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SUBDIFFERENTIALS OF CONVEX FUNCTIONS
AND SIGMA-CYCLIC MONOTONICITY

ARis DANIILIDIS

The property of o-cyclic monotonicity is proposed here to describe subdifferentials
of Isc convex functions that are continuous in their domains. It is shown that all
monotone operators in R and all densely defined cyclically monotone operators in
R™ share this property. Examples of a densely defined maximal cyclically monotone
operator in a Hilbert space and of a subdifferential of a convex lsc function in R?
which are not o-cyclically monotone operators are given.

1. INTRODUCTION AND PREREQUISITES.

In [5], Rockafellar introduced the class of cyclically monotone operators in order to
describe the subdifferentials of convex lower semicontinuous (lsc) functions. His main
result states that an operator T : X — 2X” is included in the subdifferential 8f of a Isc
convex function f if, and only if, it is cyclically monotone. In particular, T coincides
with 8f if, and only if, it is maximal cyclically monotone (with respect to the inclusion
of graphs).

In this article we refine the notion of cyclic monotonicity by introducing an infinite
variant of it that we call o-cyclic monotonicity. We show that this property is always sat-
isfied by the subdifferentials of convex lsc functions that are continuous in their domains,
and hence by the subdifferentials of all convex lsc functions in H. A simple example
shows that subdifferentials of discontinuous convex lsc functions in R? may fail to be
o-cyclically monotone. However, in finite dimensions, cyclic and o-cyclic monotonicity
coincide for the class of the densely defined operators. This is no longer true in infinite
dimensions. In particular, there exists a convex lsc function f in a separable Hilbert
space, for which 8f is a densely defined maximal cyclically monotone operator, without
being o-cyclically monotone.

Before we proceed we fix our notation: X will be a Banach space with dual space
X*. In particular, we denote by ¢£2(IN) the Hilbert space of square summable sequences,
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by £}(N) the Banach space of absolutely summable sequences and by £2°(N) the Banach
space of bounded sequences. We also denote by cg{/N) the space of eventually null
sequences. For any z € X and z* € X* we denote by z*(z) the value of z* at z. For
z € X and € > 0 we denote by B.(z) the closed ball centred at z with radius € > 0.
Finally for z, y € X we denote by [z,y] the closed segment {tz + (1 —t)y : t € [0, 1]}.
The segments (z,y], [z,y) and (z,y) are defined analogously. Throughout this article
we always deal with multivalued operators T defined on X and taking values into 2%’
(the space of subsets of X*), and with proper convex Isc functions f : X - R U {+co}
which are not identically equal to {+0c0}. We set dom(f) := {z € X : f(z) € R} for
the domain of f and dom(T') := {z € X : T(z) # 0} for the domain of the multivalued
operator T.

A function f : X — R U {+oo} is said to be continuous (respectively lower
semicontinuous), if it is continuous (respectively lower semicontinuous) at every point
z € X, where R U {+oo} is equipped with the topology generated by the family
Sp U {(z,+00], = € R} (Sr being the usual topology of R). Note that such func-
tions may take infinite values, as for instance the function f : R — R U {+oo} with
f(z) =1/zif £ > 0 and +o0 if £ £ 0. On the other hand, we say that a function f is
continuous on a subset S of its domain, if its restriction to S is a continuous (real-valued)
function, see also [4, p.82]. The class of convex lsc functions which are continuous in their
domain is much larger than the one of convex continuous functions. In particular, it con-
tains the indicator functions of closed convex sets, as well as many other non-continuous
functions, see [3, Example 3.8 (a)).

We recall that the subdifferential 0f of the function f at the point x4 € dom(f) is
given by the formula below:

(1) 0f(zo) = {z* € X*: f(z) — f(z0) 2 z"(z — 20), Vz € X}

For a lsc convex function f, the above subdifferential coincides with the Clarke-
Rockafellar subdifferential 8" f(zo) which was defined in [6] (see also [2]) as follows:

(2) 8" f(z0) = {z* € X : 2"(d) < f"(zo,d), Vd € X}.

where fT(zo, d) is the generalised derivative of f at z¢ in the direction d € X:

f(z +td) — f(z)

(3) f(zo,d) = sup limsup inf
€>0 z—3jz0 d'€B(d) t
eNot

where t N\, 0% indicates the fact that ¢t > 0O and ¢t — 0, and £ — zo means that both
z — zo and f(z) = f(zo).

