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Abstract

We show that every one-codimensional closed two-sided ideal in a boundedly approximately contractible
Banach algebra has a bounded approximate identity. We use this to give a complete characterization of
bounded approximate contractibility of Beurling algebras associated to symmetric weights. We give a
slight modification of a criterion for bounded approximate contractibility. We use our criterion to show
that, for the quasi-SIN groups, in the presence of a certain growth condition on a weight, the associated
Beurling algebra is boundedly approximately amenable if and only if it is boundedly approximately
contractible. We show that approximate amenability of a Beurling algebra on an IN group necessitates the
amenability of the group. Finally, we show that, for every locally compact abelian group, in the presence
of a growth condition on the weight, 2n-weak amenability of the associated Beurling algebra is equivalent
to every point-derivation vanishing at the augmentation character.
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1. Introduction and preliminaries

Suppose that G is a locally compact group with a fixed left Haar measure A (we
sometimes write dx or dy if there is no risk of ambiguity). A Borel measurable
function w : G — (0, co) is said to be a weight if it is bounded on compact subsets
of G and w(xy) < w(x)w(y) for all x and y in G. We recall that two weights w; and
w», defined on the group G are equivalent if there exist m > 0 and M > 0 such that
mwi(x) < wy(x) < Mwi(x) for A-almost all x € G. According to [7, Remark 8.8], a
weight is always equivalent to a continuous weight. Let L' (G) and M (G) be the group
algebra and the measure algebra of G, respectively. The Beurling algebra L' (G, w)
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associated with the group G and weight w is the space of all (equivalence classes of)
functions f on G such that fw € L'(G). We define the norm || - ||, and convolution
product x by || fllo = Il fell1 and

(f *&)(x) = fG fMey'x)dy Vxed,

forall f, g € LY(G, w) (often when we write V in a formula, it means ‘for almost all’,
as here). Then L' (G, w) is a Banach algebra. Note that if the weights w1 and w, are
equivalent, then LY(G, w) and LY(G, w,) are isomorphic as Banach algebras.

We shall also consider the weighted measure algebra M (G, w), which is the space
of all Borel measures p such that w|u| € M(G), and

ll4]l e =/ () d|u|(1).
G

The space M (G, w) can be identified with the dual space of Cy(G, 1/w), where f €
Co(G, 1/w) if and only if f/w € Co(G), and the norm on Cy(G, 1/w) is defined by

@)

IfII = sup 00

xeG
for all f € Co(G, 1/w). We define similarly the Banach space L*°(G, 1/w), so that
L®(G, 1/w) = L' (G, w)*.
We now recall some background on approximate versions of amenability for
Banach algebras. If A is a Banach algebra and X is a Banach .A-bimodule, then a
derivation D : A — X is approximately inner if, for some net (x;) C X,

D(a) =limad,, (a) Vae A.

Here, ad, stands for the inner derivation implemented by x. The Banach algebra A is
approximately amenable if every continuous derivation D : A — X* is approximately
inner for all dual Banach .4-bimodules X* [6], and it is boundedly approximately
amenable if the net (x) can always be chosen in such a way that the net (adx;k)
is bounded in the norm of B(A, X*). The algebra A is boundedly approximately
contractible if the above requirements are satisfied for all continuous derivations into
all Banach .A-bimodules X.

In [10], Grgnbzk gave a complete characterization of amenability for a Beurling
algebra L'(G, w). In [7], a study of various approximate versions of the notions of
amenability and contractibility for Beurling algebras was initiated. As can be seen
from Grgnbazk’s result for a weight w, the weight €2, given by Q(x) = wx)w(x™h
for all x € G, plays an important role. We call 2 the symmetrization of w.

The outstanding question is whether the three notions of amenability, bounded
approximate amenability, and bounded approximate contractibility coincide for a
Beurling algebra L!(G, w). It follows from the general results of this paper that, for
a symmetric weight o, the Beurling algebra L' (G, w) is boundedly approximately
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contractible if and only if it is amenable and hence, in conjunction with the result of
Grgnbak cited above, we have a complete characterization of bounded approximate
contractibility in this case.

We recall that a locally compact group G is IN (for invariant neighborhood) if
there is a compact neighborhood of the identity e in G that is invariant under all inner
automorphisms of G, and that G is SIN (for small invariant neighborhoods) if there
is a basis of neighborhoods of the identity of G, each of which is invariant under the
inner automorphisms of G (see [13, p. 529]). The group G is quasi-SIN (see [1]) if
L'(G) has a quasi-central bounded approximate identity.

We show that if G is an IN group, then approximate amenability of L!(G, w)
necessitates amenability of G. We also show that if G is a quasi-SIN group and
w is a weight such that lim,_, o(x)o(x~h =00, then L1(G, w) is boundedly
approximately amenable if and only if it is boundedly approximately contractible.

For n €N, let A®™ denote the nth continuous dual of the Banach algebra A.
The space A is naturally a dual Banach A-bimodule. The algebra A is n-weakly
amenable if every continuous derivation from A into A™ is inner [3]. It was
conjectured in [4] that, if G is an abelian group, w is a weight, and inf,, w(x")/n =0
for all x € G, then Ll(G, w) is 2-weakly amenable. In [4, 8, 14], various positive
partial results towards this conjecture were obtained. In the final section of this paper,
we extend these results.

