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NONZERO SYMMETRY CLASSES 
OF SMALLEST DIMENSION 

G. H. CHAN AND M. H. LIM 

1. I n t r o d u c t i o n . Let U be a ^-dimensional vector space over the 
complex numbers. Let ®m U denote the rath tensor power of U where 
m ^ 2. For each permutat ion a in the symmetric group Sm, there exists 
a linear mapping P(<r) on ® w U such tha t 

P(<r)(Xi® . . . ® Xm) = Xa-i(i) ® . . . ® ^(r-i(m) 

for all #i, . . . , xm in [7. 
Let G be a subgroup of Sm and X an irreducible (complex) character on 

G. The symmetrizer 

is a projection of ® w [7. I ts range is denoted by U\m(G) or simply 
U\(G) and is called the symmetry class of tensors corresponding to 
G and X. 

T h e problem of characterizing all groups G and irreducible characters 
X and G for which U\(G) = 0 was considered in [10], [27] and [7, 8]. T h e 
main result of this paper characterizes those U\(G) with dimension equal 
to X(l) when m = 2k (Theorem 13). Its proof relies on the results con­
cerning (k)-groups studied by the first author [4, 5, 6]. I t was proved in 
[9] tha t for m ^ 2k - 2, dim UX(G) = 1 if and only if m = k, G = 5 , 
and X is the sign character e. 

2. S o m e pre l iminar ies . Let Tmtk be the set of all functions from 
M = {1, 2, . . . , m] into K = {1, 2, . . . , k). Let <?i, . . . , ek be a basis of 
£/. Then 

{ea® = 0a(l) 0 • . . ® â(m) !« G IV*} 

is a basis of ®m U. I t follows tha t {ea* = T(G, \)ea® \a G Tmtk} spans 

We define an equivalence relation on Tmtk as follows: For a, fi G IV*, 
a = (3 (mod G) if and only if there exists a a £ G such tha t «(7 = /3. Let A be 
the system of distinct representatives for the equivalence relation formed 
by taking the element in each equivalence class which is first in lexi-
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cographic order. For each a Ç Tniik let Ga be the stabilizer subgroup of a, 
i.e., Ga = {cr G G: aa = a}. Then it is well-known that <?a* = 0 if and 
only if 

E x(<0 = o. 
"Wet 

Let 

Then it was proved in [24] that 

(1) Ux(G) = YL(eae*:aeG)1 

the sum being direct. 
For each a Ç Â, the subspace (ea<r* -o" € G) is called the orbital sub space 

of U\(G) corresponding to a. In [13], Freese proved that 

(2) dim<ew*:<r€G> = ^ ] £ x ( < 0 . 

Thus if £/x(G) ^ 0 then dim UX(G) ^ X(l). It is known [17, p. 79] that 

(3) dimC/x(G) = ~ ^ E x W i c ( 0 

where dim U = k and c(o-) denotes the number of cycles in the disjoint 
cycle decomposition of a (including cycles of length 1). 

A character x of G is called a (k)-character of G if, for each a Ç Tnitk, 
we have 

E xW - o. 

If X is a (&)-character of G then Ga j* {1} for all a £ rm>fc and this is 
precisely another version of the definition of (&)-group [6]. Clearly 
U\(G) = 0 if and only if X is a (k)-character where dim U = k. 

Let G\ and G2 be permutation groups on M = {1, . . . , m} and 
N = {1, . . . , n} respectively. Each permutation of the wreath product 
G = Gi l G1 can be uniquely expressed in the form (gi, . . . , gn : h) 
where gt Ç Gi, & G G2. If X* is a linear character on Gu i = 1,2, the 
mapping X defined by 

Hgu • • • , g«; A) = ^i(gi) • • • ^ ( g J ^ W 

is a linear character on G\ I G2 and is denoted by Xi \ X2. In [28, Theorem 2], 
Williamson proved that 

(4) dim £/x(Gi I G2) = dim [(£/Xl(Gi))x2(G2)]. 

Let H be a normal subgroup of G of index 2. Let X be an irreducible 
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character of G. Then the irreducible character X' on G such that 

\'(a) = \(<x), a G H 
X' (a) = - \ (<7) , a $ H 

is called the associated character of X. If X = X', we say that X is self-
associated. 

