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THE STRUCTURE OF C*-CONVEX SETS

PHILLIP B. MORENZ

ABSTRACT.  Compact C*-convex subsets of M,, correspond exactly to n-th matrix
ranges of operators. The main result of this paper is to discover the “right” analog of
linear extreme points, called structural elements, and then to prove a generalised Krein-
Milman theorem for C*-convex subsets of M,,. The relationship between structural el-
ements and an earlier attempted generalisation, called C*-extreme points, is examined,
solving affirmatively a conjecture of Loebl and Paulsen [8]. An improved bound for a
C*-convex version of the Caratheodory theorem for convex sets is also given.

0. Introduction. For T a bounded linear operator on a Hilbert space, Arveson [1]
introduced a generalisation of the familiar numerical range, called the n-th matrix range
of T, and defined by W'(T) = {o(T) : v: B({) — M, unital, completely positive}.
Among other things, he observed that W"(T') has a particularly strong convexity property.
Loebl and Paulsen [8] named this property C*-convexity and defined it as follows:

DEFINITION 0.1.  Let 4 be a C*-algebra. A C*-convex combinationof x; -+ - x,, € 4
is a sum of the form ¥, £fx;t; where the ; € A satisfy Y0, £/, = 1. Aset S C A is
C*-convex iff it is closed under C*-convex combinations of elements of S.

The analogy with linear convexity is obvious, and the paper [8] is a good introduction
to the basic facts about C*-convexity. The motivation for studying C*-convex sets is
their connection with n-th matrix ranges of operators: n-th matrix ranges are compact
C*-convex sets. Furthermore, by reinterpreting some earlier work of Salinas [10], Loebl
and Paulsen observed that the converse also holds: for any compact, C*-convex subset
S C M,, there exists a separable Hilbert space #, and some T € B(H) satisfying
S = W*(T). Thus compact C*-convex subsets of M, correspond exactly to n-th matrix
ranges of operators. The importance of the structure of C*-convex sets is an immediate
corollary to the widespread interest in n-th matrix ranges. (The survey paper [6] is a good
introduction to the literature on n-th matrix ranges. An example of the usefulness of n-th
matrix ranges is Arveson’sresult [1] that an irreducible compact operator is characterised
up to unitary equivalence by the set of its n-th matrix ranges.) The main goal of a structure
theory of C*-convex sets is to prove a generalised version of the Krein-Milman theorem
for ordinary convex sets. That is, we seek to identify the “right” analog of extreme points,
and to prove that these are necessary and sufficient to reconstruct the original set (using
C*-convex combinations).

The paper is organised as follows. Section 1 presents some elementary preliminaries
(although, for the most part, the reader is assumed to be already familiar with the basic
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facts about C*-convexity, see [8]), along with references to some more substantial results
already in the literature which will be needed later in the paper. Section 2 introduces
structural elements and uncovers some elementary facts about them. The C*-summands,
pieces, and weights, and the C*-faces defined in Section 3 are the technical tools used
to prove a generalised Krein-Milman theorem and its converse in Section 4. Section 5
examines the relationship between structural elements and C*-extreme points, and the
paper ends with an improved bound for the Caratheodory type theorem for C*-convex
sets.

1. Preliminaries and previous results. The definition of a C*-convex set was
given in the introduction. Three elementary examples of C*-convex sets are the follow-
ing:

i) {Te BH):0<T <1},
ii) the unit ball of 4, and

iii)y Wy = {T € B(H) : w(T) < 1} (where w(T) is the numerical radius of T).

The proofs that these sets are C*-convex are elementary, and can be found in [8]. We will
reuse these three examples throughout to illustrate new concepts as they are introduced.
It is a trivial consequence of the definition that a C*-convex set § is closed under unitary
equivalence. That is, if 4 € A4 is unitary, and x € S, theny = u*xu € §. This is a
recurrent theme, and many of the concepts introduced (e.g. C*-extreme points, structural
elements) are “up to unitary equivalence”. We write y ~ x for y is unitarily equivalent to
x, and we write U(x) for the unitary orbit of x.

Loebl and Paulsen [8] first proposed the search for a generalised Krein-Milman theo-
rem, and suggested the following definitions as the appropriate analogue to the definition
of an extreme point.

DEFINITION 1.1. Let A be a C*-algebra. A proper C*-convex combination of
Xiy..,Xm € Ais a sum of the form Y7, #fx;; where, in addition to the condition
>itft; = 1 (for a C*-convex combination) each t; € 4 is invertible.

