 @0+ ... Fane1) (=0if g =0).
If both T and S are infinite,

Z (8,7 Qi3 = Rqu ;}j3(8kr ty, v(ax1)),

where s, and t, are any two regressive functions ranging over sets belonging to
S and T, respectively.

PROPOSITION 1. For every double sequence {a;;} of numbers, Y (s.z) @i is @
function from A% into A.

Proof. Let {a;;} be any double sequence of numbers and (S, 7°) any ordered
pair of regressive isols. If both S and T are finite, then so is ) (s, m @:; and
our assertion is true. If exactly one of S and T is finite, then Z(S,T) a;; is
an isol (2, Theorem 1). Assume that both S and T are infinite regressive
isols. Let s, and ¢, be regressive functions ranging over the sets ¢ € S and
7 € T, respectively. We know that ¢ and 7 and hence also j(e, 7) are immune.
We have to prove that

(1) > > jalsk ti, v(axs)] is an isolated set.

o
k=0 1=0

Assume that

6 CZ Zj3[5k» ty, v(ax)),
=0 =0

where § is r.e. Then j[k31(5), k32(8)] is an r.e. subset of the immune set j(q, 7).
Hence j[k31(8), k32(8)] is finite, say

Jlk31(8), ks2(8)] = (G (Suors to)s - + + 7 (Sutry toin))-
Then

T
6 C kz_:oji?[su(k): Lo ¥ (@uwy o)) € O,

and & is finite. This completes the proof.
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PROPOSITION 2. Let a;; be a recursive function. Then ) (s, 1) @1, is a function
from A%y imto A

Proof. Let (S, T') be any ordered pair of cosimple, regressive isols. If either
S or T is zero, then so is Z(S_T)a,-j and our statement is correct. Assume
now that both S and T are positive. Let s, and ¢, be regressive functions
ranging over the cosimple sets ¢ € .S and 7 € T, respectively. Let p(x) and
g(x) be regressing functions of s, and #,, respectively. Then

(1) ZkeasZzeazja[sm ¢y, V(akl)] € Z(s,r) @;j.

To prove that Y s ¢ @y is cosimple, let ¢ denote the set appearing on
the left-hand side of (1). Then

Jsx,yz) €E¢@x oy Cr, and 3 < Q.
Jslx, ) € excd Vyer Vix oty €og* and 2> apw .ol
Hence
2 € ¢ S ka(z) €0V ks(z) €17V [ku(z) € 0p*, kia(z) € 8¢*, and
ks3(2) > a(P*ksi(z), ¢*kaa(2))].

Since ¢’ and 7’ are r.e. sets and a;; is a recursive function, it follows that ¢
has an r.e. complement. This completes the proof.

DEerFINITION 3. Let, for all numbers i and j,

€5 = 1,
__Jo, if 7 5 7,
dus = {1, if i = .
PROPOSITION 3. For every ordered pair (S, T') of regressive isols,
(a) 2osm ey =ST,
(b) Z(s,r) di; = min (S, T).

Proof. (a) Let S and T be any two regressive isols. If either both S and T°
are finite or at least one is zero, then (a) readily follows. Assume that at
least one of S and T is infinite and that both are positive. First, assume that
exactly one of S and T is infinite. We may suppose without loss in generality
that S = p > 0 and 7T is infinite. Then

Ssmey =201 +...+1) by Definition 2,

P
=2 rp
=P'ZT1 by (v),
=p-T by (e),

=S-T.
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Suppose now that both .S and 7 are infinite regressive isols. Let s, and ¢, be
regressive functions ranging over the sets ¢ € .S and 7 € T, respectively. Then

Ms
Ms

j3(sky ¢y O) € Z €ije
(8, 7)

0 0

b
|
-~
I

Clearly,

Ms
Ms

Fa(sx, 23, 0) = j3(o, 7,0) € S-T,

o
Il
o
~
I

0
and therefore

Z(S:T) €ij = S'T.