For each irreducible character x of H and a TT Ç G\fl", we can define 
an irreducible character % of H as follows: 

X(<J) = xO-1*™-) 

for all a £ H. Note that x is independent of the choice of ir and is called 
the conjugate character of x- X is called self-conjugate if x = X- The 
relation between associated characters of G and the conjugate characters 
of H is given in the following theorem [1]. 

THEOREM 1. (a) If x and x are associated irreducible characters of G 
and x ^ x ' ) then X\H = X\H is a self-conjugate irreducible character of H. 
Conversely, every s elf-conjugate irreducible of H is the restriction of a pair 
of associated irreducible characters of G. 

(b) If x is a self-associated irreducible character of G then X\H = X + X 
where X and X are irreducible conjugate characters of H. Conversely, the sum 
of a pair of distinct conjugate irreducible characters of H is the restriction of 
a self-as so dated irreducible character of G. 

The last line of the following theorem follows from Lemma 5 in [24], 
while the rest of the theorem is a special case of Theorems 3 and 4 in 
[20]. We remark that the theorem could also be proved easily by using 
formula (3). 

THEOREM 2. Let G be a subgroup of Sm and H a normal subgroup of G 
of index 2. 

(a) / / X is a self-conjugate irreducible character of H induced by the 
associated irreducible characters x and x of G, then 

U*(H) = UX(G) ® UX.(G). 

(b) If X and X is a pair of conjugate irreducible characters of H such that 
X\H = X + X where xis a self-associated irreducible character of G, then 

UX(G) = Ux(H) © Ui(H) 

and 

dim UX(H) = dim Ui(H). 

We now describe irreducible characters on the wreath product 
G = Snl 52. Consider G as a permutation group on {1, 2, . . . , 2n) with 
the complete block system N\ = {1, . . . , n\, N2 = {n + 1, . . . , 2n). We 
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shall write every permutation in Sn I S2 as aia2w where ai £ SNl, 
a2 G SN2 and w (E S2. Let X and p be twro irreducible characters correspon­
ding to irreducible representations D\ and Dp of SNl and 5AT2 respectively. 
Then the character X # p corresponding to the outer tensor product 
Dx # £>P defined by 

(DxtiDJiw) = ZM*i) ® £p(<x2) 

where cri Ç 5^i, cr2 Ç 5^2 is an irreducible character of the product 
SNl -SN2 (see [11], [15]). In fact 

(X # p) (0-10-2) = X(o-i)p(o-2). 

If X j* p, then the induced character (X # p)G is an irreducible character 
of G = Sn I 52. If X = p, then we first extend D\ # D\ to an irreducible 
representation D\ # D\ of 5n £ 52 as follows: for each o-io-27r Ç 5n ^ 52, if 

A(o-i) = (a f l i l) 

A (^2) = (bi2J2) 

Dx if Dx(aia2) = (atljlbi2j2) 

we put 

Dx#Dx{<Ji(J2ir) = ( a n ^ ( 1 ) ^ i 2 ; 7 r ( 2 ) ) -

Now for each irreducible character % of S2 corresponding to irreducible 
representation Dx of S2 we can define a representation Dx of 5n ^ 52 as 
follows: 

Dx(<JKJ2Tr) = £>X(TT). 

Then the inner tensor product Dx # Dx ® Dx is an irreducible representa­
tion of Sn I Sn and its corresponding character is the character X I x- We 
shall need the following result (see [15]) concerning the irreducible 
characters of wreath product Sn I S2 in the next section. 

THEOREM 3. Every irreducible character of the wreath product G = 
Sn I S2 is either equal to (X # p)G or X ^ x where X, p are distinct irreducible 
characters of Sn and % is an irreducible character of S2. 

