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On Operators with Spectral Square but
without Resolvent Points

Paul Binding and Vladimir Strauss

Abstract. Decompositions of spectral type are obtained for closed Hilbert space operators with empty
resolvent set, but whose square has closure which is spectral. Krein space situations are also discussed.

1 Introduction

Operators A with empty resolvent set arise in various ways. For example, in a Hilbert
space 9 a closed symmetric operator A with a proper self-adjoint extension A is of
this type [11, p. 271]. One can then shrink the spectrum from C to (a subset of) R
by passing to A, and thereby obtain a spectral decomposition of $.

Various examples have also been given of such operators A which are already
self-adjoint, but with respect to an indefinite inner product [3, p. 113], [4, p. 148],
[6]. In [2] a Sturm-Liouville problem is described, leading to such an operator (see
[6] for discussion). In these cases the “standard” spectral theorem, which requires
nonemptiness of the resolvent [9, 5], does not apply and it is not immediately clear
how to obtain decompositions of spectral type.

Further instances appear in certain applications. For example operators of the
form

0 S°!
i A= (0%)

in H B H, where S is self-adjoint on H with Ker(S) = {0} and at least one of the
operators S and S™! is unbounded, arise in connection with Maxwell’s equations [8].
Another example is change of independent variable, e.g., A: f(¢) — f(1/¢) in L,(R),
cf. [10].

It turns out that most of the above examples do have enough structure to permit
some decomposition of spectral type. A key condition is

(1.2) the closure C of A? is similar to a bounded symmetric operator.

In many of the above examples, C = I. In Bognar’s example A is of the form

(5 0)
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and then C = 0. The two block-matrix examples above are special cases of

Ao 0 (M*)~1zMm™!
— \MSM* 0 ’

where M is a bounded and boundedly invertible operator, S and Z are self-adjoint
operators with commuting resolvents, SZ is a bounded operator, but at least one
of the operators S and Z is unbounded. In this case (1.2) holds although C is not
symmetric.

The above condition (1.2) on C, and another technical condition, turn out to
be enough to give a decomposition of § of spectral type related to A. In Section 2
we treat the case C = I and we establish the existence of two orthogonal A-invariant
subspaces & and ® in which Al is self-adjoint (permitting the usual decomposition)
and ® permits a decomposition so that

0 STt

T being isometric and S positive and contracting. In Section 3 we study the general
situation and find that A|3 is normal and A| takes the form

0 ZT!
TS 0 ’

where S and Z commute. We also discuss integral representations for some of these
constructions.

In Sections 4 and 5 we admit an (indefinite) inner product, generated by a self-ad-
joint operator J, which makes $ into a Krein space, and we assume that A is J-sym-
metric. For example, the operator A of (1.1) is J-self-adjointin $ @ & if

J—<‘} é)

Roughly, the results we obtain parallel those of Sections 2 and 3, but where the de-
compositions respect both A and J. For example, if C = I then Al is as in (1.3)

and .
0o T
Jlo = <T 0 ) .

On the other hand some extra conditions are needed in general, e.g., to obtain the
analogue of Section 3 we require A to be J-nonnegative for the existence of a
J-self-adjoint extension.

2 A Matrix Representation for a Square Root of the Identity

Let B be a closed operator acting in a Hilbert space $ with a dense domain D(B) and
such that

2.1 (i)  the closure of the restriction of B on D(B?) coincides with B;
' (ii) the closure C of B? is the identity operator.

https://doi.org/10.4153/CJM-2005-003-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-003-4

On Operators with Spectral Square but without Resolvent Points 63

Lemma 2.1 Let B satisfy conditions (2.1). Then there are closed subspaces £, and
L_ such that D(B) = L,+L_. In fact £, and L_ can be taken as eigenspaces of B,
corresponding to eigenvalues 1 and —1 respectively.

Proof Let us consider the operators C; = %(I +B),C_ = %(I — B). Note that
the closure of C.|p g is just C4. Thus for any x € D(B) there is a sequence x, €
D(B?) with x, — xand y, := Cix, — y := Cix. Now C,y, = Cix, =
Cix, — . So since C; is closed, y = C,y = C2x. It follows that C2 = C, and
By = (2Cy — Dy = y. Let &, = C,D(B). If y,, = Cyx, withx,, € D(B) and y, — ¥
then C,y, = Cix, — ysoy € £, since C, is closed. Similarly C> = C_ and
£_ =C_D(B) is closed too, and Bz = —zifz € £_. Finally, C; + C_ = I on D(B),
so D(B) = £, +L_. [ |

Remark2.2 Forx € D(B),x = x; +x_, x4 € £4, x_ € L_, the equality Bx =
x; — x_ holds. It follows that

(i) D(B) = D(B?*) = R(B) and
(ii) for every complex number ¢ the relation (B — £I)D(B) C D(B) holds.

Thus if B is unbounded, then B — &I cannot have a (closed!) bounded inverse, and
the resolvent set of B must be empty.

Remark 2.3  If B satisfies condition (i) of (2.1), but instead of condition (ii) we
have C = —I, then D(B) = £,+£_, where £, and £_ are the eigenspaces of B,
corresponding to eigenvalues i and —i, respectively.

Remark 2.4 In this paper we deal with operators in Hilbert (or Krein) spaces, but
Lemma 2.1 and the above Remarks can be easily generalized to linear topological
spaces where the Closed Graph Theorem holds, e.g., Fréchet spaces [7, p. 57].

Remark 2.5 We can also find B* explicitly if B satisfies (2.1). By definition, for all
f € D(B*) wehave (Bx, f) = (B(xy +x_), f) = ((x4y —x-), f) = ((xs +x_),B*f),
wherex; € £, andx_ € &_. Thus (x;, (f —B*f)) = 0and (x_, (f +B*f)) = 0 for
allx; € & andx_ € &_,ie, fi := (f —B*f) € Lt and f_ := (f + B*f) € ¢L.
Then2f = fi + f_and 2B*f = f_ — f,.

In what follows we shall give analogues of £, and £_, and more refined decom-
positions of spectral type, under appropriate conditions.