(b) Let S and T be any two regressive isols. If one of S and T is zero, then
both sides of (b) are zero and we are through. In addition, if both S and T
are finite and positive, then (b) readily follows by elementary algebra. Assume
now that at least one of S and T is infinite and that both are positive. First,
assume that exactly one of S and T is infinite. We may suppose without loss
of generality that S = p > 0, while T is infinite. Then min (S, T) = p and

Ssmdy=2.0o;+...+dp;) by Definition 2,
=2 7do;+ ...+ rdp1,; by (),
=14...41=p=min (S, 7).

————

b4

Suppose now that both S and T are infinite regressive isols. Let s, and ¢,
be regressive functions ranging over sets belonging to .S and T, respectively.
Then, by Definitions 2 and 3,

2 dalse 4, 0) € 2 iy
k=0 (s, 1)
Clearly,

;,ﬁ(skr t, 0) Q;)J'(Sk, t) € min (S, T)
and therefore
>s.m diy = min (S, T).

Remark. It follows from Proposition 3(a) that the conditional

ST € s }=>Z(S,T)aij€ Ar

a;; a recursive function
is false. For if we take a;; = e;; this conditional reduces to
S, T € Ag= ST € Ap,
which is false by (3, Theorem T2). The conditional

S) T E AC’R
a;; a recursive function

} =>Z(s.1') @iy € Ace
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is also false, since A¢g is not closed under multiplication either (3, Theorem
T2).

The identity of Proposition 3(a) represents a special case of the following
more general result.

PRrOPOSITION 4. Let a; and b; be any pair of recursive functions. Let S and T
be any pair of regressive isols. Then

Zs ai'ZT by = Z(S,T) a;b;

The proof of this proposition can be readily established and we shall omit
it here. One can also show the following.

PROPOSITION 5. Let ayy and by, be two recursive functions. Let S and T be any
two regressive isols. Then

@) Denkay;=kdsmnay  for k€
(b)  2sm @iyt 2osm by = 2s.m @y + bay).
A useful consequence of this proposition is the following corollary.

COROLLARY. Let a;; and b;; be two recursive functions such that b;; < @y
Then for all regressive isols S and T,

2w Gy — Qs by =2 s, (@i — bay).

4. Recursive functions and double series. In this section we shall
consider some relationships between recursive functions, regressive isols, and
double series. As a starting point we choose the following two theorems con-
cerning combinatorial functions and infinite series of isols.

THEOREM A (Sansone). Let f(n) be a combinatorial function with F(X) as
its canonical extension, and let T ¢ Ag. Then

F(T) = 2257 Crmy
where {c,} is the sequence of combinatorial coefficients of the function f(n).

THEOREM B. Let a, be a recursive combinatorial function, and let

Sn = 2icn @i (=0 for n = 0).
Then s, is a recursive combinatorial function; moreover, for T € Ap,
S(T) = ZT Ay,

where S(X) 1s the canonical extension of s(x).

Theorem A is (12, Lemma 1) if T € e and (13, Theorem 4.5)if T € Ar — ¢,
while Theorem B is (2, Theorem 2). We shall first prove an analogue of
Theorem A for double series and then one for Theorem B. The following
proposition will be useful.
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ProposiTION 7. Let f(m,n) be a combinatorial function with {c;;} as the
double sequence of its combinatorial coefficients, i.e.,

onm =2 Zeo (7) (7).

2”1 2"—1

fim,n) = 'Zo Zocr(i),f(j)‘
i=0 j=

Proof. We proceed along the lines of the proof of (12, Lemma 1). Since

Then

7 e e
every n-element set has 1> subsets of cardinality ¢, we have

1)  fOm,m) = card {73(x, ¥, 2)|pr C vmy py Cvn and 2 < ¢r),r )}
It follows from the definition of p, that

p:Crex<204214 .. 42"l xr 2" — 1.
Combining this with (1), we obtain

flm, n) = card {]3(x, ¥, 2) e < 27 Ly <27 and 2 < crwyra)

o™

; Z=: 7(1),7()*

DEFINITION 4. Let a(n) be a one-to-one function from e into e. Then a’ (n) is
that unique function with the property pymy = a(py).