THEOREM 4. Let Gi and G2 be permutation groups on {1, . . . , m\ and 
{m + 1, . . . , m -{- t} respectively. Let Xi and X2 be irreducible characters of 
G\ and G2 respectively. If X = Xi # X2 is the irreducible character on the 
product G\ - G2 corresponding to the outer tensor product representation, then 

dim UrT+'iGi-Gi) = dim C/Xi(Gi)-dim Ux2(G2). 
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Proof. In view of (3), 

dim*7 x (Gi-G 2 ) = 7 7 ^ - 7 £ (Xi#X2)(c7ic72)^c(alff2) 

|CJTI • C T 2 | tTiZGi 

X l ( l ) X 2 ( l ) V " \ / \ \ ( \LC(«TI) + C((T2) 

|0- l | |CT2| «riêGi 

\ 1^11 <n€Gi I \ |Gr2| ^ G - , / 

= dim U\X{G\) • dim ^x2(G2). 

When Xi, X2 are linear, Theorem 4 was proved in [26] by a different 
method. 

THEOREM 5. Let X and p be distinct irreducible characters on Sn. Let 
G = Snl S2 and x = (^ # p)°- Then 

dim UX(G) = 2 dim £7X(5^) dim £/p(5V2) 

wAere iVi = {1, . . . , n\ and N2 — [n + 1, . . . , 2n\. 

Proof. Since (X # p)G is self-associated with respect to SNl • 5V2 and 

x\sNl-sN2 = X #P + X #P, 

it follows from Theorem 2 and Theorem 4 that 

dim UX(G) = 2 dim U\#p(SNl-SN2) 

= 2 dim cACSVJdim UP(SN2). 

COROLLARY 1 [8]. Let X and p 6e distinct irreducible characters of Sv. 
Then (X # p)G is a (k)-character of G — Sn \ S2 if and only if either X or p is 
a (k)-character of Sn. 

Proof. This follows immediately from Theorem 5. 

3. Nonzero symmetry classes of smallest dimension. In this 
section we shall determine those subgroups G of Sm and those irreducible 
characters X on G such that dim U\(G) = X(l) when m = 2k where 
k = dim U. 

Throughout the rest of the paper we assume that dim U = k, 
M = {1,2, . . . ,m} andK = {1, 2, . . . ,k}. 

THEOREM 6. Let 0 ^ dim UX(G) < ifeX(l). If a € Â then \a(M)\ = k 
and |a - 1( i ) | = m/k for i = 1, 2, . . . , k. 

Proof. If k > m, let Q be the set of all mappings & in Tm<]c such that 

a ( l ) < a (2) < . . . < a ( w ) . 
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Then Q C A and hence from ( l ) and (2) we have 

dim UX(G) è | e |X( l ) = mCk\(D è feX(l) 

a contradiction. Hence k ^ m. 
Suppose now | a ( M ) | = s 7e &. Then for each i t a(M) and j c!_ a(M), 

1 ^ j S k, let cr0 = (i/) be the transposition in 5/c. Then 

{e* j a : i 6 a ( M ) , j g a(M), 1 g j g k} U {ga*} 

is a set with s(& — 5) + 1 elements and different elements of the set 
belong to different orbital subspaces of U\(G). Hence 

dim UX(G) ^ [s(k - s) + 1]X(1) è *X(1), 

a contradiction. Hence |«(ilf) | = &. 

Let D = { j : la-Hi)I = k ^ l ) ! } - Suppose tha t |D| = / ^ jfe. Then for 
each i £ D and 7 G K\D, let r 0 be the transposition ((7) in 5fc. Then 

{^,.ya:i 6 A i € K\D] \J {ea*} 

is a set with t(k —- /) + 1 elements and different elements of the set 
belong to different orbital subspaces of U\(G). Hence 

dim UX(G) ^ [t(k - t) + 1]X(1) £ ifeX(l), 

a contradiction. Hence | a - 1 ( l ) l = Ie*-1 WI f ° r i — 1, • . • , &. This com­
pletes the proof. 

COROLLARY 2. / / d i m L\(G) = X(l) , //^w & w a divisor of m. 

T h e following result was proved in [2, Corollary 1]. 

T H E O R E M 7. Let X £><? //ze irreducible character of Sm corresponding to a 
Young diagram (Xi, . . . , \t). Then dim U\(Sm) = 0 if and only if t > k. 

The following result follows from the Proposition in [12, p. 20] and 
Theorem 1 in [25]. 