Lemma 2.6  Let B satisfy conditions (2.1). Then there is a decomposition = s, B
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Dusa» invariant with respect to B, and such that

* Blg,, is a self-adjoint operator,

e there are a decomposition s, = 1 O Do, an isometric operator
T: 9 — D with R(T) = 9, and a positive self-adjoint ope-
rator S: 91 — D1, ||S| < L 1 ¢ 0,(S), such that D(Blg,,) =

91D TR(S) and
0 STt
B s — (TS 0 ) :

Proof By Lemma 2.1, D(B) = £,+8_, where £, and £_ are the eigenspaces of
B, corresponding to eigenvalues 1 and —1 respectively. Put $, = (¢+ N L)) @
(ﬂf; NL), Dua = D S HDea. It is easy to check that the subspace 9, is as required,
so without loss of generality we can suppose

(2.2)

(2.3) 9 = Dusa-
Let P, be the ortho-projector onto £, let

(2.4) P: ¢_— £,
be the restriction of P, to £_ and let

(2.5) P* = UK,

be the polar decomposition of P* [11, §VI.2.7]. By (2.3), P2_ is dense in £, so
Ker(P*) = {0}. Since K = (PP*)1/2, K is a one-to-one symmetric operator on £,;
also U is an isometric operator from £, onto £_. Now suppose 0 # x € £,. Then
(Ux,x) = (PUx,x) = (Kx,x), s0 ||x+Ux||*> = (x,x)+(Ux, x)+(x, Ux)+(Ux, Ux) =
2((I + K)x,x) > 2|x||>. Thus the corresponding lineal $; := {x + Ux},ce, is closed
[11, p. 231], and Lemma 2.1 shows that

(2.6) 91 C D(B).

Similarly we find ||B(x + Ux)||*> = ||x — Ux||* = 2((I — K)x,x) < |[|x + Ux[]>. In
this case the lineal {x — Ux},ce, need not be closed and we denote its closure by 9.
Thus Blg, : D1 — 9, is a strict contraction which is one-to-one (since Ux = x € £,
implies x = 0) and we take T'S as its polar decomposition. The result follows. ]

Remark 2.7 For a given scalar product the subspaces 9,, D1, D2 and the operators
T, S from (2.2) are uniquely determined.

Proof First, the subspace 9, is defined by the formula $,, = Ker(B — B*). Second,
we claim that the subspace $; must be representable in the form $; = {x+Wx},cq,,
where W: £, +— £_ is a bounded and boundedly invertible operator. Indeed, (2.6)
shows that all elements y € $; take the form y = x, + x_ € D(B), where x;, € &4,
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x_ € L_. SinceBy = x4 —x_- € $H$NDB) & y = x4 +x_ € 91, x4 must
run through all £, and x_ must run through all £_. Moreover, $; N H, = {0},
soxy =04 x_ =0 <« y = 0. Thus, the relation x_ = Wx; & y = x, +
x_ generates a linear operator and similarly W is invertible. It is easy also to check
that W is closed, so the second part is finished. Third, $; L 9,, therefore (with P
as above) (x + Wx,x — Wx) = (x,x) + (PWx,x) — (x,PWx) — (Wx,Wx) = 0.
Since (x,x) — (Wx, Wx) is real and (PWx, x) — (x, PWx) is imaginary, the operator
PW is self-adjoint and W is an isometry. Thus, P* = W(PW). Finally, by (2.2),
(Sy,Sy) < (y,y) forevery y = x+Wx € H; and (y, y) = 2((I+PW)x, x), (Sy, Sy) =
2((I — PW)x,x), so PW > 0. Thus, W and PW are the elements of the (uniquely
determined) polar decomposition for P*. The rest is straightforward. ]

Now let us consider another way to reconstruct the domain D (B) of B satisfying
conditions (2.1) by using the range of a suitable bounded operator. There is a general
way to do this for any closed operator A in a Hilbert space $. Indeed, the operator
M := (I + (A*A)'/?)~" has the required property: M$ = D(A). In our particular
case there is a more direct solution.

Lemma 2.8 Let:

* B satisfy conditions (2.1),

e D(B) = L, +8_ asin Lemma 2.1,

P, and P_ be ortho-projectors onto the subspaces L, and £_ respectively and © =
P, +P_.

Then ©'/2% = D(B).
Proof Without loss of generality suppose that (2.3) holds. Let P, U and K be as
in (2.4) and (2.5). Then ©(I + U)|g, = (I + U)I + K)|g, and ©(I — U)|g, =
(I —=U)I — K)|g,. In the same way
(2.7) O I+ U)l¢, = I+ U)IT +K)"e.,
O I = U)le, = (I =) = K)Fe,

for all natural k. Since ©!/2 is a limit of polynomials in © [12, §9.4], we obtain
(2.8) A1+ U)e, = I+ )T +K)"q,,

O (I =U)lg, = I = U)I ~K)'g,
from (2.7). Next, we have
(2.9) DB)=T+U)L I —-U)L,.

LetK = fol AdG),, where G), is the spectral function of K. Put

1
1
(210) M]i Q+ = 551, M1: = (I+ U)/O de,\x
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and

(211) le 8+ = .62, le = dG)\X,

! 1
(I_U)/o V20T =N

where 9, and 9, are from (2.2). Let us show that M| and M, are one-to-one maps.
Indeed, for y € €, we have ||(I+U)y||*> = 2((I+K)y, y) and ||[(I — U)y||* = 2((I —
K)y, y). Then replacing y respectively by fol ﬁ dG)x and by fol ﬁ dGx,
from (2.10) and (2.11) we have || M;x|| = ||x|| and ||[Myx|| = ||x||. Thus, M, &+ = 9
and MzQJr = 552.

Now, from (2.10) and Lemma 2.8 we have 02§, = OY/2M, ¢, =

! 1 1
——dG\L,. = —={I+U)L
/0 h(l+)\) A+ \/E( ) +5

s0 ©'2$, = (I + U)L,. In the same way one can show that ©'/2$%, = (I — U)L,.
The rest is clear from (2.9). [ |

(2.12) (I+U)I+K)"?

Remark 2.9 Let B satisfy (2.1) and (2.3) and let ©'/2 = foﬁudHﬂ. Then (I —
H)9 = 9.