It is readily seen that if @, is any one-to-one function with range «, then
a’, is also one-to-one, and ranges over 2¢; also, 7(a’,) = r(n). It is known
(12, Lemma 2) that if a, is a regressive function, then so is a/,. We shall
make use of these facts in the discussion which follows. We also need the
following proposition.

ProrosiTION 9. Let f(x,y) be a combinatorial function and let {c;;} be the
double sequence of its combinatorial coefficients. Let p be amy number. Put
g(x) = f(p,x) and h(x) = f(x,p). Then g(x) and h(x) are also combinatorial
functions. Moreover, if {d;} and {e;} are the sequences of combinatorial coeffi-
cients of g(x) and h(x), respectively, then

Py

(1) dry = kZO Cra) 1)
2P 1

(2) ey = ;} Cr(3), vk

Proof. Since ¢;; > 0 for all 7 and j, it follows from (1) and (2) that d,,
e, > 0 for all x .Thus (1) and (2) imply that g(x) and %(x) are combinatorial
functions. In view of considerations of symmetry it suffices to prove (1). For

e e =% e () ()

=0 j=0 J
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hence

s £ £2) () -£[£()]2)
We also have
g(x) =]Z; dj(ojf).

Since every function uniquely determines the sequence of its combinatorial
coefficients, we obtain

- P
d; = ;0 Cij <z> for every j,

¥4
3) drp = Zoci,,(j) <1:> for every j.
Let % successively assume the values 0,...,2?7 — 1. Then p; ranges without

repetitions over the class of all subsets of a p-element set, namely (0, ...,
p — 1), and for 0 < 7 < p,

7 (k) assumes the value 7 exactly <€> times.
This implies that

? 2P_1
4) ZO Ci,r() (f> = kZO cray.rp  for every j.
= =

Relations (3) and (4) imply (1).

THEOREM 1. Let f(x, y) be a combinatorial function with canonical extension
F(X,Y)and let S, T € Ag. Then

1) F(S, T) = 225 Criyoria
where {c;;} 1s the double sequence of combinatorial coefficients of f(x, y).

Proof. If both S and T are finite, then (1) follows from Proposition 7.
Assume now that at least one of S and T is infinite. First, let us assume that
exactly one of S and T is infinite. We may suppose without loss in generality
that S is finite, say .S = p, while T is infinite. Let g(x) = f(p, x). By Propo-
sition 8, g(x) is a combinatorial function. Let {d;} be the sequence of com-
binatorial coefficients of g(x) and let G(X) be the canonical extension of
g(x). In view of Proposition 8 and Theorem A, we have

2?1
2) dij = k;) Cr 0,10y
(3) G(T) =D o7dy;y  for T € Ap.
In addition, by (11, p. 107, line —9), g(x) = f(p, x) implies that
G(T) = F(p, T).
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Hence
F(S,T) = Fp, T) = G(T) = 27 dyy by (3),
=227 (o + -+ - F Cramnirn by (2),
= D @5.27) Criyorty) by Definition 2.

Suppose now that both S and T are infinite regressive isols. Let s, and ¢,
be regressive functions ranging over the sets ¢ € S, 7 € T, respectively. Then
s’y and ¢/, are also regressive functions and

“) ps’ = 27 € 25, ot/ = 27 ¢ 27,

Hence

(5) _(kzl) 67.[5569 t; y V(Cr(k).r(l))] E Z (2S,2T)Cr(i),7(j).
Jlk, D=

Also, for o, 8 € V, let
®(a, B) = {7s(x, y, Z)[Pr Co, 0y CByand 2 < ¢riy.rny}

or equivalently,

(6) ®(a, B) = 2 {jslx, 3, v (Creanr) llx € 2% and y € 26}.

Then ®(«, B) denotes the normal mapping from V2 into V which induces the
combinatorial function f(x,y); cf. (4 and 7). Therefore

) ®(o, 7) € F(S, 7).
In view of (5) and (7), it suffices to prove that

)

®) ®(0, 7) E Jals"e sty v(Crayrn) 1

Ik, 1)=0
Combining (4) and (6), we obtain

o)

9) ®(o,7) = Z j3[5,k’t’lvy(cr(s'k)-r(l’l))]-

1k, H)=0

Moreover, 7(s’,) = r(n) and r(¢',) = r(n); cf. the remark after Definition 4.
Combining this fact with (9), we have
®(o,7) = 2, Jals'u s t'0s v(Crayrn)]-
3l =0

This proves (8) and completes the proof of (1).