2. MAIN RESULTS

Let T : X — 2X° be a multivalued operator. We recall from {3] the following
definition:
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DEFINITION 1: T is called cyclically monotone, if for any n € N, for every
Z9,T1,..-, Ty in X and every zj € T(zo), z} € T(z1), ..., z; € T(z,) one has

(4) Zz?(zm -1;)<0
=0

where 7,4, ;= xp.
We recall from [5] the following fundamental theorem.

THEOREM 2. T is cyclically monotone if, and only if, T C 8f for some convex
Isc function f.

As shown in [5], if we assume that T is maximal cyclically monotone, then the above
inclusion becomes an equality and the function f turns out to be unique.
Let us now introduce the notion of o-cyclic monotonicity.

DEFINITION 3: T is called o-cyclically monotone, if for every sequence (z,)}% in

X such that lim z,, = z¢ and for every z} € T{z;) (for i = 0,1,2,...) one has

n—o0

n
(5) limsup 3 23 (zis1 — 2) < 0.
70 =0

It is easily seen that every o-cyclically monotone operator is cyclically monotone.
Indeed, given a multivalued operator T and a finite sequence {zg, 21, ..., Z,} in dom(7T),
one can define an infinite sequence (zx)72 in dom(7T’), by setting zx = zo, for k > n+ 1.
Then relation (5) clearly yields (4).

The following proposition shows that the class of o-cyclically monotone operators
contains the subdifferentials of functions which are continuous on their domain, thus in
particular these of convex continuous functions. (Note also that the proof below does not
require the convexity of f.)

PROPOSITION 4. Suppose that f: X — RU{+co} is continuous on dom(0f)
and T C 9f. Then T is o-cyclically monotone.
ProoF: Consider any sequence (z,)$2% in dom(T) such that ILm Zn = Zo. For any
n—o0

z), € T(z,), the inclusion T(z,) C 8f(z,) together with (1) implies:

(6) f(Znt1) 2 f(20) + 25(Tn1 — Tn)

forn=0,1,2,.... Adding the above inequalities we get

> 2} (31 — 7:) € f(Znin) — f(z0)-

i=0
Taking the limit as n — +o00, and using the continuity of f on dom(df), we conclude
that limsup Y z} (241 — 2:) < 0. 1]

n—oo0 =0
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One deduces that the subdifferentials of indicator functions of convex sets are o-
cyclically monotone operators. The same is true for the subdifferentials of all Isc convex
functions of one variable. More generally we show the following:

COROLLARY 5. Let T : R — 2% be a monotone operator (that is, T satisfies (4)
forn =1). Then T is o-cyclically monotone.

PROOF: It is known that every monotone operator in R is cyclically monotone (see
[5]), hence Theorem 2 ensures the existence of a lsc convex function f : R - RU {+o0}
such that T C 0f. We shall show that f is continuous on its domain (which is a segment
of R), hence the result will follow from Proposition 4. Since f is continuous at every
interior point of its domain, it suffices to consider only the (eventual) case of a point zg
in dom(f) such that z¢ < z for all z € dom(f). (The case z¢ > z for all z € dom(f) can
be treated analogously.) Suppose for simplicity that zo = 0 and f(zo) = 0 and consider a
sequence (Z,), in dom(f) such that nETooZ" = 0. Since f is Isc, one gets 17151 igf flz,) > 0.
Suppose now that there exists z in dom(f) with f(z) > 0. From convexity of f it follows
that f(tz) < tf(z), for all t € [0, 1], hence in particular tl\i‘rgif(t:c) = 0. It follows easily
that limsup f(z,) < 0. 0

n—400

The above result fails in R? even if T is maximal cyclically monotone. This is shown

by the following example:

ExXAMPLE. Consider the function f : R? = RU {400} given by the formula

z3/n, ifz; >0
flz,z2) =4 0 ifz)=2,=0
+oc  elsewhere

In [4, p.83] it has been shown that f is convex and lower semicontinuous. This function
is a classical example of a non asymptotically well behaved function and has been used
several times in the past. We show that the operator T = df is not o-cyclically monotone.
Note first that f is differentiable at every non-zero point of its domain, with gradient
Vf(z1,22) = (—(z2/71)?,2(z2/21)). Set now z, = ((1/(n + 1))3, 1/(n+1)) and z}, €
0f(za) = {Vf(za)}. It follows that "ETwzn = 0 and that z}, (241 — Zn) > 0, for n > 1.
Since f attains its minimum at zo = 0, it follows that 0 € 8f(zy). Setting z§ = 0 we
obtain:

n—oo

limsup {:c(‘,(xl — o) + Zz{(xiﬂ - :v;)} >0

i=1
which shows that T is not o-cyclically monotone.