T H E O R E M 8. Let X be the irreducible character of Sm corresponding to a 
Young diagram (Xi, . . . , \t). Then dim U\(Sm) = X(l) if and only if 
t = k and Xi = X2 = . . . = X*. 

We remark tha t the necessity of the above theorem also follows easily 
from the Theorem in [21] and Theorem 6. 

Let Am denote the al ternat ing group of degree m. 

T H E O R E M 9. Let X be an irreducible character of Am. Let m = ks and 

k §: s. Then dim U\(Am) = X(l) if and only if s = k and X is the restric­
tion of the self-associated irreducible character of Sm corresponding to the 
Young diagram (Xi,, . . . , \s) where Xi = . . . = Xs. = k. 
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Proof. If X is the self-conjugate irreducible character induced by the 
associated characters x and x o n Sm} then by Theorem 2, 

Ux(Am) = Ux(Sn)@ Ux.{Sm). 

If dim U\(Am) = X(l) then we may assume without loss of generality 
tha t dim Ux(Sm) = X(l) and dim Ux>(Sm) = 0. Hence by Theorem 8, x 
corresponds to the Young diagram (Xi, . . . , \t) where t = k, Xi = X2 

= . . . = \ t = s. Hence x corresponds to a Young diagram with s rows. 
However Theorem 7 implies tha t s > k, a contradiction. 

If X is not self-conjugate then, by Theorem 1, X + X = xUm f ° r some 
self-associated irreducible character x of Sm where X is the conjugate of X. 
In view of Theorem 2, 

dim U*(Am) = X(l) ^ d i m Ux(Am) = X(l) 

^ d i m Ux(Sm) = x ( l ) 

<=> x corresponds to the Young diagram (Xb . . . , \t) with / = k and 
Xi = . . . = X, = s. 

Since x is self-associated, we must have s = k. This completes the 
proof. 

Two permutat ion groups Hi and H2 on Ni and 7V2 respectively are said 
to be of the same type if there exists an injection </>: N\ —> N2 and an 
isomorphism f\H\ —> i72 such tha t 

*0 r ( i ) ) = / ( * ) (*(*)) for all i£ Nltae Hx. 

The following result is useful in the sequel. 

T H E O R E M 10 [8]. Suppose m ^ 2k = 2 dim £/. rfeew £/\(G) is trivial 
if and only if one of the following holds: 

1. G contains a subgroup of type Sn with n > k and X| Sn is a multiple of 
an irreducible character of Sn corresponding to a Young diagram (Xi, . . . , X,) 
where t > k. 

2. G contains a subgroup of type Sk I S2 and 

where p is the sign character of Sk and % is the sign character of S2. 

T H E O R E M 11. If G has t orbits Ou 02, . . .Ot such that \Oi\ = . . . = 
\Ot\ = k, then dim U\(G) = X(l) if and only if G = 5 0 l . . . S0t and X = e. 

Proof. The sufficiency follow from Theorem 4. T o prove the necessity, 
let 1 ^ i ^ /. Given distinct elements s,j Ç 0u let a £ TWiÂ;such tha t 

|a(On) | = fe for w ^ i, 

\a(Pt)\ = k - 1 and «(5) - a(j). 
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By Theorem 6, ea* = 0. Hence Ga 7e {1} and therefore (sj) (: G. Hence 
Soi C G. This shows that G = S0l . . . S0t. Hence X = Xi # . . . # X, for 
some irreducible characters X* of 5 u i = 1, 2, . . . , / . By Theorem 4, 

dim c/x(G) = I I dun UXi(S0i) = X(l). 

Hence dim U\i(Soi) = X^(l) for all i = 1, . . . , /. Since \pi\ = fe and 
dim [/ = & it follows from Theorem 8 that Xz = e. This completes the 
proof. 

LEMMA 1. Let G be a subgroup of S$ containing neither 2-cycles nor 
3-cycles. If dim U = k = 3, then dim L\(G) > X(l) /or a?ry irreducible 
character \ of G. 

Proof. Suppose that dim U\(G) ^ X(l). Let a (E T6 3 such that 

a-Hl) = {l ,2},a"1(2) = {3, 4, 5}, a - i (3 ) = {6}. 