2. Ideals of codimension one

It is known that a boundedly approximately contractible Banach algebra must have
a bounded approximate identity [2]. However, a complemented closed ideal of such an
algebra may fail to have a bounded approximate identity [7]. Whether or not a finite
codimensional closed ideal of such an algebra has a bounded approximate identity
is an open question [17]. However, if the ideal has codimension one, we have the
following result which turns out to be useful in studying approximate amenability of
Beurling algebras. Throughout this section, for a Banach algebra A, we do not insist
that the direct sum in the unitization A* = A @ C is an £!-direct sum.

THEOREM 2.1. Let A be a boundedly approximately contractible Banach algebra.
If 1 C A is a closed two-sided ideal of codimension one, then I has a bounded
approximate identity.

PROOF. By [2, Theorem 3.3], A has a bounded approximate identity, (e;), say. Now,
since [ is a closed ideal of codimension one, we have I = ker ¢ for some multiplicative
linear functional ¢ on A. Let A% = A @ Ce be the unitization of A, where e denotes
the adjoined unit. We can extend ¢ to a multiplicative linear functional ¢ on A" by
setting

dla+ze)=¢(a)+z VYaecAandzeC.

Then J = ker ¢ has codimension one as a subspace of A*. In fact, A* = J @ Ce = J*.
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Now A" is boundedly approximately contractible, since A is so. Thus J is
boundedly approximately contractible. Hence J has a bounded approximate identity,
(Juo), say, (see [2]). For each «,

Ja = aq + cqe,

for some ay, € A and ¢, € C such that ¢, = —¢ (ay).
On the other hand, ¢ (¢;) — 1 since (e;) is a bounded approximate identity. If we set
E; = ¢(e;) " le;, then (E;) is still a bounded approximate identity for .4 and ¢ (E;) =1

for all ;.
Let
ba,,' =ayg + co E;.
Then (by,;) C I is a bounded net. We know that j, f — f and fj, — f forall f € 1.
Thus

boif =juf + (CaEif —caf)=juf +calEif = )= [,
and similarly
fba,i - f

Therefore (by ;) is a bounded approximate identity for /. O

COROLLARY 2.2. Suppose that w is a weight on the locally compact group G and
define Q(t) = w()w (™) forall t € G. Then the following conditions are equivalent.
(1)  The Beurling algebra L' (G, Q) is boundedly approximately contractible.

(2) The Beurling algebra L' (G, w) is amenable.

(3) The group G is amenable and 2 is bounded on G.

PROOF. In light of [10, Theorem 0], it suffices to show that (1) implies (2). Let us
assume that L' (G, Q) is boundedly approximately contractible and suppose that I is
the augmentation ideal in L' (G, ), that is

Ip= {feLl(G, sz):/ f(x)dx:O}.
G

Since Ip is of codimension one and L'(G, Q) is boundedly approximately
contractible, Theorem 2.1 implies that /o has a bounded approximate identity, (f3),

say.
Letg € L' (G, Q) be suchthath ¢(x)dx =1.Thenéy x¢p — ¢ € Iy forallx € G,
whence
Sy xQx fg—x fg—38xxp+¢d— 0. 2.1
Equivalently,

Sx k(P —x fg)—(p—¢x*fp)—0.
Since (¢ — ¢ * fg, 1) = 1, condition (c) of [10, Theorem 0] holds and so L'(G, w)is
amenable. O

Recall that a weight w on the group G is symmetric if o (x ') = w(x) forall x € G.
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COROLLARY 2.3. Let w be a symmetric weight on G. Then L' (G, w) is boundedly
approximately contractible if and only if it is amenable.

PROOF. Suppose that L!(G, w) is boundedly approximately contractible. Consider
the weight @' = /o on G. Then w=Q/, the symmetrization of «’. So, by
Corollary 2.2, L'(G, ) is amenable. It now follows by [10, Theorem 0] that
L'(G, Q/) = L'(G, w) is amenable.

The converse is trivial: every amenable Banach algebra is automatically boundedly
approximately contractible (see the note following [7, Definition 5.1]). O

We do not know whether the conclusion of Theorem 2.1 holds if we only assume
that A is boundedly approximately amenable. If this is true, then the above two
corollaries would hold with ‘boundedly approximately contractible’ replaced by
‘boundedly approximately amenable’. We can show that this is the case under some
additional conditions. First, we note that the argument of [2, Theorem 3.3] works
verbatim to prove the following lemma.

LEMMA 2.4. Suppose that A is a boundedly approximately amenable Banach
algebra. Let (ay), (bg) be two nets of elements of A. If

limbgay, =bg VB and lilgn bgay = ay Va,
o

and there exists K > 0 such that ||aas|| < Klla|| and ||bgall < K ||a|| for all a € A and
all o and B, then (ay) and (bg) are bounded.

