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LOCAL MINIMA OF THE GAUSS CURVATURE
OF A MINIMAL SURFACE

SHINJI YAMASHITA

Let D be a domain in the complex w-plane and let z: D — R® be a regular
minimal surface. Let M(K) be the set of points wo € D where the Gauss curvature
K attains local minima: K(wo) < K(w) for |w — wo| < §(wo), §(wo) > 0. The
components of M(K) are of three types: isolated points; simple analytic arcs
terminating nowhere in D; analytic Jordan curves in D. Components of the third
type are related to the Gauss map.

1. INTRODUCTION AND RESULTS

Our purpose is to study the set of parameter points where the Gauss curvature of
a minimal surface in the Euclidean space R?® attains local minima. A nonconstant map
z from a domain D in the complex w-plane C(w = u + iv) into the Euclidean space
R3, in notation, z: D — R3, is said to determine a regular minimal surface, or, simply,
z is a regular minimal surface defined in D, if the following three conditions hold:

(HA) Each component z4 of z = (2, z3, ©3) is harmonicin D.

(IS) The real parameters u and v are isothermal in the sense that
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in D, where
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(RE) The function 3 |¢x|” never vanishes in D.
k=1

Suppose that the surface z is not contained in any plane in R3. Then f = ¢; —i¢2
is analytic and ¢ = ¢3/f is meromorphic in D. The Gauss map I" of z is the map
from z into the unit sphere S in R? defined by

2Reg2(w) ’ 2Img2(w) ’ |g(w)|: — 1) weD;
lg(w)I” +1" |g(w)|” +1" |g(w)]” +1

I'(w) =T(z(w)) = (
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this is the unit normal at z(w) with the standard orientation, together with T'(w) =
(0, 0,1),if w is a pole of g. Then T is identified with g via the stereographic projection
from S onto CU {oo}. The Gauss curvature at the point z(w) is then

2
#
K('w) = — 49 (‘lD) 2 s
|£(w)) {1+ lg(w)?)

where the spherical derivative h#(w) at w of h meromorphic in D is defined by

R'(w)| /(1 + [R(w)|?) if h(w) # oo,

h#(w)={1 ( )}/( Ih(w)[*) if h(w) #

1(1/h) () if h(w) = co.

Condition (RE) is valid if and only if the function

11 (1 +19P) =

never vanishes in D. Thus, if z is not contained in any plane, then K(w) # 0 if and
only if g#(w) # 0. This is the case if and only if w is a simple pole of g or g(w) # oo
and g'(w) # 0. Therefore, —c0 < K < 0 everywhere in D. For the basic properties of
minimal surfaces, see [1, 2].

Let M(K) be the set of points wg € D where K has local minima: K(wg) £ K(w)
for w in a disk {|Jw — wo| < §} with § depending on K and wy.

THEOREM 1. Let z: D — R3 be aregular minimal surface contained in no plane
and with nonempty M(K). Then the connected components of M(K) are at most
countable and each component is one of the following:

(1) An isolated point.
(2) A simple analytic arc terminating nowhere in D.
(3) A simple closed analytic curve.

All the cases of (1), (2) and (3) actually happen; see the next section. We let
M,(K), My(K), and M3(K) be the set of components of M(K) of type (1), (2), and
(3), respectively.

Let D; be a subdomain of D. The total curvature of the subsurface z: D; — R3
is defined by

3
T(D)) = %//D1 K- ; |$|® dudv.

Then
—-T(Dy) = 4// g#%dudv, g
D,
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the area of the image of D; by g covering over §.

THEOREM 2. Let z: D — R® be a regular minimal surface contained in no plane.
Suppose that ¢ € Ms(K) exists and suppose further that the Jordan domain A bounded
by ¢ is contained in D. Then,

(4) —T(8) =n(Z5 + Ps —n),
where Z}, is the sum of all orders of all the distinct zeros of ¢' in A, while Pa is the

sum of all orders of all the distinct n poles of g in A.

In particular, if g# never vanishes in D, then the right-hand side of (4) is zero.
Thus, either M3(K) is empty or else each Jordan domain bounded by ¢ € M3(K) is
not contained in D.

There does exist z for which A C D actually happens as described in Theorem 2;
see TYPE 3 in the next section.