Proof Indeed, from (2.10) and (2.12) we have that ©'/2%, = §, and ||©'/2y|? =
||\1/(I + U = (I + K)x,x) > ||x]|> = ||y]|* for 0 # x € £, and (I +

U) fo deAx y € 1. In the same way one can prove that ©'/2$, = §, and

102y|> = (I — K)x,x) < ||x||> = ||y||? for (I — U)f ————dG\x = y € 99,
0 Vai—n 1 by
0 # x € £,. The rest is clear. ]

We conclude this section with the case where C = I in (2.1)(ii) is replaced by
C=-1I

Lemma 2.10  Let B satisfy condition (2.1)(i) and let the closure C of —B? be the iden-
tity operator. Then there is a decomposition $ = 9, B Dy, invariant with respect to B,
and such that

* B|g, is a normal operator,

e there are a decomposition ,, = 1 © 9., an isometric operator
T: 91 — D with R(T) = 9, and a negative self-adjoint ope-
rator S: H1 — 91, ||S|| < 1, 1 ¢ 0,(S), such that D(Blg,,) =

91 D TR(S) and
0 ZT !
B‘g)rm - (TS 0 > )

(2.13)

where ZS = —I.
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Proof The operator iB satisfies (2.1), so by Lemma 2.6 we have the representation

) 0 S7IT! 0 =S (—iD)!
iBlg,., = (TS 0 ) , whence Blg, A = (—iTS 0 .
Note that T is an isometry, so T = —iT is also an isometry. ]

3 Operators with Squares Similar to Self-Adjoint Operators

Let B be a closed operator acting in a separable Hilbert space $ with a dense domain
D(B) and such that

3.1) (i) the naturally defined operator B? is bounded;
’ (ii) the closure of the restriction of B on D(B?) coincides with B;

Proposition 3.1  If B satisfies (3.1) then all natural powers BX are well defined on
D(B).

Proof Our assertion means that BD(B) C D(B). Let x € D(B), y = Bx. Thanks to
condition (ii) from (3.1) there is a sequence {x;}7°, xx € D(B?), such that
limy_, 00 xx = x and limy_, o yx = y for yx = Bx. Then thanks to boundedness
of B, limy_. o, B?xy := z exists. Thus for z; := B*x; = By, we have limy_... yx = y
and limy_, Byx = z. Since B is closed, y € D(B). [ |

In consequence we have the following (¢f. Remark 2.2)

Corollary 3.2 If B satisfies (3.1) then either B is bounded or else its resolvent set is
empty.

Proof By Proposition 3.1, BD(B) C D(B), so if D(B) # 9, then (B—EI)D(B) # H
forall ¢ € C. [ ]

As before, let C be the closure of B2, so by (3.1(i)) C is defined everywhere on $.
Let s — Alg(C) be the strong operator closure of {P(C)}, where P(£) runs over the
set of all polynomials.

Proposition 3.3  Let D € s — Alg(C). Under condition (3.1), D commutes with B. If
in addition D~ exists and D~! € s — Alg(C), then DD (B) = D(B).

Proof Let x € D(B) and y = Bx. Under our conditions there is a sequence
{P.(€)}22, such that lim, o P,(C)x = Dx and lim,_, P,(C)y = Dy. Then
since B is closed, Blim,_, ., P,(C)x = lim,_ ., BP,(C)x = lim,_,o P,(C)Bx =
lim,—, P,(C)y = Dy. So Dx € D(B) and BDx = DBx. Similar arguments hold for
DL [
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We now impose in addition the following condition on C from Section 1:
(3.2) The closure C of B* is similar to a bounded self-adjoint operator.

Equivalently, C is a scalar spectral operator with real spectrum. Let E) be the spectral
function of C (continuous from the left in the strong topology).

Theorem 3.4  Let B satisfy conditions (3.1) and (3.2). Then $ and D(B) admit the
representations

55 = 5im+gni+5m;

(3.3)
D(B) = (9in N1DB) +( 5,1 D(B)) (9.1 D(B))

where the subspaces Dim, Dni and O, are invariant with respect to B and the operators
Bim = Bls,,» Bni = Blg,; and B, = Blg,, have the following properties:

.g has non-positive spectrum, B2, = 0, B_%e has non-negative spectrum and
KCI'(B,‘m) = Ker(B,.) = {0}’

* Dim = & +8,, where the subspaces &}, and & are invariant with respect to

B, £}, C D(B), &;,, C D(B), the spectrum of B|g: belongs to the upper imaginary
half-line, the spectrum of B| - belongs to the lower imaginary half-line, the operators

Blg: and B|y- are bounded scalar spectral operators and Biy, = Ble: +B|g—;

* e = L +L, where the subspaces &}, and £, are invariant with respect to B,
Lr C D(B), £, C D(B), the spectrum OfB|9,t belongs to the non-negative real
half-line, the spectrum of B o belongs to the non-positive real half-line, the operators

Ble: and B|,— are bounded scalar spectral operators and By, = B|e: +B], .

Proof In what follows a concrete form of the Hilbert scalar product on $ is not
really essential, we need to fix only the norm topology. Thanks to this remark we can
change the Hilbert scalar product for a new one such that C is a self-adjoint operator
and, thus, its spectral function is orthogonal. Throughout the proof we shall suppose
that (-, -) has the above-mentioned property.

Put i = E09D, O = (Evo — Eg)9 and O,e = (E1oo — E40) 9. Invariance of these
subspaces follows from Proposition 3.3.

The assertion of the theorem is evident for £,;, so let us check it for 9,.. Fix an
arbitrary po > 0. Then the subspace 9, := (I — E,)9 is invariant with respect to
Band $, C 9. Let B, := Blg, and A, := Bf;oo )\_l/sz,\|55“. Then A, has the
same domain as B,,. Since AIZL is the identity on 9, Lemma 2.1 shows that D(A,) =
LA, Auler = Iless Au‘ﬂ; = —I|Q}7. So the subspaces £, and £, are invariant

with respect to By, By[er = f;oo )\l/sz,\|g; and Byy- = — f;oo Al/szA|Eﬂ_. Put

L = Um0 L = U, 8- Itis easy to show that the subspaces £/, and €,
are those sought. Finally note that for every x € D(B.) the equality lim,,_, ;o B,.(I —
E,)x = Byx holds. Since (I — E, )x € £, +%, all properties of £, and £, have been
proved.
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The analysis for the operator B;,, is the same as that for B,, because the spectrum
of operator (iB;,,)? is non-negative. []

For future reference let us mention the following theorem [14, Proposition 1, sub-
section 2, §41].