As in the proof of Theorem 2.1, given a one-codimensional closed ideal I of A, we
may define
J={a+te:ac A, teC, ¢(a)+1t=0},

where ¢ is a multiplicative linear functional on A for which I =ker ¢. Then J is
a subalgebra of A" and [ is a closed ideal of J; further, I = AJ = JA= AJA and
JE= AP =A@ Ce.

PROPOSITION 2.5. Suppose that A is a boundedly approximately amenable Banach

algebra with a bounded approximate identity, and that I is a closed codimension-one

ideal of A. Suppose that J is the closed ideal of A* associated to I as defined above.

Furthermore, suppose that the following conditions hold.

(1) There is a dual Banach left A-module M; such that, as a left A-module, J may
be continuously embedded into M;, and I = AM after this embedding.

(2) There is a dual Banach right A-module M, such that, as a right A-module, J
may be continuously embedded into M,, and 1 = M, A after this embedding.

Then I has a bounded approximate identity.

PROOF. If A is boundedly approximately amenable, then so is J, by the argument
used in the proof of Theorem 2.1. The module M; is naturally extended to a dual left
AP-module and, hence, may be regarded as a Banach dual left J-module. We define
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a trivial right module action on M; so that the embedding map t : / — M, becomes a
continuous derivation from J into M;.

Since J is boundedly approximately amenable and M; is a dual Banach
J-bimodule, there exist a net (m;) C M; and a positive constant K such that am; — a
and |lam;|| < K ||a|| foralla € J. Let (e;) C A be a bounded approximate identity for
A. We define a net by setting a, = e;m;, where a = (i, j) is given the product order
direction. Then (ay) C I by the hypothesis.

Moreover, |laay| < cK|lal| for all a € J and all , where ¢ is a bound for (e;).
Note that lim; ae; = a and lim; am; = a. Therefore

laay — al|l < llaejm; —am;|| + |lam; — al|

< Kllaej —a| + llam; —a|| — 0,

foralla € 1.

Now, working with M, similarly, we find a net (bg) C I such that ||bgall < cK]||a]|
for all a € J and all B, and limg bga = a for all a € I. Applying Lemma 2.4 for J,
we deduce that (ay) and (bg) are bounded. So they are bounded right and bounded
left approximate identities for I, respectively. This implies that / has a bounded
approximate identity. O

COROLLARY 2.6. Suppose that the Banach algebra A is boundedly approximately
amenable and has a bounded approximate identity. If the operators of left and right
multiplication by elements of A are weakly compact on A, then every closed two-sided
ideal of codimension one in A has a bounded approximate identity.

PROOF. Let I be a closed two-sided ideal of codimension one of A and let J be
the ideal associated to I as in the proof of Theorem 2.1. Since A has a bounded
approximate identity, the Cohen factorization theorem implies that I = I A = Al.

Now we take M; = M, = J**. By the hypothesis, A is a two-sided ideal in A**.
Hence

AT CAA™ + AC A

Now let ¢ be the multiplicative linear functional whose kernel is /. Then, since ¢
vanishes on AJ**, we have AJ** C I. We also have

AJ** D AJ D Al =1.

Hence AJ** = I. We can similarly prove that J** A = I, and our result follows by
Proposition 2.5. ]

COROLLARY 2.7. Let w be a weight on G such that lim,_, o, (x) = 0o. If L' (G, w)
is boundedly approximately amenable, then the augmentation ideal

Ioz{feLl(G,w):/ f(x)dx=0}
G

has a bounded approximate identity.
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PROOF. Under the given condition, @ is bounded away from 0. Thus, Iy is a closed
ideal of L'(G, w) with codimension one. The space M (G, w) is a dual Banach
L'(G, w)-module with predual module Co(G, w™"). Since 1 € Co(G, ™),

My={meM(G, w): (1, m) =0}

is a weak™* closed submodule of M (G, w).
Let M; = M, = My. Then conditions (1) and (2) of Proposition 2.5 are satisfied
when

J=Jy= {f+t5€:feL1(G,a)),te(C,/ f(x)dx+t=0}.
G
The result now follows immediately by Proposition 2.5. O
COROLLARY 2.8. Let w be a symmetric weight on G. If lim,_, o @ (x) = 00, then

L'(G, w) is not boundedly approximately amenable.

PROOF. Let o' = /w. Then w=’, the symmetrization of «’. Suppose that
lim,_, oo @(x) =00 and L' (G, w) is boundedly approximately amenable. Then the
augmentation ideal of L' (G, w) has a bounded approximate identity by Corollary 2.7.
The argument of Corollary 2.2 implies that L' (G, «') is amenable and, hence, Q' = w
is bounded, a contradiction. O

EXAMPLE 2.9. If a continuous weight w on G satisfies

: wx"")
lim sup
xeG w(x)

§L7

for some constant L > 0, and limy_, o, @ (x) = 00, then L(G, ) is not boundedly
approximately amenable.

PROOF. The condition implies that there are positive constants C and ¢ such that
cox N <wx)<Cokx™') Vxed.

