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TANGENTIAL BOUNDARY PROPERTIES OF ARBITRARY

FUNCTIONS IN THE UNIT DISC

HIDENOBU YOSHIDA

1. By the method of Dolzhenko's paper, we studied relations between

non-tangetial (angular) boundary behaviors and horocyclic boundary be-

haviors of arbitrary functions defined in the open unit disc of the complex

plane in [8]. Vessey [5], [6] investigated the behavior of arbitrary functions

on paths which are "more tangential" than horocycles. The purpose of

the present paper is to prove the fact that is sharper than the results in

Vessey [5], [6], and generalize the results in [8] to obtain the connection be-

tween behaviors on two "more tangential" angles.

Notations and definitions. Unless otherwise stated, f : D-+W shall de-

note an arbitrary function (generally not one-valued) defined in the open

unit disc D:{z;\z\<l] and assuming values in the extended complex

plane W. The unit circle {z; \z\ =1} is denoted by Γ.

Suppose a set A c Γ and a point ζ—ei9^Γ are given. For an ε > 0,

we denote an arc [eίθ'; θ-e<θr<θ + ε} by Γ(ε, ζ). Let r(ζ, ε, A) be the

largest length of arcs contained in Γ(e, ζ) and not intersecting with A. The

set A is of porosity of the order μ, 0 < μ ^ 1 (or simply of porosity (μ)) at

r. if

fiS^-Mf. e, A)}- > o.
0

A is of porosity (μ) on Γ if it is so at each ζ e A. A set which is a

countable sum of sets of porosity (μ) is said to be of σ-porosity (μ).

A set of <χ-porosity (μ) is of the first Baire category.

It is easily seen that a measurable set which is of porosity (1) on Γ has

no points of density. Therefore every measurable set of σ-porosity (1) on Γ

is of measure 0. But there exists the set, which is of measure 0 and not of

<7-porosity (1) (see [7], p. 75).
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For 0 ̂  q < oo9 0 < α < oo and ζ — eίθ <Ξ Γ, we denote by t+(a, q)(ζ) the

curve {z; α|arg(z) — θ\q+1 = 1 — |z|, arg(z)>0} terminating at f and by

t~{&, q)(ζ) the reflection of t+{a, q)(ζ) with respect to the radius at ζ.

For 0 ^ # < o o , 0 < α < β < oo, 0 < £ < 1 and f e Γ , we define a right

4-angle F+{a, β, δ, q)(ζ) as the open region lying between the curves t+(a, q)

(ζ) and t+(β, q)(ζ) and lying outside the circle {z; \z\ = δ] of radius δ, suf-

ficiently near to 1. The left #-angle at ζ with parameters (a, β, δ), denoted

by P~(a, β, δ, q){ζ), is the reflection of V+{a, β, δ, q)(ζ) with respect to the

radius at ζ. When convenient, we use the shorter notation P+(q){ζ), P~(q)(ζ)

or P(q)(ζ) without specifying whether it be right or left.

For 0 ^ # < o o , 0 < a < co, 0 < £ < 1 and f s Γ , we define a #-cycle Ω(a,

d, q){ζ) as the open region lying between the curves t+{a, q)(ζ) and t~(a, q)(ζ)

and lying outside the circle {z; \z\ = δ} of radius δ, sufficiently near to 1.

When convenient, we use the shorter notation Ω{q){ζ) without specifying a.

If / : D -• W and ξ Έ Γ , we can define, in the usual manner, the cluster

sets at ξ on the sets P+{a, β, δ, q){ζ), V(α, β, d, q)(ζ) and Ω{a, δ, q)(ζ).

We denote by EF(q)r(q)(f) the set of points f ε Γ such that Cr{qxo(f, ζ) Ψ

Cpπqxoif, ζ) for some pair of two ^-angles P(q)(ζ) and P'(q)(ζ). The comple-

ment of Ertyptyif) with respect to Γ is denoted by Kq(f).

We denote by EΩ(Qί)Ω(q2)(f) the set of points ζ e Γ such that CΩ(Qίχζ)(f, ζ)

¥= CΩ(q2)(ζ)(f, ζ) for some pair of ^-cycle Ω{qχ){ζ) and #2-cycle Ω(q2){ζ).