Theorem 3.5 Let € be a Hilbert space. Every bounded operator A in
3 = L, ([0, T], €),
which commutes with all bounded multiplication operators, has the form A: f(t) —

A f(t), f:[0,T] — €, where A;: € — € is a u-measurable essentially bounded ope-
rator valued function.

Proposition 3.6 Let M and N be subspaces of a Hilbert space $ and let Poy and Py,
be the corresponding ortho-projectors. Then

(a) the linear span of M and N is dense in $ if and only if Ker(Poyy + Py) = {0};
(b) MN R = {0} if and only if Ker(Py Py — I) = {0}.

Proof (a) Since Py and Py are non-negative, we have the following chain (Py; +
Pyp)x =0 Ppx=0and Ppx =0 < x L MUN.

(b) Note that PyyPyix = x if and only if || Py Pyx|| = ||Pax|| = ||x||. Thusx € M
and similarly x € 9. ]

Theorem 3.7  Let B satisfy conditions (3.1) and (3.2), the operator C have non-nega-
tive spectrum and Ker (C) = {0}. Then one can define on 9 a new scalar product (-, - )’
topologically equivalent to the initial scalar product and such that $ is represented as a
direct integral

w+0
(3.4) $—a' / $rdo(N),
0

and if

w+0
x= EB'/ x\ do(N\)
0

is a corresponding element of 9, then
w+0
(3.5) Bx=@' / VABxdo (M),
0

where w = ||C||, and the operator By: ) — D) satisfies condition (2.1).
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Proof As at the beginning of the proof of Theorem 3.4 we suppose that C is a self-
adjoint operator with respect to (-, -) and, thus, its spectral function is orthogonal.

Note that in the present case one cannot apply Theorem 3.5 directly because B
is, generally speaking, an unbounded operator with empty resolvent set. So, first
let us apply Theorem 3.4. In our case = 9., so for short we put L+ := £
and £~ := £, and we denote by P* and P~ the ortho-projectors on the subspaces
£* and £~ respectively. Since the subspaces £* and £~ are invariant with respect
to E,, the operators P* and P~ commute with E). Applying Theorem 3.5 to each
subspace of constant multiplicity for C [7, p. 916], we have § = &[ H, do(N), & =
®f L do(N), & = @f £ do(N), P* = @f P{do()\) and P~ = @[ P do(N).
Next, applying Proposition 3.6, we have that almost everywhere $) = 21+£ . Let
us put D(By) = L{+L, B)\|QI =1, B)\|ﬁ; = —I. The rest is clear. [ |

7 w0

Since from (3.5) ||Bx||* = &/}

A||Brxy||? do(X), we obtain
Corollary 3.8 If the operator B satisfies the conditions of Theorem 3.7, then it is
bounded if and only if

esssup{V/\|[B]|} < co.
A>0
We are now ready to generalize Lemma 2.10 to the present assumptions.

Theorem 3.9  Let B satisfy conditions (3.1) and (3.2). Then one can define on $ a
new scalar product (-, - )’ topologically equivalent to the initial scalar product and such
that there is a decomposition © = 9,B’ Dy, invariant with respect to B and such that

* B|g, is a bounded normal operator,

o there are a decomposition H,, = D1D’H,, an isometric operator
T: 91 — 92, a bounded self-adjoint operator S: H, — 91 and
a positive (maybe unbounded) self-adjoint operator Z: 1 — 91,
ZS = SZ and (|S|x,x) < (Zx,x) for all x # 0 on D(Z), | ZS]| <

00, such that
0 ZT!
B‘g)nn = (TS 0 > .

Proof According to Theorem 3.4 we have the representation $ = 9i+Dui+Dre-
Note also that we can find on $ a new scalar product ( -, - )’ topologically equivalent
to initial one and such that the operator C is self-adjoint. In this case the mentioned
above representation takes a form H = 9, D’ Dy & Hye. For simplicity we shall
omit the symbol “’ ”. We shall construct the required representation of B for each of
subspaces 9im,» Dni and 9. separately.

First, let us consider .. Put $% = Ker(B,, — B,), 95" = 9. © Dio.

Let H5* = L5 +2, be the decomposition that corresponds to the third item of
Theorem 3.4. Let P, and P_ be the ortho-projectors onto the subspaces £, and
€., respectively, and write the operator (cf. Lemma 2.8) © := (P, + P_)"/? in the

form © = foﬂ wdH,. Note that ©C = CO. Next, arguing as for Theorem 3.7

(3.6)
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and using the spectral function E)

Hsa = @fOHC”JrO 92 do(A). Note that the H, commute with C and by Theorem 3.5
we have the corresponding operator representation H,, = @ f (Hrdo(N).
Now (¢f. Remark 2.9) let H1° = (I — H)HE*, 95 = H1H5? and (H1)y = (I —

H)a$x (920 = (H)A S Then $° = af/"°($,), do()). By Lemma 2.6 we

have the following representation

—1p—1
s— (0 S'T
T\Sy 0

with respect to the decomposition ) = (91)x & (92). Now, taking into account
the representation (3.5), for the decomposition H5* = H* G HY we can write

0  Z.T,!
Blg)’gﬂ o (Tresre 0 ) ’

g ONeE can represent 9y as a direct integral

where

[ICll+0
T.—@ / T\ do(V),
0

licii+o

S =@ VIASy do(N),
0

licii+o

Ze=® VST do(V).
0

Note that Z,, > S,. > 0. The construction for B,, := Bl|g_nwv(p) is complete.