One may observe that in the previous example the domain of T is included in a
half-space. This condition is in fact indispensable for such examples in finite dimensional
spaces. This is shown by the following proposition.
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PROPOSITION 6. Let T : R® — 2% be a densely defined cyclically monotone
operator. Then T is o-cyclically monotone.

ProoF: Since T is cyclically monotone, we conclude from Theorem 2 that for some
convex lIsc function f we have T C 8f. Since dom(T) is dense in R® and dom(T) C
dom(8f) C dom(f), it follows that dom(f) is also dense. Since the latter set is convex, we
infer that dom(f) = R", hence f is continuous. The result now follows from Proposition
4. 0

The statement of Proposition 6 is no longer true in infinite dimensional spaces, even
if one assumes T to be maximal (that is, equal to the subdifferential of a lsc convex
function f). We shall use the following result, which is a version of the approximate
mean value theorem for the Clarke-Rockafellar subdifferential, see [1, Corollary 4.3]:

PROPOSITION 7. Let f: X — RU {400} be a Isc function and a, b € X be
such that f(a) < f(b). Then there exist ¢ € [a,b], ¢ # b, and sequences (Tn)nen in X
and (z})nen in X* with z}, € 8" f(2,), Zn — ¢, f(za) = f(c) such that:

zh(z —z,) >0

for alln € N and every z = ¢+ t(b — a), witht > 0.

PROPOSITION 8. There exists a Isc convex function f on *(N) such that its
subdifferential 8f is densely defined without being o-cyclically monotone.

PROOF: Let X = ¢2(N). We consider the function f : X = RU {+oo} defined for
every T = (z;)}% € X as follows:

+o0

(7) f@ =lzlh =) =

i=1
Since f is the pointwise supremum of the convex continuous functions ¢, : X — R given
by ¢n(z) = Zn: | z; |, it follows that f is lower semicontinuous and convex. From [5] (or
[3]) we have't}l1at 8f : X — 2% is maximal cyclically monotone. We shall show that 8f
is not o-cyclically monotone.
Let us first observe that dom(f) = ¢!(N). On the other hand one can easily see that
f is nowhere continuous. Using the inclusions £}(N) C £(N) C £2(N) := [¢4(N)]’, the
relation [##(N)]" = #(N) and the fact that f(y) = +oco for all y € 2(N)\ £(N), it
follows from (1) that for every z € dom(f):

(8) af(x) = (Il - h)(z) n £(N)

where 3(|| - ||1)(z) denotes the usual subdifferential of the norm ||- ||, in £'(N), as a subset
of £°(N).
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Relation (8) shows that dom(Jf) is dense in X, since it contains for instance the
space cgo(IN). Setting now z = 0 in (8) we obtain in particular that:

(9) af(o)’:{y:(yn)neez(N): [ yn | Sl}

We shall need the following claim.
CLAIM. There exists a sequence (y,);}2 in dom(f) such that for all n > 1:
(i) Un € Bl/n(O)
(i)  f(ya) < f(yn+1)
(iii) the restriction of f to the segment [y, ¥n+1] is strictly increasing.
ProOF: We first note that for every € > 0, the function f takes arbitrarily large
finite values in the ball B,(z).
Set now k; = 1 and 51 = €; := (1,0,0,...). For a; € R and k, > k, + 1 we consider:

k2
(10) v2= Y aze;=(0,0,02,..,0,0,0,..)

i=k1+1

Imposing ||y2|| = 1/2 and f(y2) = 2 we conclude that a; = 1/8 and k; — 1 = 16.
One can also check directly that condition (iii) is also satisfied for the segment [y;, y2].