So
Veo' (x) < w(x) <V/Co'(x) Vx €G,

and o’ (x) = 4/Q(x) is symmetric on G. By Corollary 2.8, L'(G, o') = L1(G, w) are
not boundedly approximately amenable. O

EXAMPLE 2.10. The preceding corollary covers a large class of weights that are
defined on compactly generated locally compact groups. More precisely, suppose that
G is noncompact and U is a compact neighborhood of the identity that generates G. By
replacing U with U N U~!, we may assume that U ! = U. Now define the function
7:G — Nby
t(x)=min{n e N:x € U"} VxeG.

It is straightforward to verify that 7 is Borel measurable, symmetric and locally
bounded.
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Moreover, T(xy) < 7(x) 4+ t(y) forallx, y € G. Thus, whena > 0and 0 < 8 <1,
the maps wq, o5 : G — (0, 00), given by

wa(x) =1 +1(x)% and op(x)=e",
are symmetric weights on G. In addition, since G is not compact,
lim wy(x) = lim og(x) = oo.
X—>0 X—>00

Therefore, by Corollary 2.8, neither LY(G, wy) nor L (G, og) is boundedly
approximately amenable.

The weights w, and og are called polynomial and exponential weights on G,
respectively. In the special cases where G = Z or G = R, these are just the classical
polynomial and exponential weights.

3. A characterization of bounded approximate contractibility

In [2, 7] various characterizations of bounded approximate amenability and
bounded approximate contractibility are given. Below we give a slightly different
characterization of bounded approximate contractibility that is more suited to our
purposes in this paper than those obtained previously.

In the following proposition, we call a net (u;) C A® A a multiplier-bounded
approximate diagonal if there exists a constant C > 0 such that

a-uj—uj-a—>0 |la-u;—u; al <Clal

wi)a—a |rui)al < Cllal|
foralla € Aandall i.

PROPOSITION 3.1. Let A be a Banach algebra. Then the following conditions are
equivalent.

(1)  The Banach algebra A is boundedly approximately contractible.

(2) The Banach algebra A has a bounded approximate identity and has a multiplier-
bounded approximate diagonal.

(3) There exists a multiplier-bounded approximate diagonal (u;) C A & A such that
(7t (u;)) is bounded.

PROOF. We first show that (3) implies (1). Suppose that (;) is a multiplier-bounded
approximate diagonal and (77 (%;)) is bounded. Then we let
mg, ) =ui +(e—mu;)) ® (e —muj)),

where e is the identity of A*. Now m; j) € A* ® A" and there is a constant C > 0
such that || f - m;, jy —m. jy - £ < Cll f]l forall f € A* and alli and j.

Also, m(m jy) =e +m(u;) - mw(u;) —mw(uj). So (w(m, j))) is a bounded net with
product order direction. It is easily seen that there is a subnet (mgy) of (m( j))
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such that |la - mg — mg - al| — O for all a € A and 7 (my) — e. Thus A* has a
multiplier-bounded approximate diagonal. By [2, Proposition 2.2], A is boundedly
approximately contractible.

Now we prove that (1) implies (2). If 4 is boundedly approximately contractible,
then A has a bounded approximate identity, say (ey) (see [2, Corollary 3.4]). Let
(my) C A*® A* be a multiplier-bounded approximate diagonal for A*. We may
assume that 7 (my) = e, and so we can write

mg=My—F,Qe—e®@Gy+eQe,

where My € A® Aand F,, G4 € A.
Now a - my — mg - a — 0 and there exists C > 0 such that

la-my —mg -al <Cllall VYa
for all a € A. Thus

la-My —My-a+Fy,®a—a® Gyl =0

aFy —-a, Gga— a,
and there is a positive constant C’ such that

la - My —My-a+ Fy®a—a®Gell <C'llal|
laFall < C'llall, 1Gqal <C'llall,

for all @ and a € A. Clearly, (F,) and (G,) are multiplier-bounded right and left
approximate identities of A, respectively. Since .4 has a bounded approximate identity,
they must be bounded.

Now we define a net (u(4,8)) C A ® Aby

U@p)=Mo — Fo ® g —ep @ Go +eg ® ep.

Then it is easy to check that a subnet of (u(,pg)) gives a multiplier-bounded
approximate diagonal for A. So (1) implies (2).

Finally, if (2) holds and (u4) is a multiplier-bounded approximate diagonal for A,
then (7 (u,)) is a multiplier-bounded approximate identity for .A. It must be bounded
since A has a bounded approximate identity by the assumption. So (3) holds. O

COROLLARY 3.2. Let A be boundedly approximately contractible, and let J be a left
(or right) closed ideal of A. If J is complemented in A, then J has a multiplier-
bounded right (or left) approximate identity. That is, there exist a net (p;) C J and
a constant ¢ such that rp; — r and ||rp;l| < cllr| (or pir — r and || pir| < c|r|,
respectively) for allr € J.