We denote by E0(q)r(q)(f) the set of points f ε Γ such that CO{qKo{f9 ζ)Ψ

CF(β)(c)(/, ζ) for some pair of #-cycle Ω(q){ζ) and wangle P{q)(ζ).

A point ξ* e Γ is said to be a ^-angular Plessner point (or a ^-cyclic

Plessner point) of f(z) provided that

CΓ+(g)(c)(/, Ώ = W and CF-(β)(C)(/f ζ) = W (oτCo(q)(ζ)(f9 ζ) = W)

for each right and left #-angle (or #-cycle) at ζ.

A point ζ Έ Γ is called a ^-angular Fatou point (or ^-cyclic Fatou

point) of f{z) with a ^-angular Fatou value (or ^-cyclic Fatou value) w &W

provided that

C,+(g)(C>(/, f) = {w} and CΓ-(,)(C)(/, f) = [w] (or CΛ(g)(C)(/, f) = {w})

for each right and left ^-angle (or ^-cycle) at ζ.

2. Let {at}, {βi} and {£*} be sequences of all rational numbers satisfying

0 < au βι < oo, 0 < δt < 1 and {Dn} be a sequence consisting of all closed
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circles of the plane W having rational radii and centers with rational co-

ordinates. For an ε > 0, we set Uε{ζ) = [z; \z — ζ\ < ε}.

LEMMA 1. Let ζ e A c Γ and 0 S q\ ̂  #2. Suppose A is not of porosity

( Q1 , ) at a point ζ e A. Then for fixed positive integers s, t, k and /, Ω{aSf\ q2 + 1 /

δt, Qzί{ζ) Π £/.(£) is covered by the set M = U Ω(ak9 δtt qι){ξ) supposed ε is sufficiently

small.

Proof Without loss of generality, we may assume that ζ = 1. Now we

suppose that there exists a sequence zv = rve
ίθv {v = 1,2,3, ) such that

zv<BΩ{as, δt, qz)(l), zv Φ M and zv->l. For each zυ9 points R(zv) and S(zv) on

Γ are decided as follows.

R{zv) is the point on Γ such that the point zv lies on the curve t+(akf

qi)(R(zv)). S{zv) is the point on Γ such that the point zv lies on the curve

t-{at, qύ(S(zv)).

We immediately have

R(zv)S(zv) (the arc length connecting R(zv) and S(zv)) =

- i 1
«*

Since zv e X?(α,, δίf tf2)(l), we have

We set εv = max {/?(«„) 1, S(«v) 1}. Then we have

Since (the arc connecting /?(»„) and f) A = φ, we have

εv, A) ^ R{zv)S{zv). Thus we obtain
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and this contradicts the assumption that 1 is not a point of porosity

( q i * l ) for A. Therefore, for ε > 0 small enough, Ω(as, δt9 q2){l) Π Uε(l) is

covered by the set M— U Ω(ak, δt, #i)(ί).
ξeA

THEOREM 1. Let f : D-+W and 0 ̂  qx ^ q2. Then EΩ{qι)Ω{qz){f) is of type Gδσ

and of σ-porosity ( ^ , -, )•
\ q2 -\- L /

Proof. For positive integers n, k and /, EUtktι is the set of points f ε Γ

such that

the set {w = f(z); z ( t f ^ , ^)(f)}

lies at a distance ^ r n from Dn.

For positive integers n, s, ί and &, Fn>StttU is the set of points ξ * e Γ such

that

the set \w = /(a;); 2 e r?(α,, ίt, ^)(ξ-), - ^ - < dis(z, Γ) < - ί -

(2)
has common points with Z>w.