DEFINITION 5. Let a; be any function from € into e. The function q(x,y)
defined by

q(x, y) =Zi<zZi<uaij (=03 x=00ry=0),

is the partial sum-function of a ;.

We state without proof
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ProposiTiON 9. If the function a;; is combinatorial, so is its partial sum-
Sfunction q(x,y). In fact, if

1 dzu=§3 Z”)c“<x-> <y)'

=0 j=0 1 J

then
z v x

2) qx,y) = E E Ci—l,i—1< > <y> ,
i=0 j=0 7 J

where cx,—1 = c—1,5 = 0, for all B > —1.

COROLLARY. Let a,, be a combinatorial function and q(x, v) its partial sum-
Sfunction. Let {c;;} and {d;;} be the double sequences of combinatorial coefficients
of ayy and q(x,v), respectively. Then for all numbers 1 and j,

do,y = dio =0 and dip,401 = ¢4y

Remark. It is easily seen from Definition 5 and Proposition 9 that if a., is
a recursive and combinatorial function, so is its partial sum-function ¢(x, ).
In addition, if {c;;} and {d,;} denote the double sequences of combinatorial
coefficients of a,, and ¢(x, y), respectively, then c¢,; and d,; are recursive
functions.

THEOREM 2. Let a,, be a recursive combinatorial function. Let q(x, y) be the
partial sum-function of an, and Q(X, Y) its canonical extension. Let S, T € Ar.
Then

Z(S,T) a;; = Q(S, 7).

Proof. If both S and T are finite, then (1) {ollows from Definitions 2 and 5.
Also, if either S or T is zero, then both sides of (1) are zero and our assertion
is obvious. Assume now that both S and 7T are positive and at least one is
infinite. First, assume that exactly one of S and 7 is infinite. We may suppose
without loss in generality that S is finite, say S = p > 0, while T is infinite.
Set

bi = Qo,; + ) + Ap—1,iy

h(x) q(p, x) =Zi<z b,

Note that %(x) is the partial sum-function of b, (2, p. 86). Also, a,, is a re-
cursive and combinatorial function of x and y; hence 5, is a recursive and
combinatorial {function of x. In addition, since ¢(x, y) is a recursive and com-
binatorial function, it follows that % (x) is also a recursive and combinatorial
function. Let H(X) denote the canonical extension of k(x). Since, for all x,
h(x) = q(p, x) we have by (9, Theorem 7.3) that H(X) = Q(p, X) for X € Q,
and, in particular,

3) H(T) = Q(p, ).

2)
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Hence
Q(S, 1) =Q, I) = H(T) by (3),
=2 rb, by Theorem B,
=ET (do,i'l‘--- +ap-—l,i) bY (2),

= Z(s,r) @y .

Assume now that both S and T are infinite regressive isols. Let s, and ¢,
be regressive functions ranging over the sets ¢ € .S and 7 € T, respectively.
Let s, and ¢, be the regressive functions corresponding to s, and £,; cf. Defi-
nition 4. They range over the sets 27 and 27 respectively. In addition, let {c;;}
and {d;;} denote the double sequences of combinatorial coefficients of the
functions a,, and ¢(x, y), respectively. Then

©

Z j3[skytl» V(akl)] € Z Qij,
(8,7)

ik, =0

4)

[

> alshe s by v@rayr)] € D 28,218 sy, 1

ik, 1)=0

By Theorem 1,

Q(S, T) = 28,27 driy.riiys
and therefore

oo}

) j(k}_l:)_gs[s'k U v(dray.rn)] € Q(S, T).
Put ’

)

'p = E j3[sk) tl: V(akl)],

J(k, 1)=0

[es)