PROOF. We prove the result for left ideals. The proof for right ideals is similar. Let
(u;) C A& A be a multiplier-bounded approximate diagonal for A such that (77 (i;))
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is bounded. Let P : A— J be a continuous projection. Define ¥ : A &® A — J by
V(a ®b)=aP () foralla, b € A. Then

rW(u;) =m(u)r +¥(ru —ur)

forall » € J. Let p; = W(u;). The identity above implies that (p;) C J is a multiplier-
bounded right approximate identity for J. O

4. Beurling algebras on quasi-SIN groups
The natural right and left module actions of L' (G, w) on the space
LY (G, ) ® LY (G, w) = L1 (G x G, 0 x w)

dualize to left and right actions of LY(G, w)on L®(G x G, 1 /(w X w)), respectively.
The space Co(G x G, 1/(w x w)) is a submodule of L*°(G x G, 1/(w X w)) for the
dualized actions, which are given by the following formulas:

7oty = [ ener©d o fon= [ oErn e
for all f e LY(G, w), ® € Cy(G x G, 1/(w x w)) and x, y € G. We define the
Banach space automorphism 7 on Co(G x G, 1/(w X w)) by
T(®)(x,y)=®(y,x) Vx,yeG
forall ® € Co(G x G, 1/(w X w)). Now, for all such ® and f € L'(G, w), define
fod=T(f -T(®)) and Do f=T(T(D)-f).

These formulas define Banach L' (G, w)-bimodule actions on Co(G x G, 1 /(w X w)).
The module actions - and o satisfy the following mixed associativity and
commutativity laws for f, g € LY(G, w),and ® € Cy(G x G, /(o x w)):

(f Pog=f-(Pog) (fod)-g=fo(P-g) [f-(goP)=go(f D).

The dual module actions of o on Co(G x G, 1/(w x w))* = M(G x G, w X w) are
given by
fom=T*(f-T*(m)) and mo f=T"(T*(m)- f)

for all f e L'(G,w) and m € M(G x G, w X w). Integral formulas for the two
different module actions are as follows:

(@, femy= (@ fm) = [ @Er. ) 7(©) de i, ),
@, f) =i 0m = [ 00,30 7@) de dmix, ),
(@, fom) =0 f.m)= | 00, 60)1(E) dé dm, ),

(@, mo f)=(f o, m) =/G3 B(cE, y) f(E) dE dm(x, ).
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We recall that the group G is quasi-SIN if L'(G) has a quasi-central bounded
approximate identity, namely, if there is a bounded approximate identity (ey) for
L'(G) such that

18y - ea —eq - 3x| > O
forall x € G. Typical examples of quasi-SIN groups are SIN groups [12] and amenable
groups [11]. Additional features of quasi-SIN groups may be seen in [15].

LEMMA 4.1. Suppose that G is a quasi-SIN locally compact group and w is a weight
on G satisfying w(e) = 1. Then L'(G, ) has a quasi-central bounded approximate
identity (eq) such that

lim(ey, -m-ey —eqomoey) =0 “4.1)
o

forallm e M(G x G, v X w).

PROOF. If G is quasi-SIN, then by [15, Theorem 2.6], L'(G) has a quasi-central
bounded approximate identity (ey) such that

16y - e« — eq - 8x|l1 — O,

the limit being uniform for x in compact subsets of G, and supp(ey) N {e}. Since
w(e) = 1, the net (e,) is also a bounded approximate identity for LY(G, w) and

8% - ea — eq - Sxllw — O,

uniformly for x on compact sets of G. Let |ley ||, < ¢ for all @. Since Borel measures

with compact support are dense in M (G x G, X w), in order to prove our assertion
it suffices to show that (4.1) holds for each m with compact support. Let K = supp(m)
be compact. We take a compact set H C G such that K C H°. Then there is a net (m;)
in £1(G x G, w x w) such that supp(m;) C H, [|[mi|lwxe < 1M |loxe and lim; m; =m

in the weak™ topology. Note that, for each point mass §(x,y) € (G x G, v x w),

[ 0@y —8aypof=(f 0 —68xf)®Iy

and
foa(x,y)_a(x,y)'fzax@(f‘sy_Sy'f)’
forall f € L'(G, w). Thus, forall ® € Co(G x G, o' x w~!) such that ||| <1,
(P, (e - -y —eq om0 ey))]
<D, eq - (m—m;)-eq)| + [(P, eq 0 (Im —m;) o eq)|
+ ll(eq - mi —mj oey) - eyl + |[(eq o m;i —m; - eq) 0 eql|
<|{eq - P-eq, (m—m;))|+ [(€a 0 Do ey, (m—m;))]

+cllmll sup (lleg - 6x — Ox - €allwlldylle)
(x,y)eH

+cllml sup (Ioxllwlleq - 6y - 8y cegllw).
(x,y)eH
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Since lim; m; = m in the weak™ topology,

(D, eq -m-eq —egomoey)| <clm| sup |ey-3dx —dx - eallwldylle
(x,y)eH
+clm| sup |[éxllollex - 8y - 8)} “eqllws
(x,y)eH
forall ® € Co(G x G, ™! x w™!) satisfying ||®|| < 1. Therefore
lleg -m -eq —eq omoeylloxw < cllm| sup ey 8 — 8 'eoz”w”‘Sy”w
(x,y)eH

+cllm|l sup |8xllwllex - 8y — &y - eqllw-
(x,y)eH

Now (4.1) follows by compactness of H and the properties of (e,) stated earlier in the
proof. O

PROPOSITION 4.2. Suppose that G is a quasi-SIN locally compact group and w is a
weight on G such that w(e) = 1 and

lim a)(x)a)(x_l) = 00.
X—>00

If LY(G, w) is boundedly approximately amenable, then it is boundedly approximately
contractible.