DEFINITION 1.2. Let S C Abe C*-convex.x € Sis a C*-extreme point of S, written
x € d;5, provided that if x = ¥, ] x,2; is a proper C*-convex combination of x; € S, then
X ~ X Vl
Once again the analogy with linear extreme points is clear. In fact, C*-extreme points
are linearly extreme [8], but not conversely ([7]—see iii) below). Elementary examples
of C*-extreme points include:
i) for {x € M, : 0 < x < 1} the C*-extreme points are exactly the orthogonal
projections (including O and 1);
ii) for the unit ball the C*-extreme points are exactly the isometries [7]; and

iii) for W; C M, the C*-extreme points are {\1: |A\| = 1} U ‘U{ (8 (2)) } [7].

It should be noted that the restriction to proper C*-convex combinations is often quite
significant, more so than in the case of linear convexity. The definition of C*-extreme
points is one example; we shall encounter others (see, for instance, Remark 3.5.8).
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Earlier efforts to prove a generalised Krein-Milman theorem have focused on Loebl
and Paulsen’s definition of C*-extreme points, although it wasn’t until 1990 that Farenick
[3] proved that every compact C*-convex set must have C*-extreme points. At the same
time it is clear that although C*-extreme points might be sufficient to recover the original
set, they certainly cannot be necessary. A simple example is

5={x€M2:O§x§1}=C‘—conv{(g 1(/)2),((1) 1(/)2)}

and these two elements of S are not even linearly extreme let alone C*-extreme. The
main result of this paper is to overcome this difficulty by defining the structural elements
of S, str(5), (§ C M, compact and C*-convex), and proving that this set is the right
analog of linear extreme points in the sense that str(.S) is both necessary and sufficient to
reconstruct the original compact C*-convex set using C*-convex combinations.

The next two results are elementary, but they will be used later, and perhaps also serve
to give the newcomer to C*-convexity some of the flavour of the proofs.

PROPOSITION 1.3.  Let § C M,, be C*-convex, x = T | tix;t; a C*-convex combina-
tion of x; € S. Then by combining the terms with i > 2 we canfindy € Sandr € M, so
that we can rewrite x as a C*-convex combination of elements of S with only two terms
x=xity +riyr,(x1,y € S, it +r'r=1).

PROOF. 1t is clear that essentially what we want to do is the following: let r =
(Tisa £1)'/% (notice r = r*), and let y = r~!(Ty» tixit:)r~". It is obvious that y €
C* —conv{xz - x,} C Sbecause Yi>yr'eftr™! = 1. Then x = ffxity +r*yr € S
because 1 + r*r = 1. The difficulty is, of course, that r need not be invertible. Choose

U
unitary u € M, so that ¥/ = u*ru = with ¥/ > 0 invertible. The idea is that it

0)
is enough to be able to invert . The rest is merely details.

Let X' = w*xu = Ti(w*tfu)(u*xu)(u*tu) = ¥, 1*x}t] a C*-convex combination. With-
out loss of generality we may assume 0 € S. Let

s ()0 _ (0 O
S‘( 0 o)’ 5‘(0 1)’

and y' = §'(Tixp t*xlt])s’ + 50s. y' € S because 0,x € §and i», s'*tls" + 52 = 1,.
Notice #*#] < P so tls’r’ = t.. Thus

X + Y'Y =+ (s'(z t,{*xft,{) s’ + s0s) r

i>2
=0t +
>
= xl
= u*xu,
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)
x = ux'u* = ut x| +ur'y'r'u*
= (ut{u*)(ux|u*)utiu*) + u (Z tf*xftf) u*
i>2
=fixih + ), ity
>2
Thus x = fixit; + r*yr where r = ur’u* andy = uy'u* € §. n

Notice that, unlike ordinary convexity, if x; = x; it is not usually possible to combine
the terms # x;t; + t;.x]'tj into a single term s*x;s. As an example

(o V)=(5 0){o 0){o 0)*(% o) (o 0) (o o)
(3 0) (s )
for any (unitary) u.

In order to define the compression of a C*-convex set from M, to M, (k < n), we

define ’
Py = (Ok) eMn,k‘

Thus for x € M,,, P}, xP, is the compression of x to Mj.

but

PROPOSITION 1.4.  Let § C M, be C*-convex. Let S = P}, SPy be its compression
to My. Then S is C*-convex, and if S is compact then so is 8. Furthermore, if S =

C* — conv(G) for some set G C M, then §, = C* — conv( :k(‘ll( g))P,,k).

PROOF. Suppose x = ¥; t]x;t; is a C*-convex combinationof x; € S (i = 1,...,m).
To show x € 5 we must find ¥ € S such that x = P}, XP. Since x; € §, 3% € S such
that x; = PR XiPy. Letfy = t; ® (ﬁl,,_k), so Y fif; = 1,,and let £ = ¥, I %5, € S.
Clearly P} %P, = x. The statement about compactness is trivial because compression is
continuous.