Then Entktι is closed and Fn,StttU is open. We put

Fn,s,t= Π U F V | i , a (3)
ί = l u—i

and

^4n,*,ί,*,ί = En>ktι Π Fnt8tt. (4)

We will show

= U ^
«, fc, /, 5, t

Take a point ? e EΩkι)Ω{q2){f). There exist ^(^)(f) and βfo2)(£),

3 Ω{qι)(ζ), for which CΩ{q2κζ)(f, ζ) 3 Cβ(<?1)(C)(/, ξθ. Choose numbers 5, f and y

such that £(<*„ δ£, g2)(?) 3 ^(^2)(?) and

Dj Π C f l(βi. l ί i f t)(c)(/, ξ") Ψ Φ, dis (2),., Cfl(ffι)(C)(/, ζί) > 5r y. (6)

Then we can find positive integers k and I such that Ω(qi)(ζ) 3 Ω{akydι,qi)(ζ)

and dis (Z)y, /(«)) > 4ry for z e β(αt, δι,qi){ζ). If Z>w is a disc with radius r n

= 2r̂ . and concentric with Dj9 dis (J9n> f(z)) > r n for 2; e ^(orfc, ^i, ^i)(f),

which shows f ε £ n ι i i ί . I n view of (6) there exists an infinite number of

positive integers u such that
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= f(z); z e Ω{ai9 δt9 q2)(ζ), -J^- < dis (z, Γ)< —-] ψ φ,

which shows ζ^Fn,Stt. Thus f e AnfktιtStt and

E0(qι)Ω(q2)(f) C U -An.Jfc.ί.β.ί
Λ, k, I, s, t

Take a point f ε U A*,*, i,,it. If f e i4n t J f c i l i ί i ί,
n,k,l,s,t

CΩ(aktδι,Qίχζ)(f, ζ)ΠDn = φ from (1)

and

C*(βfi,liffί)(c>(/, ζ)f)Dn¥=Φ from (2).

Thus we have

f ζ) 7^ Cfl(βJfe,ί |

a n d ζ<= EΩ(qi)Ω(g2)(f). H e n c e U Aι,*.ί.«.t c EΩ(qι)Ω(q2)(f).
n, k, I, s, t

Equality (5) shows that Eo^o^if) is of type Gδσ.
It remains to prove that A = AntktιtStt is of porosity ( q 1 , j ).

Suppose yl is not of porosity ( ^ J] j at a point f e 4̂. Then for suf-

ficiently small ε > 0, Ω(as, δt, q2)(ζ) Π t/β(?) is covered by the set U Ω{ak, δh

Qi){ζ) by Lemma 1. Thus if z e Ω{as, δt, q2){ζ) Π i/e(?)» there is a point ξ G i ,

z e β(α*, Λ, ^i)(f). Therefore by (4) and (1) w = f(z) lies at a distance ^ rw

from Dn, and CQus,St,q2xo{f, ζ) Π Aι = ί̂ . This contradicts f ε F n i , f ί . Thus

the porosity ( qi j " j~ ) of 4̂ is proved.

Remark 1. Dolzhenko's result [3, Theorem 1], then, is for the case <7i =

0, g2 = 0, Yanagihara's [4, Theorem 1] for qx = 1, q2 = 1, and Yanagihara's

[4, Theorem 2] for QΊ = 0, q2 = 1.

LEMMA 2. I ^ f ε i c Γ and 0 ^ #. Suppose A is not of porosity (1) at a point

ζ e A 7Άί?7Z /or /.m/ positive integers s, t, k, I and m, Ω(as, δt, q)(ζ) Π Uε(ζ) is

covered by the set M— U P(ak9 βί9 δm9 q)(ζ) supposed ε > 0 is sufficiently small.

Without loss of generality, we may assume that ζ = 1. Now we

suppose that there exists a sequence zv = r^1'*" (y = 1, 2, 3, ) such that

zveΩ(as, δtf q){l)9 zv <£ M and zv->l. For each zv, points /?!(«„), Si(O, R*{zv)

and S2(ί2v) on Γ are decided as follows.
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Rx{zv) (or Sχ{zv)) is the point on Γ such that the point zv lies on the

curve t+(ak9 q)(R1(zv)) (or t+(βl9 q)^,))).

R2{zv) (or S2(zv)) is the point on Γ such that the point zv lies on the

curve r(ak9 q)(Rt(zv)) (or t'{βu q){S2{zv))).

We immediately have

R\{zv)Sχ{zv) (the arc length connecting Rx{zv) and Sι(zv))

1

—- ) [ί — I , Z).