2. EXAMPLES

Suppose that D C C is simply connected and g is nonconstant and analytic in D.
With the aid of g we can construct a minimal surface z: D — R3 as follows:

1(w) = 5 Re /., "1 - g0,
2a(w) = 3 Re [ i1+ 9(07}de,
z3(w) = Re/w 9(¢)d¢,

a

where a is a fixed point of D. The Gauss map is just g; see [2, p.64]. Therefore,

v-K(w) lg'(w)]

) = 5, w € D.

(1 +l9w))

TYPE 1. Let D =C and g(w) = w. Then M(K) = {0}. (Enneper’s surface)
TYPE 2. Let D =C and g{w) =e”. Then M(K) = {Rew = —(1/2)log3}.

TYPE 3. Let D =C and g(w) = w?. Then M(K) = {|w| = 771/4}.
The restriction of the above surfaces to {|w| > 1} yields M(K) = 0. A problem
is to find z: D — R? for which two or three types appear at the same time for M(K).
It would be interesting to consider the typical minimal surfaces given in the non-

parametric form, namely:
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The helicoid:
T3 = tan_l (2> ) (21, 1:2) € Rz.
£5]

z3 =cosh_1\/z§+z§, zl 422 >1.

See [2, pp-17-18] and (3, pp.34 and 47]. When (z;, z2) = (0, 0) in the helicoid we
interpret this to express the z3-axis.

The catenoid:

A parametric form of the helicoid is then given by z: C — R3, where,

z1(w) = sinhu cos v,
zz(w) = sinhusinv,

z3(w) = v.

Thus, f(w) = e and g(w) = —ie¥, so that a calculation shows that M(K) is the
imaginary axis in C, which corresponds to the z3-axis lying on the surface.

A parametric form of the catenoid is given by z: C\ {0} — R®, where

z3(w) = log |w].

Thus, f(w) = —1 and g(w) = —1/w, so that a calculation shows that M(K) is the
unit circle, which corresponds to the unit circle on the surface.

Note that, in all examples in this section, K actually attains the global minimum
at each point of M(K).

3. PROOF OoF THEOREM 1

It suffices to prove the following proposition:

(I). Let a € M(K) be an accumulation point of M(K). Then there exists § > 0
such that M(K) N {jw — a| < 6} is a simple analytic arc with both terminal points on
the circle {|w — a| = 6}.

LEMMA 1. Let G be analytic and H be meromorphic in a domain D, C C.

Suppose that
L(G, H) = {w € D,; G(w) = H(w)}
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has an accumulation point a € D, and G'(a) # 0. Then there exists an open disk
U(a) of centre a such that U(a)N L(G, H) is a simple, analytic arc passing through a
with both terminal points on the circle 8U(a).

The proof of this lemma is the same as that of [3, Lemma 1] (see also [4]) in case
G(w) = w. In the general case, let V(a) be an open disk with centre a where G is
univalent. Regarding G(V(a)) as D;, G(w) as w, and H as H o G™!, we can reduce
this case to the case specified in the above.

We are ready to prove (I). Set

3wy = XK@, ep.

4 1)

We first note that g#(a) # 0 for a € M(K).

Suppose the case where g(a) # oo and g'(a) # 0. Then there exists §; > 0 such
that g is analytic and univalent in A; = {jw — a| < 6} and ®(w) < ®(a) for each
w € A;. Hence at each w € A; N M(K) we have

(3.1) aq’(w)/@(w) _ ; (9"("”) _ f’(w)) 2g(w)g'(w) 0

Ow 2\¢'(w) fw)) 1+lgw)?
Consequently
Ay nM(K) C L(gv H)’

where L(g, H) is considered in A; with
Q 1 (g" f')
H=_—"—+—+—, ==|=-=].
29'-Qg @ g f

It follows from Lemma 1 that there exists U(a) such that Ly = U(a) N L(g, H) is a
simple analytic arc described there. Let L;: w = w(t) be an analytic expression with
a real parameter t. Then,

d 0% (w) ,
E‘D(w(t)) =2Re [{ o }w::w(‘)w (t)} =0

on L;. Hence ® is constant on L;. Furthermore, L = U(a) N M(K). This proves (I)
for the present case.