By Theorem 6, ea* = 0 and hence Ga ^ {1}. Suppose \Ga\ > 2. Then 
G contains a 2-cycle or a 3-cycle, a contradiction. Hence |G«| = 2. We may 
assume that (12) (34) £ Ga. Then 

£ X(<r) = X(l) + X((12)(34)) = 0 

and hence X((12)(34)) = — X(l). Similarly, we can show' that for 
0i, $2 e r6)3 defined by 

ft-Ul) - {3,4},/3i-1(2) = {1,5, G\,Prl(3) = {2} 
fo-Hl) = {l,2}, j82-1(2) = {4, 5, 6},/32-U3) = {3}, 
G^ = {1, (34)(56)},GV2 = {1, (12) (56)| and 
X((34)(56)) = X((12)(56)) = - X ( l ) . 

Now for 7 G F6 3 defined by 

T-UD = {1,2} | 7- 1(2) = {3, 4}, 7^(3) = {5,6}, 

we have G7 = {1, (12)(34), (12)(56), (34) (56)}. It follows that 

Z XOO = X(l) - 3X(1) = -2X(1), 

which contradicts the fact that \Gy\~
l^2<T(zGy M°") is a non-negative 

integer. Hence dim U\(G) > X(l). 

LEMMA 2. / / d i m U\(G) = X(l) then for any (k — I)-dimensional sub-
space W of U, Wx(G) = 0. 

Proof. This follows immediately from Theorem 6. 

THEOREM 12. / / dim £/\(G) = X(l) and X w not linear, then G is a 
(k)-group. 
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Proof. Since dim U\(G) = X(l) , A = {a} for some a £ A and by (2) 
we have 

1 = F"! E *(*)• 

If Ga = {1} then 1 = X(l) , a contradiction. Hence Ga ^ {1}. This implies 
tha t G is a (&)-group. 

T H E O R E M 13. For m = 2k = 2 dim £/, dim UX(G) = x ( l ) if and only 

if one of the following holds: 

(a) G = 5oi-5o2 where \0i\ = |0 2 | = &, x = e. 
(b) G = Sm and x corresponds to the Young diagram (xi> • • • > X*) where 

xi = • • • = x*-
(c) G is o/ ty£e 5*2 52 , x = el 1. 
(d) G is of ty£e >S2 ? 5 3 , x = € ? e, & = 3. 
(e) G = ^ 4 , x ^ 1, X ^ linear, k = 2. 

Proof. T h e sufficiency follows from Theorems 1 1 , 8 and 9 and formula 
(4). The proof of the necessity is divided into three cases: 

Case 1. G is intransitive. Suppose G has an orbit 0 such tha t \0\ < k. 
Let a £ Â and 7r = (12 . . . &) £ S*. Then a ^ 7TÛ; (mod G), ^ a * ^ 0. 
Hence dim UX(G) ^ 2 x ( l ) , a contradiction. Hence G has only two orbits 
0\ and 0 2 with |0 i | = |0 2 | = k. By Theorem 11, we obtain (a). 

Case 2. G is primitive. 
(1) If k = 1, then G = S2, x = 1 and we obtain (b). 
(2) If k = 2, then G = 4̂ 4 or 5 4 . In the first case, by Theorem 9, we 

have (e). In the second case, by Theorem 8, we have (b). 
(3) If k = 3, then G is of the type A*, 5 6 , <(126)(354), (12345), 

(2345)) or ((126) (354), (12345), (25) (34)) (see [3]). The first case 
cannot occur by Theorem 9. T h e second case implies (b) by Theorem 8. 
T h e third and fourth cases cannot happen by Lemma 1. 

(4) k = 4. If x is not linear then by Theorem 12 G is a (4)-group. Since 
G is primitive, by Theorem 3.6 in [6], G 2 As. If x is linear then by 
Lemma 2, WX(G) = 0 for some 3-dimensional subspace W of U. Hence 
by the theorem in [7], G 3 A 8 since G is primitive. Thus by Theorems 8 
and 9 we obtain (b). 

(5) k > 4. Since dim UX(G) = x ( l ) , by Lemma 2, G is (k - 1)-
group. Hence by Theorem 6.3 in [6], G contains Am. Appealing to 
Theorems 8 and 9 we obtain (b). 