For Bj,, put 9%, = Ker(B;,, +B;,,), 9l = Dim © 9L,,. The rest of the construction
for B;,,, taking in account the representation (2.13), is similar to the corresponding
steps for B,,. As a result we obtain the decomposition 7/ = HM @ 9" and the
corresponding matrix representation

(0 Z,T!
% TimSim 0
with Z;,, > —S;,, > 0.

Now let us consider B,; := Blg,npp). Note that f.R(Bm-) C Ker(B,;) and put
552,’ = {C‘R(Bm)}L N Ker(Bni)) 52;’! = g)ni S 5521') 5’111 = Ker(Bm') N SE)Z?’ ;” =
Syt © HY'. Then the polar representation of the operator (B|gm)* has with respect to
the decomposition $ = H}' & 9} the following matrix form

p_ (.0 0
'6;11‘ TniZni O’

where T is an invertible isometry and Z,; > 0, so

(0 z,T;'
o = (0 0 :

B

(B

(3.7) B
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Now put 9, = §7¢ @ §i,, & 5> S = 97 @ i, & G, 1 = O © K" @ O,
D= OF @ HY" @ V. The rest is clear. n

Corollary 3.10 If an operator B satisfies the conditions (3.1) and (3.2) then one can
define on 9, a Krein space structure such that Blg, is a J-self-adjoint operator.

Proof Define ] by the formula
(0 TY\ [0 T*
v \T 0 ) \T o)

4 A Canonical Form for a J-Positive Square Root of the Identity

(3.8) J

In Corollary 3.10 a Krein space structure is defined corresponding to the operator B.
In this section and in the next one we shall consider a different situation where a
Krein space $) is already given with a fixed indefinite inner product generating various
topologically equivalent Hilbert scalar products.

First let us consider an operator B with a domain D(B) C 9, such that

(a) Bisaclosed J-symmetric operator,

(b) DB) =9,

(¢) Blpg) =B,

(d) the closure C of B? is the identity operator.

(4.1)

Our goal is to study the properties of B. Since a J-symmetric operator has eigen-
vectors that are J-orthogonal when they correspond to different real eigenvalues, we
have the following result.

Proposition 4.1  If the operator B satisfies conditions (4.1) then its subspaces £, and
L_ from Lemma 2.1 are J-orthogonal.

Similarly to Remark 2.5 we have the following result.

Proposition 4.2 Let B satisfy the conditions (4.1) and let B™*! be the operator J-ad-
joint to B. Then B! is described by the conditions

o D(Bl*] :ﬁ[L]_i_L)[L]’
(4.2) { (B~ * -

’B[*]w&' = _I|Q[f“ B[*]|£‘_“ = I|2[_M'

Corollat?/ 4.3  The operator B from Proposition 4.2 is J-self-adjoint if and only if
= gt

Corollary 4.4  The operator B from Proposition 4.2 is either J-self-adjoint, or else has
at least one J-self-adjoint extension B which satisfies conditions (4.1) and is described in
the following way
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[ Q_ = QLL],
* D(B) = £, [+]2_,
*Ble, = 1le,, Bla_ = —I|q_.
Next let us consider an operator B with a domain D(B) C 9, satisfying (4.1) and
such that
(4.3) Bis J-positive.

Our aim is to find a canonical form for B.

Note that for 0 # x € £, and 0 # y € £_ we have [x,x] = [Bx,x] > 0 and
[y,y] = —[By,y] < 0, so we have the following analogue of Lemma 2.1 and the
ensuing remarks.

Lemma 4.5 A closed densely defined operator B satisfies conditions (4.1) and (4.3) if
and only if there are two subspaces £, and £ _ such that

e &, and L_ are, repectively, positive and negative subspaces,

’Q+[J—]27)
(44) « D(B) = &, [+]¢_,
*Ble, =1I¢,, Ble_ = —I|¢_.

Moreover, under these conditions D(B) = D(B?) = R(B).

Remark 4.6  The spaces £, and £_ from (4.4) can be non-maximal definite sub-
spaces.

On the other hand, as in Corollary 4.3 we have

Corollary 4.7 An operator B satisfying conditions (4.1) and (4.3) is J-self-adjoint if
and only if &, and £_ are maximal definite subspaces.

See [3] for analogous situations. Moreover, as for Corollary 4.4 we have

Corollary 4.8 An operator B satisfying conditions (4.1) and (4.3) is either J-self-ad-
joint, or has at least one J-self-adjoint extension which also satisfies conditions (4.1)
and (4.3).

Remark 4.9 The existence of a J-self-adjoint J-positive extension for a J-positive
but J-non-self-adjoint operator is a simple corollary of the corresponding result for
Hilbert space positive operators but this does not automatically imply condition
(4.1)(c). As an example, let S be a positive non-self-adjoint operator with dense
range and with two different self-adjoint positive extensions S and S. Then the oper-
ator (1.1) satisfies (4.1) but its J-positive J-self-adjoint extension

0 S§°!
S 0

does not.
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During the rest of this section we shall suppose that the operator B acting in the
Krein space % satisfies conditions (4.1) and (4.3) and is J-self-adjoint, so the sub-
spaces £, and £_ are maximal definite subspaces. We denote a canonical decompo-
sition of the Krein space by = 9. & H_.

Note that for the maximal positive subspace £, there exists a unique operator
K: 94 — 9H_, such that |[Kx|| < [|x|| for every x # 0, &4 = {x + Kx}regp,. Kis
usually called an angular operator (for £.). If the positive subspace £, has angular
operator K, then the negative subspace @l has angular operator K*: H_ +— 9.

Theorem 4.10  The space $ can be represented in the form 9 = 9p[+]1D, = Do D Dus
invariant with respect to B, and such that

*[[Blg, |l = 1,
e there are a decomposition , = 91 ® 9,, an isometric operator
T: 91 — O and a positive self-adjoint operator S: H; — 91,

(4.5) IISI| < 1, such that
0 s'T! o 1!

Proof Put $H, = KerK @ KerK* and 9, = H © 9. It is easy to see that £ is
invariant with respect to B. So without loss of generality we can suppose that

(4.6) Ker K = Ker K* = {0}.
Under condition (4.6) the operators K and K* have the representations
(4.7) K=UK, and K*=K,U™!

respectively, where K, = (K*K)!'/? is a positive self-adjoint operator acting on the
space $. and U is an isometric operator mapping the space $. onto the space $_
[11,8VIL.2.7]. ThenK = fol AdUQ,, where Q,, is the spectral function of the opera-
tor K.