¢ = Z j3[5,k , ' ’ V(df(k),r(l))]-

ik, )=0

To prove (1), it suffices to establish
(6) ¢ =<
Put
- 40, if 7 =0,
77 \max (o)), if j >0,
Yr1 = j3[slc1 ty, V(akl)]y
flcl = {js(S'k, tlz, Z)lf = k, 5’ =] and z < d,(z),r(y)}.
We claim that

)

(a) Y = i Vi and § =D &

ik, =0 ik, =0

where (Yx1)x,ice and ({x1)e,1ce are classes of mutually disjoint sets;
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(b) card ¢;; = card {; for B, 1€ ¢;
(c) given any element j;(s, ¢, 2) € ¢, we can compute the numbers &, I
such that j;(s, ¢, 2) € ¢;; and also the members and cardinality of each of

the two sets ¢¥z; and g}
(d) given any element j;(s’, ', 2) € {, we can compute the numbers &, I
such that j;(s’, ¢, 2) € {5 and also the members and cardinality of each of

the two sets ¢; and ¢ ;.

Re (a). It is clear that ($x1)r, e and ($x1)x, ce are classes of mutually dis-
joint sets and that

=3

Y= D Yu.

s D=0
Moreover, it is readily seen that

©

) 2 Cre.

3k, 1y=0

Now assume that js(s';, ', 2) € ¢. Taking into account that do; = dy = 0
and z < d,@),rw, we see that r(x), 7(y) &£ 0; hence p,, p, # 0 and x,y > 0.

Thus
]'3(8,1, t/I/r Z) € g‘kl) for kB = T, I = 3_1

We have now proved that

oo

8) ¢C 2 fur

40ks =0
In view of (7) and (8), the proof of (a) is complete.
Re (b). Clearly,
9 card ¢y, = card v(ax;) = axs.

We now determine the cardinality of {;;. Any set with # as its maximum must
be non-empty and have cardinality < » + 1. Thus

(st 2) €Et=1<r(x) <k+1 and 1<7(y) <1l +1,

and therefore

k+1 41

Sor = 2_:1 Zl 7G5z, 'y, )=k 5 =1r(x) = u,r(y) = v, and z < dy.}.

Let (u,v) be any ordered pair such that 1 <u <k 4+ 1,1 <v <7l + 1. We
wish to find out for how many ordered triples (x, v, 2z) the statement

(10) F3(s' ¥y 2) € Gy fl) =u, r(¥) =1, and z < d,,
is true. Every set with u# as cardinality and & as maximum is of the form

() + some (u — 1)-element subset of »;.
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Thus the number of such sets is (j i 1) and the x in(10) can be chosen
in (u i 1) ways. Similarly, the y in (10) can be chosen in (v _l 1) ways.

Finally, the z in (10) can be chosen in d,, ways. Hence

k+1 141 k ]
cardg‘k;=zz ( >< >duv

1 y=1 u—1 v — 1

k !
e <u> (v) du+1.v+1

2 (k> <1lJ) cww by Proposition 9, Corollary,

=0 u

3
I

Il
M-
M.

2
I
=]
~ 1

I
M=

8
I
-3

= by the definition of c,,.

Combining this last result with (9), we complete the proof of (b).

Re (c). Let ji(s,t, 2) € ¢. The functions s, and ¢, are regressive; hence
we can compute the numbers £ and / such that s = sz and ¢ = £;. Moreover,
@,y is a recursive function; thus we can compute the elements and cardinality
of the set ¢;; = js[sx, £1, v(@x:)]. From the numbers %, [, s, t;, we can compute

(i) the 2*¥ numbers 7 such that z = &,
(ii) the 2! numbers j such that j = [,
(iii) the 2 4 1 elements so, ..., Sk,

(iv) the ! + 1 elements ¢y, ..., t;.