Case 3. G is imprimitive transitive. Let {iV\, . . . , Nt] be a complete 
block system of G. Suppose / = 2. For each function /3i from Ni to 
{1, 2, . . . , k - 1}, let 0 G rm>Jfc be defined by 

£( i) = £i( i ) f o r i G TVx, 

|0-1(7')<O>#2| = I f o r j = l , . . . , k . 
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Since |j8-1(j)l ^ 2 for some j , by Theorem 6, e* = 0 and hence 

E xW = 0. 

Hence GN2 = {g G G:g( i ) = i, i G AM is a (fe — l ) -group and xU^ 2 is 
a (k — 1)-character. By Theorem 10, 

GN2 = SNl and X\GN2 = x ( l ) e . 

Similarly, we can show tha t 

GNl = SN2 and X\GN2 = x( l )e -

Hence G = Skl S2. By Theorem 3, x is of the form (X # p)G , X ̂  1 or X I e 
where X and p are distinct irreducible characters of Sk. 

If % = (^ # p)G> then Theorem 5 implies t ha t 

dim Ux(SNl) = X(l) , dim UP(SN2) = p ( l ) . 

By Theorem 4, X = e and p = e, a contradict ion. If x = : X ̂  1 or X le, 
we have 

x\sNi = X(1)X = x ( l ) € , i = 1,2. 

Hence X = X(l)e. By the irreducibility of X we have X(l) = 1. Hence 
x ( l ) = 1. Using formula (4), we have x = e I 1. This gives (c). 

We now consider individual values of k. 
For k = 2, we have / = 2 and this implies t ha t we have (c). 
For k = 3, we have t = 2 or 3. We need only to consider t = 3. Let 

Ni = {xux2}, N2 = {3̂ 1, 3̂ 2} and 7V3 = {21,22}. Let a £ r 6 i 3 be defined 
by 

a - H l ) = { x 1 , ^ i } , a - 1 ( 2 ) = {y2,z2},a-'(S) = { z l f * 2 } . 

Then Ga = {1} and hence G is not a (3)-group. By Theorem 12, x is 
linear. Now let (3 £ r 6 3 be defined as follows: 

jS-Hl) = { x 1 , x 2 , 3 ; 1 } , r 1 ( 2 ) = Î3'2,22},/3-1(3) = {21). 

Since dim UX(G) = x ( l ) , by Theorem 6 we have e$* = 0. Hence 
(xix2) G G and 

0 = E x W = 1 + x((xix 2 ) ) . 

Hence x((^i^2)) = — 1. Similarly we can show tha t (y\y2), (z>iz2) £ G 
and 

x((yiyi)) = x((2i22)) = - 1 . 

I t follows t ha t SNl-SN2-SNz C G and xU^ . = e, i = 1, 2, 3. Next, let 
7 G r6 ,3 be defined by 

7 ~ 1 ( 1 ) ^ { ^ i , 3 ' i ^ i } , 7 - 1 ( 2 ) = { x 2 , ^ 2 Î , 7 - 1 ( 3 ) = {22}. 
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In view of Theorem 6, ey* = 0. Hence 

(xiyiïfay*) € G and x((xiyi)(x2y2)) = —1. 
Similarly we can show that 

(xiz1)(x2z2) G G and x((x1zi)(x2z2)) = — 1; 

(yizi)(y2z2) G G and x((yiZi)(y2z2)) = - 1 . 

Hence G = S2l S3 and % = e ^ e. 
For ^ 4we have 2& < 3(k — 1). Since G is a (& — l)-group, G is of 

type S2 l SA where k = 4 or / = 2 (see Lemma 8.7 and Corollary 6.2 in 
[6]). The second case implies (c). Suppose that G is of the type S2 I 54. 
Let ô G r 8 4 be defined by 

|ô-x(i) n w<| = 1, ; = 1,2,3. 

\d'1(2)nNi\ = 1, i = 1,4. 

|Ô-U3) O iV,| = 1, . = 2,4. 

|Ô-1(4) H Ni\ = 1, i = 3. 

Then GÔ = {1} and hence e5* ^ 0. By Theorem 6, we obtain a contra­
diction. This completes the proof. 
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