
N. Gupta and K. Tahara
Nagoya Math. J.
Vol. 100 (1985), 127-133

DIMENSION AND LOWER CENTRAL SUBGROUPS

OF METABELIAN P-GROUPS

NARAIN GUPTA* AND KEN-ICHI TAHARA

To the memory of the late Takehiko Miyata

§ 1. Introduction

It is a well-known result due to Sjogren [9] that if G is a finitely

generated p-group then, for all n <Lp — 1, the (n + 2)-th dimension sub-

group Dn+2(G) of G coincides with Tn+2(G), the (n + 2)-th term of the lower

central series of G. This was earlier proved by Moran [5] for n < p — 2.

For p = 2, Sjogren's result is the best possible as Rips [8] has exhibited

a finite 2-group G for which DIG) Φ T,(G) (see also Tahara [10, 11]). In

this note we prove that if G is a finitely generated metabelian p-group

then, for all n <Lp, D2

n+2(G) g Tn+2(G)- It follows, in particular, that, for

p odd, Dn+2(G) = Ϊn+2(G) for all n^p and all metabelian p-groups G.

§ 2. Notation and preliminaries

While the central idea of the proof of our main result stems from

Gupta [1], with a slight repetition, it is equally convenient to give a

self-contained proof using a less cumbersome notation.

Let f = ZF(F — 1) denote the augmentation ideal of the integral

group ring ZF of a free group F freely generated by xί9 x29 , xm9 m >̂ 2.

For a fixed prime p, let (pa\ pa% , pam), aλ ^ a2 2> ^ am > 0 be an

tti-tuple of p-powers, and let S = (xf\ xf% , xζm, Ffs) be the normal

subgroup of F so that F/S is abelian. Set 3 = ZF(S — 1), the ideal of

ZF generated by all elements s — 1, s e S. For 1 <̂  n <̂  p, we shall need

to investigate the structure of the subgroup Dn+2(\§) = Ff](l + ^ + ]n+2)

of F which consists of all elements w e F such that w — 1 e f3 + ]n+2.

It is clear that [F', S]ϊn+2(F) Q Dn+2(\2).

L e t w e Dn+2Q§) b e a n a r b i t r a r y e l e m e n t . T h e n w — le\2 a n d i t
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follows that w e F'. Thus, modulo F", using the Jacobi identity, we may

write w as

(1) w ΞΞ wxw2 wm_ly

where

m

(2) wt= Ujx^xj]^

and dί} = d^fa, xi+ί, , xn) e ZF. For i = 1, 2, , m, define homomor-

phisms ^i: ZF -> Z F by xk -> 1 if ^ <I ί, xfc —>• x& if ^ > ί. Since the ideals

f, 3 are invariant under θ/s, it follows, using #1? θ2, -, ^m_2 in succession,

that if w ; - l € f ^ + f+2 then w< - i 6 f g + fn+2 for each ί. For each

k = 1, 2, , m, define

/ Q \ /Λχ. \ 1 4- r 4- . . . 4- τp<Xk~1

Then

( Σ
( 4 )

We can now prove,

= Pk

LEMMA 2.1. Lβί wi be as in (2) with wt — 1 6 f§ + fn+2 α îd n <ίp.,

Then, modulo § + fn, d^ = t(Xi)atJ = t(Xj)bij9 where t(xt)9 t(Xj) are given by

(3), α^ e Z α?z<i 6^ 6 ZF. Moreover, if ai — a3 then bυ e Z.

Proof. Expansion of wt — 1 shows

m

( 5 ) Σ {(^ - 1)(*, - 1) - (^ - 1)(^ - l)}dϋ € f§ + Γ + 2 .

Since f is a free right ZF-module on xt — 1, #2 — 1, , xm — 1, it follows

from (5) that, for all j = i + 1, , m,

(x, ~l)(

which yields

( 6 ) (Xi

and, in turn,

(7) dt,e

where t(xt) is given by (3). Since n <^p, (4) induces that, for k ^ ί,

t(Xi)(xk - 1) =pai~akpak(xk - 1) = Omod(§ + f) . Thus (7) implies d^ =
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mod (§> + fn) with dijβZ. Substituting in (5) gives

and, as before,

Using the homomorphisms θi+l9 -,θm-i in turn, gives

( 8 ) (xj-ϊ)dίje$ + ^+ί

for all j = i + 1, , m, since di} = tix^a^ mod (3 + j72) with a i ; e Z. Thus

( 9 ) d<, e t(Xj)ZF + 2 + fn,

and if at = aό then, as before, dυ = tty^b^ mod (§> + fn) with 6 ί ; e Z. This

completes the proof of the lemma.

Now, let ——d be a free partial derivative of deZF with respect
dxk

to xk. Then we prove,

LEMMA 2.2. ~^-dί5 ep"kZF + g + f-1, i < jfe,

Proof. We have

9 £) g ^ + p α A z F ; -^--(r71) g f"-1.
dxk

Thus since cί̂  = t{x^)atj mod (3 + fn) with ai3 e Z, it follows that

-3—di5 = 0 mod (pα*ZF + § + f - 1 ) .

By (4) and c?̂  = t(xt)aίj mod (̂  + fn), we have

Since p"*'1 divides f^ 'Y - — dtJ = 0 m o d ί p " ' " 1 ^ - ΐ)p-2ZF + pa*ZF +
\ p 1 dxt

$ + ί72"1)- If &t = aj then btj e Z, and we may differentiate dis = t(xj)bίj with
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respect to xt to obtain the desired result.