1

Since zv e Ω[at9 δt9 q) (1), we have \ΘV\ < ( 1 ~ r " ) g + 1 .

We set

εv = max {i?i(2v) 1, i?2(̂ v) 1}.

Then we have

i

lim flifolSifo) > 0 and εv = O((l - rv)
q+1) as v -> oo.

y-»oo

(i-O ί+1

Since [{/?i(2;y)Si(O (the arc connecting Rt(zv) and Sί(zv))} U {i?2(^)S2(^)}] Π -4

= φ, we have r(l, εV9 A) ^ i?i(^)Si(^J. Thus we obtain

-i-7(l, e, i4) δ \\m.-j-R1{z,)S1[zί)
0 O V-^OO C y

" ^ ' " (1 - r j W

and this contradicts the assumption that 1 is not a point of porosity (1) for

A. Therefore, for ε > 0 small enough, Ω{as, δt, q)(ζ) Π Ue(ζ) is covered by

the set M= U F(ak9 βl9 δm, q)(ξ).
ξ<ΞA

THEOREM 2. Let f : D-+W and q^O. Then E0(q)F(q){f) is of type Gδσ and

of σ-porosity (1).

Proof. For positive integers n, k, I and m9 Entktιt1Λ is the set of points

ζ^Γ such that
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the set {w = f(z); z ε V{ak, βh δm, ?)(?)}

lies at a distance S rn from Dn.

For positive integers n, s, t and u, Fn,s,t,u is the set of points such that

the set \w = f(z); z ε Ω(as, δt, q){ζ), -±- < dis (z, Γ) < JLJ

has common points with Dn.

Then 2?n,*,!.«. is closed and Fn,s,t,u is open. We put

Fn,Slί = n ΰ F,.,.,.. (3)

and

An,k,l,m,s,t = En,k,l,m Π Fn,s,t (4)

We will show

EQ(q)r(q)(f) = ( U ^ n . i . U . s . ί ) U EΩ(q)Q(q){f). (5)

Take a point £ e EQ{φV{φ{f) and f φ EQ(q)Ω(q){f). There exists Ω{q){ζ) and

), for which Cβ(g)(C)(/, f) 3 CΓ(g)(C)(/, ?). Choose positive

integers s, t and / such that Ω(as, δt, q){ζ) 3 Ω(q)(ζ) and

ζ) * Φ, dis (£>,-, C,(ff)(c)(/, ?)) > 5ry. (6)

Then we can find positive integers k, I and m such that F(#)(f) D

qf)(?) and dis(Z)y, /(z)) > 4r, for 2: e p(α*, ft, am, ̂ )(f). If Z)n is a disc with

radius rn = 2r^ and concentric with 2)^, dis(Z>n, /(«)) > rn for 2: e p(ak, ft, ̂ m,

)̂(?)> which shows f e Entktιt7ϊl. In view of (6) there exists an infinite number

of integers u such that

) z e fi(αt> ί l f $)(£), - ^ < dis (zf Γ)< - ^

which shows ? e F n , s , i , M . Thus f e 4̂n,Λ,ί,m,s,ί and

( U Anfktιt7rltStt) U EΩ(q)Ω(q)(f).
n, k, I, m, s, t

Take a point f e ( U -An.Λ.i.m.ί.ί) U EΩ{q)Ω{q){f). If f s EΩ(q)Ω(q){f), we
w, A;, /, w , 5, *

Kg)F(g)(/) I f ? ^ U" ^n.jfc.ί.m.s.ί 2
«, A, /, m, s, t

Cr(ak,βltSm.qκdf, ζ)KDn = φ from (1)

evidently have f e EΩk)ψ{q){f). If f e U" ^n.t.i.m. .ί and f
«, A, /, m, s, t
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and

Cfl(.,Λ.ff)(C>(/, ζ) Π Dn ψ ψ from (2).

Thus we have

Cr(α4tfr,*mtff)(C)(/> f) ^ Cθ(attδt,q)(ζ)(f9 ζ)

and ? e EΩ{q)Hq){f).

Setting qi = q2 = q in Theorem 1, we see that EΩ(q)Ω(q)(f) is of type Ga<τ

and of σ-porosity (1).