By (i) and (iii), we can effectively find the 2* sets s(p;) for which 7 = &,
hence also the 2% numbers s’; for which 2 = k. Similarly, we can, by (ii) and
(iv), effectively find the 2! numbers #; for which j = I The functions r(x)
and d;; are recursive; hence so is the function d,y,,;- We can therefore
compute the elements and cardinality of the set

o= {is("u ') s =k, j =1, and z < d;5),,5}-

Re (d). Let ji(s', ¢, 2) € ¢. The functions s’,, t',, being regressive, we can
compute the numbers x and y such that s’ = s’, and # = ¢/,. We already
noted in the proof of (a) that x,y > 0. We can now compute the numbers
k=2 and I = y. Hence

Js(s'y b, 2) = 3s(s's by, 3) € Crue

From the relations py ) = s(p;) and & = I, we conclude that s; € py¢). The
number s; can therefore be computed from s'(x) and k. In view of (b) and
73(s's, ¥y 2) € Er1y we see that ¢4 % 0. Thus

(11) j3(skvtly 0) e ¢klv

where j3(si, £1,0) can be computed. Using (c) it follows that the elements
and cardinality of each of the two sets ¢;; and {;; can be computed. This
completes the proof of (d).
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14 JOSEPH BARBACK

We now establish that y = {. Let, for each (%,1) € €%, p;i(z) be the 1-1
function that maps ¢4; in the order-preserving manner onto {; Let

g(2) = pri(z), for z € ¥,

where (%, 1) is the ordered pair such that z € ¢;;. Thus g maps ¢ 1-1 onto ¢.
Using (c) and (d), we can prove that both g and g~! have partial recursive
extensions. This shows that ¢ ~ ¢, that i.e. (6) is true, and completes the
proof of the theorem.

To illustrate Theorem 2, we evaluate D (s, ma;,; for one simple recursive
combinatorial function a,; namely 7-j. Clearly,

EZi-j=(m_1)"Z(n_1)n (=0if m =0 or n =0).

<m j<m
Thus, for S, T € Ag,

0 f S=0o0rT=0,
2= <S—1)S4(T_1)T it S, T 0.

THEOREM 3. Let a,y be a recursive function. Let q(x,y) be the partial sum-
Sfunction of ayy and Q(X, Y) its canonical extension. Let S, T € Ag. Then

Z(S,T)aij = Q(S, 1.

Proof. Assume the statement of the theorem. Let a,,* and a,,~ be the
positive and megative parts, respectively, associated with the function a,,; cf.
(8). Then a,,* and a,,~ are recursive and combinatorial functions such that

Qi; = aij+ — Q5 .

Since a;; is always non-negative, we have a;;¥ > a;;7. Combining this fact
with the corollary to Proposition 5, we obtain

1) 25 Cis = Duis.m Git — Dism if

Let gt(x,y) and ¢ (x,y) be the partial sum-functions of a.,* and a,,,
respectively, having the respective canonical extensions Q*+(X, ¥) and
0~ (X, Y). It easily follows that for all x,y € ¢,

qx,y) = ¢ (x,y) — ¢ (%, 9);

in fact, gt (x, ¥) and ¢~ (x, ¥) are the positive and negative parts, respectively,
associated with the function ¢(x, y). Hence

(2) X, V) =0QvX,Y) - Q0 (X, 1) for X,V € A.
In addition, by Theorem 3, we have

(3) 2 it = QF(S, T) and 2sm ey =0 (S, T).

The desired conclusion now follows from (1), (2), and (3).
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Remark. We wish to observe here one consequence of Theorem 3, the fact
that the minimum function for pairs of regressive isols introduced in (3) and
the canonical extension, restricted to A%, of the well-known minimum func-
tion for pairs of numbers are equivalent. For this purpose, let us first recall
the definition of the function d,, given by

L0 i),
Y1, if ¢ =7;
and also the fact (Proposition 3(b)) that for S, 7 € Ag,
(%) Z(s,r) di; = min (S, T).

Clearly the function d,, is recursive, and in addition, it easily follows that
its partial sum-function is the function minimum (x, y) : € — ¢. Combining
this fact with Theorem 3, we see that the left side of (x), and hence also the
right side, represents the canonical extension of the function minimum (x, ¥)
evaluated at the ordered pair (S, T'). Since this is true for each ordered pair
(S, T) of regressive isols, the desired equivalence follows.
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