PROOF. Define the L' (G, w)-bimodule morphism 7 : M(G x G, w x w) — M(G, w)
by

(<1>,7?(14))=/G2 @ (xy) du(x, y)
for all ® € Co(G, 1/w) and u € M(G X G, ® X w). Since limy_, oXox"H =

00, it follows from [7, Lemma 8.3] that 7 is weak™* continuous and is an extension of
the product mapping

T :LI(G X G, w X w) — L](G, ).
So ker(7) is a dual Banach L' (G, w)-bimodule.
Consider the continuous derivation D : L1(G, w) — ker(7) defined by
D(f)=f8¢e)—8we - f VfeL'(G, ).

Since L'(G, w) is boundedly approximately amenable, D is boundedly approximately
inner. This ensures that there is a net (u#;) of elements of M(G x G, w X w) and a
constant C > 0 such that

(i) =8, Nf-ui—wui- fI<CIfIl and |f-ui—ui-fll—0,

for all f e LY(G, w). Let (ey) be a quasi-central approximate identity for LY(G)
satisfying (4.1). Define U o) =€y - Ui - €o. Then U o) € L'(G x G, w x w) and
7 (U(i,a)) = €q * €y foreachi. By Lemma 4.1,

lim(ey - u; - €y — eq ou; 0oey) =0. “4.2)
o
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For each i, we may choose « (i) such that
lleq -ui-eq —eqoujoey|| <1 Va=>a().
If f e L'(G, w), then
f Uiy = Uy [ =f(eq - ui-eq —eqou;oeq)

—(eq Ui ey —eygoUijoey) - f 4.3)

+ f-(eqoujoey) —(egou;oey) - f.

Also, by the mixed commutative laws,

f-(eqoujoey)=eyo(f- -uj)oey

and
(eqoujoey) - f=eqo(u-f)oey.

It follows that

I/ Ui = Uta)* flloxe 21 fllo+ lleq o (f -ui —ui - f)oeqll
<Q2+2OIfI,
forall f € LY(G, w) and & > (i), where ¢ > 0 is a bound for ||eg || -
Finally, a standard argument together with (4.2), (4.3) and (4.4) shows that there
is a subnet (U;) of (U(j,¢))a>a() such that (U;) is a multiplier-bounded approximate
diagonal for LY (G, w) and (7x(U 7)) is a bounded approximate identity for LY(G, w).
Therefore L' (G, ) is boundedly approximately contractible by Proposition 3.1. O

(4.4)

5. Beurling algebras on IN groups

It is shown in [7] that if @ is bounded away from 0 and L!(G, ) is approximately
amenable, then G is amenable. It has been conjectured that this result still holds even
if @ is not assumed to be bounded below away from 0. In this section we show that
the conjecture is true for a class of groups that includes the IN groups.

We recall that a locally compact group G is IN if there is a compact neighborhood of
the identity e in G that is invariant under all inner automorphisms of G. The group G
is an [IN]p group (or G € [IN]p) for a given subset B of G, if there is a compact
neighborhood Np of e in G such that tNgt—! = Np forallt € B [13].

THEOREM 5.1. Suppose that G € [IN]p for each finite subset B of G. Suppose
that there is a neighborhood U of e that is invariant under inner automorphisms
implemented by elements of G and K =inf{w(s):s € U}>0. If LY(G, w) is
approximately amenable, then G is amenable.
PROOF. We aim to prove that there is a net (vg) C LY(G x &)t satisfying the
conditions [|vg|l; = (vg, 1) =1 for all B, and

S-vg—vg 8 L50 VieG
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in the norm topology of L'(G x G). Once this is proved, one may construct a right
invariant mean on L°°(G) in a standard way. Let ug(x) = f vg(&, x) d& forall x € G;
thenug € L'(G) and a weak* cluster point of (ug) in L°°(G)* is aright invariant mean
on L°°(G). Thus G is amenable.

To find the above net (vg), it suffices to show that, for each finite set B C G and
e > 0, there exists v € L'(G x G)* such that ||§; - v — v -&]|; <& forall € B and
lvll1 = (v, 1) = 1. Let B be a finite set in G and ¢ > 0. By the hypothesis on G, there
is a compact neighborhood Np of e such that 1 NV pt~1 = Np forallt € B. Let & be the
characteristic function of Ng. Then & € L'(G) N LY (G, w) and &, * h 8;—1 = h for
all r € B. Since L' (G, w) has a bounded approximate identity and is approximately
amenable, it is pseudo-amenable by [9, Proposition 3.2]. So there is a net (my) C
LY(G x G, w x ) such that

f-mg—my-f—0 and fxmw(myg)— f,

for all f € LY(G, w), in the norm topologies of LY (G x G, w x ®) and LY(G, w),
respectively. If we define wy = h - my, then py € LY(G x G, v x ).
We now show that ||§; - (tg — U - 8t llwxe — O for all t € B. In fact, if t € B, then

O - Mo — Mo -8 = (8¢ % h) - g — g - (8¢ * )
+mg - G xhx6,-1—h) -8+ (mg-h—h-mgy) -8
= (G xh) - g — o - (& % h)) + (Mg - h — h -mg) - &.