We shall now use induction to construct a sequence (y,)F2 in coo(V), such that for
every n 2 1, |lysll = 1/n, f(yn) = n and the restriction of the function f to the segment
[#n-1,yn] is strictly increasing. To this end, suppose that for n = 1 we have defined
Yn € coo(N), kp, € N and @, € R such that

kn
(11) Yn = Z ane; := (0,0,...,0, an, ap, ..., 04, 0,0,...)

i=kn—l+1
where (k, — kn-1)o, = n and (kn — kn—1)a? = 1/n?. We then define (for n + 1)

kn41

(12) Yn+1 = Z X165 ‘= (0,0, ...,0,0, ...,0, Qnt1, Cnyl, ...,a,.+1,0,0, )

i=knp+1

where kn41 and any) are such that (kny1 — kn)ansy = n+ 1 and (knyy — kp)al,, =
1/(n + 1)2. It now suffices to check that the function

t = p(t) = f(yn + t(Yns1 — ¥n))
is increasing, for ¢t € [0, 1]. Indeed, using (7), (11) and (12), a direct computation gives:
p(t) = (1 — t)(kn — kn-1)am + t(kns1 — kn)ans1.

It follows that p'(t) = (kn+1 — kn)ans1 — (ko — kn-1)an = (R +1) =n =1 > 0. The proof
of the claim is complete. 0

We now construct a sequence (z,);2) C dom(8f) such that:
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(a) ”.’E" - yﬂ“ < ”yﬂnv n=12...

(b) zh(ZTp41 —xn) >0, forallne N.
Let zo = 0. Using (9) we can find some z € 8f(0) such that zj(y; — z9) > 0. Consider
now the open set Uy = {z' € X : z3(z’ — zo) > 0}. Take any z; € UgN [y1, y2] N By, (31)-
By the condition (iii) of the above claim we have f(z2) > f(y1). Since the function f is
convex and lower semicontinuous, its convex subdifferential 8f coincides with the Clarke-
Rockafellar subdifferential 87 f. Hence, since yo = 4, +A(22 —1,) for some X > 1, applying
Proposition 7 (for @ = y, and b = z,) we conclude the existence of some z, € By, (y1)NUp
and some z} € df(z;) such that z}(y, — z;) > 0. Note also that since z; € Up we have
z§(x1 — zo) > 0.

We further set Uy = {z' € X : z}(z' — z1) > 0}. Since U1 N [y2,ys] N Byyy(y2) is
nonempty, we may choose z3 € Uy N [y, 3] N By, (y2). Condition (iii) again guarantees
that f(z3) > f(y2)- Repeating the above arguments one inductively constructs a sequence
(zn)12 having properties (a) and (b).

Since ||y,|| — 0, it follows from (a) that nlgg) Zn = 0 := z¢. It follows now directly
from (b) that 8f is not o-cyclically monotone. 0

The above counterexample shows that, in infinite dimensional spaces, maximal cycli-
cally monotone operators (having even a dense domain) may fail to be o-cyclically mono-
tone. However this can not happen if the operator T is locally bounded on its domain.
More generally we say that an operator T has a locally bounded selection on a subset D
of its domain, if for every zo € X there exists M > 0 and § > 0 such that:

(13) Vz € DN Bs(x), 2" €T(2): ||2*]| s M

We are now ready to state the following result for infinite dimensional spaces.

PROPOSITION 9. LetT be a densely defined cyclically monotone operator that
admits a locally bounded selection on its domain. Then T is o-cyclically monotone.

PRrROOF: Using Theorem 2 we conclude that 7' C df, for some convex lsc function
f. It follows that 0f has a locally bounded selection on dom(T) (C domdf). From
Proposition 4 it suffices to show that f is continuous. To this end, consider any zy € X
and choose M > 0 and é > 0 so that (13) is satisfied. Since dom(T') is dense on X, there
exists a sequence (T, )nen in dom(8f) N Bs(z) such that 11m 0 Zn = Zo and z}, € 8f(za),
with ||z;|| € M. Take now any z € Bs(z) N dom(f) # (D It follows from (1) that
f(zn) € f(z)+z}(zn — x). Since f is lower semicontinuous, taking the limit as n — 400
we conclude

f(zo) < f(2) + Ml|zo — 2|

It follows that zy € dom(f), hence dom(f) = X and f is continuous. 0
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FINAL CONCLUSION. Most arguments used in the proof of Proposition 8 are also valid

for subdifferentials of Isc convex functions f for which the restriction f),, (as) has a
discontinuity at some zo € dom(8f). Consequently one expects that a subdifferential 8 f

of a Isc convex function f is o-cyclically monotone (if and) only if f|, (a5 is continuous.

This conjecture would be positively answered if for example one could establish the
validity of the claim in the proof of Proposition 8 for the general case.
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