Next, we need to expand [xux3]
dιj — 1 modulo (fg + fn+2). We first

observe,

[ •Ί<yβiγβi + 1 . . . γβm -<

#ί> Xjl ι ί + 1 m — 1
V -βm. . . Ύ>-βi + lγ-βi{\γ γ l iWί iJ t + 1, . . γβm

Ξ ([jct, x,] - l)αcf' •«£,--
k = i

Thus,
m

[xi; x,]tfi' - 1 = ([xt, x3] - ΐ)d{J - Σ (** -

Now, modulo (f2g + fB+2)

([xi; x,] - l)du = x?x?{{xt - l)(x, - 1) - (x, - l)(x4 - l)}dυ

= {(xt - ϊ)(xj - 1) - (x, - l)(xt -

- (χt - l){(x, - ΐ)(Xj - 1) - (x, - l)(x4 -

- (Xj - ΐ){(Xi - l)(x, - 1) - (Xj - l)(x ; - ΐ)}dtj

= (x£ - l)(x, - ΐ)dtj - (Xj - l)(x t - ΐ)di},

by (6) and (8)

= (xt - l)(x, - lXCx^δ,, - (xj - 1)(JC, - l)ί(xι)α y,
by Lemma 2.1

= (x, - l)(*f"« - 1) - (x, - l)(xf i a« - 1).

Thus we have,

LEMMA 2.3. Modulo (fg + f+ 2),

[xu xj\d« - l = (Xi- ϊ)(xfίb'' - 1) - (x, - l )(«r i e " - 1)

- Σ (** - !)([**. xj^"8^*" - 1)
k i

Finally, using (6) and (8), we have, for any xk, mod [Fr, S]ΐnt3(F),

[[xt, XjY", x j = [xt, xJt xk]
dii

= [xif xk, XjViJ[xk, x,, xt]*«

ΞΞ [x<f xkγ-ι+w[xk, Xjγ-^^»
-1

Thus we have,
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LEMMA 2.4 (Gupta [2]). [Dn+2(fg), F] g [F',[S]rn+>(F) for all n^O.

This completes our preliminary discussions.

§ 3. The main theorem

Let G be a finitely generated metabelian p-group. Then G admits a

presentation of the form

Q _ 7777? — / r r . . . r r ^ α T r ^ T . . . r ^ α m Γ Γ . . . Wf\

where ax ^ a2 ^ ^ αm > 0 (see for instance [4], page 149). Let S be

the normal subgroup of F generated by xfa\ xξa% , xζm and F', then it

follows that S' Q R g S. In terms of the free group rings, the dimension

subgroup Dn+2(G) = Dn+2(x)/R, where τ = ZF(R - 1) and Dn+2(τ) = Ff]

(1 + r + ΐ n + s ) . Then i?rn+2(F) g Z)w+2(r). If z e Dn+2(x), then « - 1 e x + f+2

implies that zr — l e f t + fn+2 for some reR. It follows that Dn+2(G) —

rw+2(G) if and only if Dn+2{\x) = Ff](l + ft + Γ+2) g RTn+2(F). We now

prove our main result.

THEOREM 3.1. D2

n+2(]x) g Rϊn+2(F) for all n^p.

Proof. Let M; e J3w+2(fr). Then w - 1 e ft + f+2 g fg + f+2, and by

Lemma 2.1,

where d^ = t{x^aίό = t(xj)bi5 mod (§ + fTC). Now, w — 1 e ft + fTC+2 implies

^ - 1 e \x + fZ + f+2. Then it follows by Lemma 2.3, that

(10) w - 1 = f; (xk - l)(yku? - 1) = 0 mod (ft + f 3 + fκ + 2),
k = l

where

y* = Π ̂ rpαίαifc Π *Γ 6 *, wt = π bi, ΛJ**^/ 3 ^^/ .
iύk

From (10) it follows that for each k = 1, 2, , m,

y . α ί 1 - l e t + f£ + f+\

which yields, in turn, using ft g f3,

with some rfc e i?, and by Lemma 2.4, for all k = 1, 2, , m,
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which reduces to

[xu,yicU^]eRrn

and hence

(11) [xt9u^][xk9yk]eR

Next, [xk, u^:1] = [xk, lit]-1 mod Rϊn+2{F), and [xk, uk] is a product of com-

mutators of the form

[**, fa, X j Y « a ' d W ] , l ^ i ^ k , l ^ ί < j < m .

By Lemma 2.2, for either i < k or i = k and cct — aj9

[xk, [xi9 X]Y«w***u] = [χ&, [Xu Xj]p°****] for some i e Z F ,

If i = /2 and at > ^ , then by Lemma 2.2, for some υ, w e ZF,

[x» lx» XjY""9***"] = [χu [Xi9 ^γiP'i'+p '-H**-*'-^

^[[XuXjY'^'-^'^Xi]-1

= [xf\ X J ^ ^ ^ X J Γ " 1 " ^ mod [F\ S]Tn+2(F)
V

= [ζp xt> •• •, xtf'1'1"1" mod Rrn+2(F)

= l m o d Rΐn+2(F).

Thus (11) is reduced to [xk,yk] eRΐπ+i(F). However,

[ac*,yJ= Π[*Γ β β»*J Π [**,*ΓM

= Π fe> * J Λ " Π [**, ̂ ]4 wmod [F', S]rn+2(F).
i<k k<j

Thus

m

M;2 = Π [**, yJ = 1 mod Rϊn+2(F).

This completes the proof of our main theorem.

As a corollary we obtain,

THEOREM 3.2. Let G be a finitely generated metabelian p-group. Then
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( a ) Dn+2(G) = ϊnΛG) for all n £ p - l ,

( b ) ίfp = 2, D\(G)QΠG),

( c ) if p is odd, DP+2(G) = rp+2(G).

For p = 3, part (a) of Theorem 3.2 was first proved by Passi [6] part

(b) is due to Losey [3]. We refer the reader to Passi [7] for a general

background on the dimension subgroup problem.
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