Letx € Uy_..; QS and y = [ 6(A) dQux, where ¢(A) = 1/(1 — X?). Then
Ky = fol X(MU dQyx and K*Ky = fol PY(A) dQyx, where x(\) = A¢p(N) and
P(\) = A2¢p(N). Note that x = y+Ky — Ky —K*Ky and an analogous representation
is true for corresponding elements from $_. Moreover y + Ky = fol O(N\) dQyx +
Ji x(NdUQx € €, and K*Ky + Ky = [, () dQux + [} x(\) dUQux € €_.
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Hence we have
1 1 1
B(x+ Ux) = / 6(N) dQux + / XV dUQux + / PN dQux
0 0 0
1 1 1
" / YO dUQux — / $(N) dUQux — / O dQux
0 0 0

1 1
- / PN dUQux — / YO dQux
0 0

"1-

Similarly one sees that B(x — Ux) = fol % d(I + U)Qyx, so we can put $; =
{x + Ux}rics., D2 = {x — Ux}yes., T(x + Ux) = (x — Ux) and S(x + Ux) =

Jy 22 dI + U)Qux. n

1+

5 J-Non-Negative Operators with Spectral Squares

We now weaken the conditions of the previous section, specifically (4.1)(d) and (4.3).

Proposition 5.1  Let an operator B be J-non-negative and satisfy conditions (3.1) and
(3.2). Then C has non-negative spectrum.

Proof Let us suppose the contrary. Let E) be the spectral function of C. Then
there is an interval A C (—00,0) such that 0 # E(A). Since B is J-symmetric, C
is J-symmetric too, but the last operator is bounded and defined on all &, so it is
J-self-adjoint. Thus E(A) is J-self-adjoint too. Note that D := fA l/deA S
s — Alg(C) so BD = DB. Put $ = E(A)$, B = BD|33. Then B is a J-positive
operator in 55 and B2 = —I. Then (see Remark 2.3) D(B) = é++é7, B’m = il,
B‘Q, = —il. The last, however, is impossible for a J-non-negative operator even if
we take into account only its linear algebraic properties. ]

Note that Proposition 5.1 can also be proved for arbitrary J-non-negative oper-
ators B with non-empty resolvent set. First, if an operator B is J-non-negative and
its resolvent set p(B) is non-empty then B is J-self-adjoint. Indeed, let us suppose
the contrary, i.e., B is J-non-self-adjoint and there is A such that (B — AI)D(B) = $.
Without loss of generality we can suppose that A ¢ R. Now let Bbe a J-self-adjoint J-
non-negative extension of B and let xy € D(B) but xy ¢ D(B). Put y = Bx,. Thanks
to the hypothesis A € p(B), there is x; € D(B) such that y = (B — AI)x;. Then
Xo — X1 is an eigenvector of B corresponding to A, but a J-non-negative operator can-
not have a nonreal eigenvalue. So B is J-self-adjoint and the rest of Proposition 5.1
follows from Langer’s integral representation for J-non-negative J-self-adjoint oper-
ators [9]. In Proposition 5.1, however, the resolvent set can be empty.
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Corollary 4.8 depends on choosing a maximal pair of subspaces whose existence is
well-known. The analogous result in the present context is rather more delicate and
uses a maximal pair result that we defer to the Appendix.

Theorem 5.2  Let an operator B be J-non-negative and satisfy conditions (3.1) and
(3.2). Then B has a J-self-adjoint extension B which satisfies the same conditions.

Proof First, let us consider the case when the kernel of B is trivial. Then from
Theorem 3.4 we have = 9,.. Put £, = £/, &_ = £-. Without loss of generality
(if necessary changing the Hilbert scalar product as indicated earlier) we can suppose
that C is self-adjoint. Then ] commutes with C and with its spectral function E).
Let us fix A > 0 and consider the compression By := (I — E»))Blg, where ) =
(I — Ex)$9. We next show how to extend B, to a J-self-adjoint operator. Let Dy :=

FByy where
Icli+o

; N dE,,.

Using Proposition 3.3 and Lemma 4.5 on By, one can check that D%/\>x = x for
all x € D(B(yy) and thus we can apply Lemma 4.5 to D) to give an orthogonal
definite pair {€,, £_}. In the Appendix it is shown that there is a maximal extension
{QJr, Q_} (the so-called extension with nullified complement), with the following
property. If E is a projector which is simultaneously orthogonal and J-orthogonal

and the subspaces £, and £_ are invariant with respect to E, then the subspaces
£, and £_ are also invariant with respect to E. If we take the extension of D, to

F =

€, + €_ given by Diyxg = £x4 forxy € €., then the operator

By = F~'Diyy = DpyF s,

is a J-self-adjoint extension of Byyy.

Now put D(B) = J,., D(B(ry) and Bx = B(yyx for x € D(B(y)). Finally let us
write B for the closure of B. Let y € D(B!*)), where the operator B* is J-adjoint to B,
and By := yl*I Then forallx € D(B) we have [B(I—E))x, y] = [I—Ey\)x, y*1] =
[x, (I — Ex)y™]. By construction the operator B(I — Ey) is J-self-adjoint, so B(I —
E\y = (I—E,\)y[*]. But y = limy_,+o(I — Ey)y and y[*] = lim,\HJrO(I—EA)y[*], )
By = y!*] and hence B is J-self-adjoint.