Thus the equality (5) shows that EΩ(q)V{q)(f) is of type Gδσ, so that it

remains to prove that A = An>ktιtmtStt is of porosity (1).

Suppose A is not of porosity (1) at a point ζ e A. Then for sufficiently

small ε > 0, Ω(as, δt, q)(ζ) Π Cf.(?) is covered by the set U F(akf βh δm, q)(ξ)

by Lemma 2. Thus if z <= i2(αrs, 5 ί f q){ζ) Π ί/ε(?), there is a point f e ^ , s e

P(ak> βh δm, q)(ζ). Therefore by (4) and (1) w = f{z) lies at a distance ^ r n

from i) n , and CΩuttδι,qχζ){f9 ζ) Pi Dn-φ. This contradicts f G F n i l ( ί . Thus

that A is of porosity (1) is proved.

3. The following theorem is sharper than Vessey [5, Corollary 2] and

Vessey [6, Corollary 1],

THEOREM 3. Let f : D-+W and 0 ^ q. Then E^^if) is of σ-porosity (1).

Proof. EF(q)κq)(f) c EQ(φV(φ{f) and EQ{q)nq){f) is of (τ-porosity (1) by Theo-

rem 2.

Remark 2. Dolzhenko's result [3, Theorem 1], then, is for the case q — 0,

and Yanagihara's [4, Theorem 1] for q = 1.

Remark 3. Is it true that σ-porosity (1) of the set EF(qMq)(f) is one of its

characteristic properties? I would guess that it is positive even for holo-

morphic functions (see Dolzhenko [3, Theorem 2]).

In the following, the phrase "almost everywhere" means with the ex-

ception of a set of linear Lebesque measure 0, and "nearly everywhere"

means with the exception of a set of the first Baire category.

COROLLARY 1. (Vessey [5, Corollary 2; 6, Corollary 1]). Let f : D-*W and

0 ^ q. Then almost every and nearly every point of Γ belongs to Kq{f).

4. Now we can state some generalizations of results in [8].
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THEOREM 4. Let f : D-+W and 0 ^ qγ < q2. Then a q2-angular Fatou point

of f(z) is a qi-angular Fatou point of f(z) except on a set of σ-porosity (1).

'Proof According to Theorem 2, except on a set of σ-porosity (1), a q2-

angular Fatou point of f(z) is a ^-cyclic Fatou point of f{z), which is a

ζjΊ-angular Fatou point.

THEOREM 5. Let f : D-+W and 0 ^ qx < q2. Then a qx-angular Fatou point

of f(z) is a q2-angular Fatou point of f(z) except on a set of σ-porosity ( g l { ).
\ q2 + 1 /

Proof According to Theorem 2, except on a set of σ-porosity (1), a

tfi-angular Fatou point of f{z) is a ^-cyclic Fatou point. By Theorem 1,

except on a set of σ-porosity ( qi ~^_ * Y a ^-cyclic Fatou point of f(z) is a

^-cyclic Fatou point of f(z), which is a ^-angular Fatou point of f(z).

THEOREM 6. Let f : D-+ W and 0 ^ qx < q2. Then a qx-angular Plessner

point of f(z) is a q2-angular Plessner point of f(z) except on a set of σ-porosity (1).

Proof A (^-angular Plessner point of f{z) is a ^-cyclic Plessner point

of f(z)f which is a ^-angular Plessner point of f(z) except on a set of

σ-porosity (1) according to Theorem 2.

THEOREM 7. Let f : D-^W and 0 ^ qx < q2. Then a q2-angular Plessner

point of f{z) is a qx-angular Plessner point of f{z) except on a set of σ-porosity

(jb±l\
\ <?2 + 1 /'

Proof A #2-angular Plessner point of f(z) is a ^-cyclic Plessner point

of f(z), which is a #i-cyclic Plessner point of f(z) except on a set of σ-poro-

sity ( ^ Ί ) according to Theorem 1.

Remark 4. Is it true that σ-porosity ((ilT_}j of the exceptional set of

Theorem 5 is one of its characteristic properties ? I would guess that it is

positive even for holomorphic functions. Whether these conclusions hold

for other Theorems 4, 6 and 7?
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