Since &; % h, h € L'(G, w), it follows immediately that
lién 18 - ha — Ha = Stlloxw =0

for all + € B. Without loss of generality, we may assume that the set U described in
the hypothesis on G is a closed subset of G. Let

V={x,y)eGxG:yxeU}.

Then its characteristic function x, is measurable, and satisfies x, (x, y) = x, (yx) for
allx, yeG.

For each «, define ny, = x, i1 to be the pointwise product of x, and u,. We show
that ny, € L'(G x G) and that there exists o such that, if & > «g, then

1 1
E)»(U NNp) < lInall = E”Mot”wxw (.1

(recall that A denotes the left invariant Haar measure on G). In fact,

Inalli = / 2o (50|t (6, )| dx dy
GxG

IA

1 1
e /ch o (yx)|pe(x, y)| dx dy < Elluallwxw.

https://doi.org/10.1017/51446788711001133 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788711001133

[15] Beurling algebras 373

On the other hand yx,, (x_lyx) = x, (y) for all x, y € G, since U is invariant under
inner automorphisms, and y,, € L*°(G, w~1) since K > 0. Thus

nall =/ X (9X) e (x, y)| dx dy
GxG
=/ Xo 7y e (x, x71y) | dx dy
GxG
=/ Xo M G, x 71y dx dy = [(m (1), 1)
GxG
Since 7 (hy) = h * m(my) % hin L'(G, w), we deduce that
(7 (1a)s Xy) = (s Xy} = /G Kooy ) dx = 2(U N Np) > 0.

Thus, there exists «g such that ||ny |1 > %)»(U N Np) for all @ > «g. Therefore (5.1)
holds when « > «.

Moreover, for A-almost every t € G,

181 - 1o — e - 8111 =/ 2o 1 Ol (%, ¥) = e, v~ dx dy
GxG

) _ _
<20 /w<x)w<y>|ua(r L, y) — paCr, yi~Y) dx dy
B o™ 5 5
= % 16r - po Ko Ot lloxe-

This implies that limy ||8; - ny — 1y - 8¢]|1 =0 forall t € B.
Now let vy = |14/ lIna 1 and let M = 32.(U N N3). Clearly, vy € L'(G x G)™,
Vel = (vo, 1) =1, and

18 - Voo — va - &tll1 = I8; - Ing| — Inel - &

Inall

=
nall

1
6 - ne — e - 8ell1 < Mll& “Ng — Ng 8|1,
for o > a and r € B. Therefore
lim|§; - vy — v - 8)l1 =0 Vr € B.
o

So, given ¢ > 0, there exists « such that ||§; - vy — vy - 6|1 < ¢ for all ¢ € B; further,
vy € LY (G x G)T and |vg |1 = (vg, 1) = 1. Taking v = vy, the proof is complete. O

REMARK 5.2. The conditions of Theorem 5.1 are automatically fulfilled if G is an IN

group. If G € [IN]p for each finite subset B of G, then G must be unimodular by the
argument of [13, pp. 1273 and 1276].
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6. 2n-weak amenability of Beurling algebras

In this section we consider abelian locally compact groups G, written additively.
Let w be a continuous weight on G, and ¢, be the augmentation character on
LY (G, w), that is,

%(f)z/Gf(x)dx VfeL'(G, ).

The following is an extension of [14, Theorem 6.4].

THEOREM 6.1. Let G be a locally compact abelian group, and let w be a continuous
weight function on G such that the function y — lim sup, @ (y + x)/w(x) is bounded.
Then the following conditions on LY(G, w) are equivalent.

(1)  There is no nonzero continuous point-derivation at ..
(2) The algebra is 2n-weakly amenable for some n € N.
(3) The algebra is 2n-weakly amenable for all n € N.

PROOF. First, since G is abelian and hence amenable, we may assume that w > 1,
by [16].

It is obvious that (3) implies (2). We now show that (1) implies (3) by induction
on n. For the case where n = 1, this has been shown in [14]. So assume that n > 1 and
that L' (G, w) is 2n-weakly amenable. We show that it is (21 + 2)-weakly amenable.

Let (¢;) be a bounded approximate identity for L'(G, ) and let E be a weak*
cluster point of (e;) in L'(G, w)**. Then E is an idempotent for the first Arens product
Oon L'(G, w)**,and fE = Ef = f forevery f € L'(G, w). We may also write

LY G, w)*=EOLYG, w)™* & (I — E)L'(G, w)**.

The actions of L1(G, w) on X, = (I — E)LY (G, w)*™* are trivial.
Now, using a similar argument to [5], it can be shown that £ O LY(G, w)** is
isomorphic to LUC(G, 1/w)* in the category of Banach algebras. Thus, if

D:LY(G, w) — (L'(G, w))®*? =(E T LY(G, )™ & XT"

is a bounded derivation, then it follows that D = D; + D,, where D is a derivation
into (E O LY(G, w)*)® and D, is a derivation into Xc(l,zn). Hence we can assume
that D maps into LUC(G, 1/w)@*D.
However,
LUC(G, 1/w)* = M(G, w) ® Co(G, 1/w)™,

where Co(G, 1 /a))J- denotes the space of all functionals in LUC(G, 1/w)* that
annihilate Co(G, 1/w). Thus

LUC(G, 1/w)®*D = M(G, 0)® @& (Co(G, 1/w)H)®M.