Next we establish (3.1) and (3.2). If x € D(B) and y = Bx then there is a sequence
x, € D(B) so that x, — x and Yo 1= Bx, — y. We say that an operator A has
property P if D(A*) = D(A), so by Lemma 4.5, Dy, has property P. Since Fand F~'
are bounded, B< A)s and hence B, also have property P. Using Proposition 3.3 we then
conclude that

(5.1) B*u=F*u=_Cu
for all u € D(B), so Bx, converges to a limit z, say, and By, — z. Thus y € D(B)

and z = By = B?x. It follows that B has property P, and (3.1)(ii) is proven. From
(5.1) we have B%x,, = Cx, — Cx and the remaining contentions follow easily.
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Finally we consider the general case. Under the hypothesis of Theorem 5.2, =

Dnil+]9r and both subspaces are B-invariant. So we need only to show that B| . has
a J-self-adjoint extension of the desired type. But the last operator has the represen-

tation, cf. (3.7),
=1
S = 0 fan) <8 angnz >

with positive Z,;. Since Z,; has a positive self-adjoint extension the rest is clear. W

B

We can now give a matrix representation for operators satisfying (3.1) and (3.2)
(or at least for the extensions guaranteed by Theorem 5.2).

Theorem 5.3  Let an operator B be J-non-negative J-self-adjoint and satisfy condi-
tions (3.1) and (3.2). Then there exist a suitable Hilbert scalar product and a decompo-
sition D = Dsg B Dusa With Dsal L] Dusa> such that Blg,, is self-adjoint, and Blg,, and
Ils,., simultaneously have matrix representations (3.6) and (3.8).

Proof Note that the difference B—B* is J-self-adjoint, so Ker(B—B*) and (B—B*)%
are simultaneously orthogonal and J-orthogonal. Taking into account Theorem 4.10
and (if necessary) changing the Hilbert scalar product, the reasoning can be obtained
as for Theorem 3.9. ]

We conclude this section with a partial converse to Proposition 5.1.

Theorem 5.4  Let an operator B be J-symmetric and satisfy conditions (3.1), and (3.2)
and let C have nonnegative spectrum and trivial kernel. Then B has a ]-self-adjoint
extension that also satisfies (3.1) and (3.2).

Proof The first steps, including the construction of the operator Dy, are the same
as for Theorem 5.2. Now let us take the J-self-adjoint extension of Dy, correspond-
ing to Corollary 4.4. The rest follows the proof of Theorem 5.2. ]

6 A Canonical Form for a J-Symmetric Root of Minus Identity

In the previous two sections we studied J-symmetric operators B of certain types
(e.g., with nonnegative C) that accept J-self-adjoint extensions of desired types. Now
we turn to a different case, where J-self-adjoint extensions are not guaranteed.

Let us consider an operator B with a domain D(B) C $, such that

* Bisaclosed J-symmetric operator,

e D(B) =9,

* Blow) =B,

* the closure of B? is minus the identity operator.

(6.1)

Our aim is to find a canonical form for B.
Let us redefine C; := %(I —1iB),C_ = %(I + iB). Then using the same rea-
soning as in Lemma 2.1 we have C? = C,, C> = C_, the lineals £} := C,D(B),
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£, = C_D(B) are closed and B|ﬁoi = +il. Hencefor0 #x € &Jand 0 # y € &
we have [x,x] = 0 and [y, y] = 0, and in this case Lemma 2.1 takes the following
form.

Theorem 6.1  An operator B satisfies conditions (6.1) if and only if there exist two
subspaces L and &, such that

o 8 and L are neutral subspaces, £ N L&y = {0},
(6.2) * D(B) = L5+,
* Bloy = ille Bloy = —illg; -

Remark 6.2  If an operator B satisfies conditions (6.1) then it is J-self-adjoint if and
only if simultaneously (£§)!*) = € and (£;)* = ¢,

We leave open the extension problem for a dense pair of neutral subspaces, but we
shall consider a particular case of this problem.

Lemma 6.3 Let H = M+N, where M and N are neutral subspaces and ML = ne,
Then N has a representation N = {x + iTx}en ), where T JOt — M is a linear
operator with dense domain and JT': JIN — JIN is a symmetric operator. Moreover
N = Nifand only if JT is a self-adjoint operator.

Proof Thanks to the condition ML = M we have § = M @ JM. Let P be the
ortho-projector onto . Then for all x € N we have x = Px + (I — P)x. Note
that the relation (I — P)x — Px < x € I generates a linear operator because
M NN = {0} and it is closed. Put D(T') := {y = (I — P)x}ren, ['y := —iPx, giving
N = {y+il'y},epm). Itis clear that MHMN is dense in § if and only if D(T') is dense

in J9.

Since M is neutral, we have 0 = [(x+i['x), (x+il'x)] = —i[x, 'x] +i[I'x, x]. Thus,
J I is symmetric. Nowlet y+z[ L]0, y € M,z € JIM. Then 0 = [(x+i'x), (y+2)] =
i[['x,z] + [x, y]. Thusz € D(I'*) and y = i[*z. [ |

In conclusion, we remark that it is easy to construct a J-symmetric operator B
with the properties (6.1) but without a J-self-adjoint extension. Indeed, we can take
I' such that JI' is symmetric with no self-adjoint extension and then use Lemma 6.3.

A Appendix
A.1 Preliminaries

As is well known any J-orthogonal pair {€,, £_} of definite subspaces can be ex-
tended to a maximal pair. Traditional proofs of this result are non-constructive and
use the existence of a maximal element in a partially ordered set. Here we provide a
constructive proof which may be useful in other applications as well.
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A.2 Main Construction

Let $ be a Krein space, the representation § = 9, © H_ be its canonical decomposi-
tion and ] be the corresponding canonical symmetry. Next, let £, and £_ be positive
and negative subspaces respectively, with £, [ L]€¢_. Then £, = {x+ Kx} cnx)cs,»
L = {Qy+y}encs > where K: H — H_and Q: H_ — 9, are so-called
angular operators of the subspaces £, and £_, respectively. Note that |[Kx|| < ||x]|
and ||Qy|| < ||ly|| forallx # 0,y # 0, i.e., K and Q are strong contractions. The
subspace £, is not maximal non-negative iff D(K) # 9. and similarly for £_.