Suppose the case where a is a simple pole of g. Then there exists §; > 0 such
that G = 1/g is analytic and univalent in A; = {Jw —a| < §;} and ®(w) < $(a) in
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A, . Consequently, at each w € (A2 \ {a}) N M(K), we have

2 22w / B(w) = | (G”(w) _ f’(w)) _2B@)¢'w) , €'(w) _,

ow 2\CG'(w) f(w)) 1+|Gw)? Glw)
because
3(u) = L CHw)
|f@)l (1 + 1G@w)F)
Hence

(82 \{a}) N M(K) C L(G, H,),

where L(G, H,) is considered in A, with
Ql 1 G" fl GI
Ho= 2 - (E 1Y)\, &,
Tw-ge “Ti\eF)te
Thus, a is an accumulation point of L(G, H;) and G'(a) # 0. It follows from Lemma 1
that there exists U(a) such that
L, =U(e) N L(G, Hy)

is a simple analytic arc described there. On the other hand, & is constant on L; \ {¢},
so that ®(w) = ®(a), w € L,, by the continuity of & at a. Accordingly

Ly = U(a) N M(K)

and this completes the proof of (I). 0

REMARK. We let M*(K) be the set of points wo € D where K has the (global)
minimum: K(we) € K(w), w € D. Suppose that a € D is an accumulation point of
M*(K)(C M(K)). Then there exists ¢ € M2(K)U Ms(K) such that a € c. Since K is
constant on ¢, it follows that ¢ C M*(K). Hence we have the analogous classification:
M;(K), k=1,2,3, of components of M*(K).

4. PROOF oF THEOREM 2

First of all g# never vanishes on ¢ = A because this is the case at each point of
M(K). Let a;, 1 < k < p, be all the simple poles of g on ¢, and let 4; be all the
distinct poles of g in A of orders v, 1 < k < n, so that

n
PA= E V.
k=1
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Set A={a1,...,0p,71,---,Tn}. For € >0 and a € A we set

§(a, ) ={z;|z — a| < €},
cla,e)={z€ A;|z—a| =€}.
Then, from sufficiently small € on,
A(e) = A\ | 8(a, ¢)
a€CA

is a domain bounded by Jordan curves. Set
99’

= and p =il
1+ g/

Then the Green formula

// (B — Ap)dudv = / (Adu + pdv)
Ale) 84(c)

can be rewritten as

(4.1) 4//M¢) g*(w) dudv = —2i /Mm A(w)dw,

where the line integral is in the positive sense with respect to A(e).

Now, the Laurent expansion of g about a € 4 yields

g(w) = (w — @) "Vh(w) in 6(a, €)\ {a},

where h is analytic and zero-free in §(a, e) and N =1 if a = a;, while N = v if
a = vk . The differentiation yields that

(42) g'(w) = (w=a) " Y(w) in §a,¢)\{a},
where

¥(w) = —Nh(w) + (w — a)h'(w).
Since
h(ee® + a)¥(ee™ + a)

pre ” > =+ —Nase—0
€N 1 |h(ee't + a)|

ee“A(ee“ + a) =

uniformly for real ¢, it follows that
m if a = ag,
/ Mw)dw —
ca,e) 2t f a = Yk,

https://doi.org/10.1017/50004972700029907 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700029907

404 S. Yamashita (8]

as € — 0, where the integral is in the clockwise sense. Letting € — 0 in (4.1), we now

have
(4.3) 4.//A g*(w) dudv = —2i/c,\(w)dw +27p + 4w Pa
T CE I V-

by 8%(w)/6w =0 on c.
We remember that f vanishes precisely at the poles of ¢. Thus, v is a zero of
order 2v of f if and only if v is a pole of order v of g. Hence,

1 g"(w)  f'(w) '
(4.4) 2mi eAao(yKW) ﬂw))dw Zo ~ (8Fa +n)
where
P
Ao(e) = A\ | 8(au, €)
k=1

We have in §(a, €)\ {a}, a = o,

g'"(w) _ fllw) -4 X'(w)

g'(w) flw) w-o X(w)’
where X is analytic and zero-free in §(a, €} for small ¢ > 0. Consequently, letting
€ — 0 in the lefi-hand side of (4.4) we have the identity

L f(gw) L) e one 2 —3Ps —n
ori [ (5] ~ )+ 2= 2 =3P =

Combining (4.3) and (4.5) we have (4).

(4.5)
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