It is shown in [14] that Co(G, 1/w)* is an L'(G, w) Banach bimodule, and conse-
quently (Co(G, 1 /a))J-)(z”) is too. Hence all continuous derivations from L' (G, 1 /o)
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into (Co(G, l/a))J-)(Z”) vanish, by [14, Theorem 4.5], and we may assume that D
maps into M(G, a))@”). However, because LI(G, ) has a bounded approximate
identity, D maps into L'(G, w) - M(G, ) = L'(G, w)®”, and so D=0 by
induction.

Finally, to prove that (2) implies (1), take n € N such that L'(G, w) is 2n-weakly
amenable. Then L!(G, w) is certainly 2-weakly amenable, and the result follows
by [14, Theorem 6.4]. |

Acknowledgement

The authors would like to thank the referee for a careful reading of this paper.

References

[1] O.Y. Aristov, V. Runde and N. Spronk, ‘Operator biflatness of the Fourier algebra and approximate
indicators for subgroups’, J. Funct. Anal. 209 (2004), 367-387.

[2] Y. Choi, F. Ghahramani and Y. Zhang, ‘Approximate and pseudo-amenability of various classes of
Banach algebras’, J. Funct. Anal. 256 (2009), 3158-3191.

[3] H. G. Dales, F. Ghahramani and N. Grgnbak, ‘Derivations into iterated duals of Banach algebras’,
Studia Math. 128 (1998), 19-54.

[4] H. G. Dales and A. T. M. Lau, ‘The second duals of Beurling algebras’, Mem. Amer. Math. Soc.
177(836) (2005).

[5] F Ghahramani and A. T. Lau, ‘Isometric isomorphisms between the second conjugate algebras of
group algebras’, Bull. Lond. Math. Soc. 20 (1988), 342-344.

[6] F. Ghahramani and R. J. Loy, ‘Generalized notions of amenability’, J. Funct. Anal. 208 (2004),
229-260.

[71 F. Ghahramani, R. J. Loy and Y. Zhang, ‘Generalized notions of amenability, II’, J. Funct. Anal.
254 (2008), 1776-1810.

[8] F. Ghahramani and G. Zabandan, ‘2-Weak amenability of a Beurling algebra and amenability of
its second dual’, Int. J. Pure Appl. Math. 16 (2004), 75-86.

[9] F. Ghahramani and Y. Zhang, ‘Pseudo-amenable and pseudo-contractible Banach algebras’, Math.
Proc. Cambridge Philos. Soc. 142 (2007), 111-123.

[10] N. Grgnbzk, ‘Amenability of weighted convolution algebras on locally compact groups’, Trans.
Amer. Math. Soc. 319 (1990), 765-775.

[11] V. Losert and H. Rindler, ‘Asymptotically central functions and invariant extensions of Dirac
measure’, in: Probability Measures on Groups VII, Lecture Notes in Mathematics, 1064 (ed. H.
Heyer) (Springer, Berlin, 1984), pp. 368-378.

[12] R. Mosak, ‘Central functions in group algebras’, Proc. Amer. Math. Soc. 29 (1971), 613-616.

[13] T. W. Palmer, Banach Algebras and the General Theory of *-Algebras I, 11 (Cambridge University
Press, Cambridge, 1994, 2001).

[14] E. Samei, “Weak amenability and 2-weak amenability of Beurling algebras’, J. Math. Anal. Appl.
346 (2008), 451-467.

[15] R. Stokke, ‘Quasi-central bounded approximate identities in group algebras of locally compact
groups’, lllinois J. Math. 48 (2004), 151-170.

[16] M. C. White, ‘Characters on weighted amenable groups’, Bull. Lond. Math. Soc. 23 (1991),
375-380.

[17] Y. Zhang, ‘Solved and unsolved problems in generalized notions of amenability for Banach
algebras’, in: Banach Algebras 2009, Banach Centre Publications, 91 (eds. R. J. Loy, A.
Sottysiak and V. Runde) (Polish Academy of Sciences, Institute of Mathematics, Warsaw, 2010),
pp. 441-454.

https://doi.org/10.1017/51446788711001133 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788711001133

376 F. Ghahramani, E. Samei and Y. Zhang [18]

F. GHAHRAMANI, Department of Mathematics, University of Manitoba,
Winnipeg, Canada R3T 2N2
e-mail: fereidou@cc.umanitoba.ca

E. SAMEI, Department of Mathematics and Statistics,
University of Saskatchewan, Saskatoon, Canada S7TN S5E6
e-mail: samei@math.usask.ca

YONG ZHANG, Department of Mathematics, University of Manitoba,

Winnipeg, Canada R3T 2N2
e-mail: zhangy @cc.umanitoba.ca

https://doi.org/10.1017/51446788711001133 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788711001133