Let us define the subspaces: H1) = D(K), 9 = 9, © H, $V = D(Q) and
55(_2) = 55_955(_1). We have then Kx = K ;x®K; 1 x, where K; 1x € 55(_1), Ky x € Sf)(_z),
x €9, and Qy = Quiy @ Qu1y, where Q15 € 9, Quiy € 97,y € 9. We
need to define K and Q in the form Kx = K; ,x @ K »x, where K; ,x € S Kyox €
35(_2), forx € 539)’ and Q}’ = Ql,z}’ S Qz,z}’» where Ql,z}’ € 5&1)’ Qzﬁz)/ S 559), for
y € SB(E). The operators Ki », K2, Q1 2 and Q,, must be such that the extensions K
and Q are contractions and the corresponding extensions of the spaces £, and £ _
are J-orthogonal. The last condition implies

(Al) Q],k:K]:p ]>k: 1727

so the operators Kj ; and Q) , are already defined. Note also that since K and Q are
strong contractions, we have

(A2) 1K1l + (1Ko < Il 1Quuyll® + 1QeayI* < Iy,

forall0 # x € 9 and 0 #y€E [
Letu € " andv € $, [|u]| + ||v|| > 0. Then (A.1) and (A.2) imply

|(r, Kiu) + (y, Kipv) | = [(Quuys w) + (Qa1y, 7))
< {1QuuylP + 11Qeuy P2 {1l + [[vl*} /2
< Il + [1v]P}2.
The last chain implies
(A3) 1K+ Koy < [lull® + [|v]].

In what follows we use a scheme from [1] and [13] to prove existence of a norm
preserving extension of a self-adjoint contraction. Taking into account (A.3), let us
introduce a new norm on %, by:

(A4) @ vllg = llull® + IVI* = Ky + Kol
With respect to this norm on the domain, the operator K, is a contraction too. In

fact, from (A.1) for 0 # u we have ||[Kyu|]* < [|ul|*> — ||[Kiiul? = ||ulj3. Our aim
is to extend K3 ; to a contraction acting from the whole space 9. with norm || - |o
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into 9. Let $ and HV be respectively the completion of the lineals . and 559)
with respect to the norm || - ||o. Next, let K, ; be the closure of K, ; in $ and let P
be the ortho-projector (with respect to the norm || - [|o) from 5:9 onto HV. Then the
operator K, = K; | P is a well defined contraction, acting from $ into £, . Now let us
put K, ® Ky, = Ky|g,. Then forall x € (" and z € ${ we have |K(x @ 2)||> =
| Ky 1x+Ki 2z ||* +||Ka1x+ Ko pz]|* < || Kyax+Ky oz ||+ ||x)|2+ | 2]|* — || K1 1x+ Ky 22| =
[[x[[> + |||
Let us call the extension €, = {x ® Kx},cg,, ¢ = €, with

o Ky Kiz
K =
(Kz1 Ky
as above, the extension with nullified complement.

A.3 Theorem of Invariance

Theorem A.1 Let 8., 8_ be a pair of J-orthogonal subspaces respectively J-positive
and J-negative, and let E be a projector simultaneously orthogonal and J-orthogonal and
such that EQ, C L, and E®_ C L _. Then for the extension {,, € _} with nullified
complement the relations E€, C €, and E®_ C €_ hold and the pair {EQ,, EQ_}|gg
is an extension of {EL,, EL_}|pg with nullified complement.

Proof Let us keep the previous notation. Since E is self-adjoint and J-self-adjoint,
EH: C Hyand EH_ C H_. On the other hand, under our assumptions E(x G Kx) is
of the form y @ Ky, where x, y € D(K) = 9). Thus E@&l) - 559), ng) C 55&2) and
EK = KE| - Then similar reasoning gives us the relations ESY ¢ 9V ES? ¢
$? and EQ = QE|gw. This implies that EKyy = Ky E|gn, EKoi = Ky iElg,
EQi; = Q1,1E|55<71> and EQ,; = Q2,1E|$<i>. Now it is easy to see that E|g, is also
orthogonal with respect to the norm || - ||o from (A.4). The rest is straightforward.

|

Acknowledgement This paper was written while the second author was visiting the
Department of Mathematics and Statistics, University of Calgary. He would like to
thank the department for its hospitality.

References

[1] N. I. Akhiezer and I. M. Glazman, Theory of linear operators in Hilbert space. vol. 2, Pitman,
Boston, 1981.

[2] E V. Atkinson and A. B. Mingarelli, Asymptotics of the number of zeros and of the eigenvalues of
general weighted Sturm-Liouville problems. J. Reine Angew. Math. 375/376 (1987), 380-393.

[3] T. Ya. Azizov and . S. Iokhvidov, Linear operators in spaces with an indefinite metric. John Wiley
and Sons, Chichester, 1989.

[4] J. Bognar, Indefinite inner product spaces. ergeb. math. Grenzgeb., 78, Springer-Verlag, New
York, 1974.

[5] , A proof of the spectral theorem for J-positive operators. Acta Sci. Math. (Szeged)

45(1983), 75-80.

https://doi.org/10.4153/CJM-2005-003-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-003-4

On Operators with Spectral Square but without Resolvent Points 81

[6] B. Curgus and H. Langer, A Krein space approach to symmetric ordinary differential operators
with an indefinite weight function. J. Differential Equations 79(1989), 31-61.

(7] N. Dunford and J. T. Schwartz, Linear Operators. I. General Theory, Interscience, London, 1958.

[8] G. Freiling and V. Yurko, On constructing differential equations with singularities from incomplete
spectral information. Inverse Problems 14(1998), 1131-1150.

[9] H.Langer, Spectral functions of definitizable operators in Krein space. Lect. Notes in Math. 948,
Springer, Berlin, 1982, pp. 1-46.

[10] N. Karapetiants and S. Samko, Equations with involutive operators. Birkhduser, Boston, 2001.

[11] T. Kato, Perturbation theory for linear operators. Springer-Verlag, New York, 1966.

[12] E. Kreyszig, Introductory functional analysis with applications. John Wiley and Sons, New York,
1978.

[13] A. V. Kuzhel and S. A. Kuzhel, Regular extensions of Hermitian operators. VSP, Utrecht, 1998.

[14] M. A. Naimark, Normed algebras. Wolters-Nordhoff, 1972.

Department of Mathematics and Statistics Department of Pure and Applied Mathematics

University of Calgary Simén Bolivar University

Calgary, AB Caracas, Venezuela

e-mail: binding@ucalgary.ca e-mail: str@usb.ve

https://doi.org/10.4153/CJM-2005-003-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-003-4