Let § = C* —conv(G). Let x € S where x = P} %P, for some ¥ € S. Thus
X = X;tigit; C*-convex combination of g; € G. Choose unitaries u; € M, such that

uitiPpy = ut; (lok) = (3) for some s; € M. Now Y; S?S,‘ =3 P;ktfufuitiPnk =1 so

x = PPy = 3 Pryti g (uigitt] uiti Poy
f

_ si)" P
=2 (5) wast 5)
=) i Pruigiu; Pusi
f
eC— conv(P;k Uu( g’)Pnk). n

We will also require the following more substantial results, already in the literature.
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DEFINITION 1.5. Given B,M € M,, r > 0, (r € R), define the matrix-valued disk
DB.M;r)={AeM,: |AQB+1® M| <r}.

These sets were introduced by Farenick [4] where he shows that they are compact
and C*-convex. They are called matrix-valued disks because if n = 1 they give rise to a
classical disk and the nextresult reduces to a well known result in linear convexity theory.
Although little is known of their structure (e.g. C*-extreme points), and for n > 1 they
are not disks in the usual sense, their importance is the following separation theorem,
proved by Farenick.

THEOREM 1.6. Let S C M, be compact and C*-convex. If T ¢ S then 3 matrix-
valued disk D(B, M; r) separating T from S, i.e., D(B,M;r) D Sbut T ¢ D(B,M;r).

This separation theorem is central to the later proof of the generalised Krein-Milman
theorem in Section 4, somewhat analogously to the use of the Hahn-Banach separation
theorem in the proof of the original Krein- Milman theorem.

Much of what is already known about C*-extreme points can be found in [3] and [6].
We will require the following theorem from [6] and its corollary from [9].

THEOREM 1.7.  Supposethat § = C*—conv{xq : o € I} C M, where I is any index
set (finite or infinite). If x is C*-extreme in S then x is unitarily equivalent to some x4 or
x is reducible. Moreover, there exist projections q; such that ¥";q; = 1,x = ¥; qix;l_q,-,
and each x, ~ Xa,

COROLLARY 1.8. Let S = C*—conv{xy : @ € I} C M,, andletx € S be irreducible
and C*-extreme. If x = ¥1 | st2:5; (zi € S, 5; # 0), then I unitaries u; € M, and \; € R,
O< XN <1 N = 1), such that s; = Au;, and z; = uixu}. (i.e. any C*-convex
combination x = ¥; S7zis; = LAl wixul)wuid) = ¥ M\x is essentially trivial.)

PROOF. First we will show that z; ~ x Vi. Suppose, on the contrary, that z; o x. From
Proposition 1.3 we can write x = s7z; s, +r*yr, C*-convex combination with y € §. Using
the same procedure as in the proof of the previous theorem (polar decomposition of s,
r, absorbing unitaries, etc.) and the same application of Technique B (for all A € (0, 1)),
we reach the conclusion that x is reducible, which is once again a contradiction. Thus we
must have x ~ z;. Similarly, x ~ z; Vi.

Thus Ju; unitary such that z; = wixu? and x = T sTzisi = Ti(sTui)x(uls;). Next we
show that u}s; = ;1.

Let ¢(z) = Xi(sTui)z(u}si) so ¢: M, — M, is (unital) completely positive. Further
¢(x) = x and x is irreducible so ¢(z) = z Vz [1]. Now it follows from Choi’s result [2]
on the uniqueness of the decomposition of ¢ that ufs; = A1 (A; € C) and ¥; A = 1.
To get A; € R, (instead of A; € C), we simply absorb the argument of ), into u;. That is,
if \; = e'%|)\|, replace \; by |\;], and ; by e®u;. n
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2. Structural elements. In this section we change the focus of our attention from
C*-extreme points as defined by Loebl and Paulsen to structural elements, as defined
shortly. The existence of the generalised Krein- Milman Theorem in terms of structural
elements (Theorem 4.5) shows that they are a better analog of linear extreme points than
C*-extreme points are. Some of the relation between C*-extreme points and structural
elements is apparent in Propositions 2.2, 5.1, 5.2, and 5.3.

DEFINITION 2.1. Let S C M, be a compact C*-convex set. For x € S, call x a
structural element (of S) of size n if whenever x = ¥; ] x;t; is a C*-convex combination
of elements of S, then there exist unitaries u; € M,, and scalars \; € [0, 1], such that
xi = wixul, t; = u;);, and ¥; A2 = 1. We write x € str(S, n).

A necessary consequence of the definition of str($, n) is that if x = ¥; £7x;1; then each
Xty = A?x. Thus structural elements of size n have a certain similarity to linear extreme
points in that the only ways to write them as a C*-convex combination are essentially
trivial. The following gives the first relation between structural elements and C*-extreme
points.

PROPOSITION 2.2. Let S C M, be compact and C*-convex. Then the structural ele-
ments of S of size n correspond exactly to the irreducible C*-extreme points.

PROOF. It is immediate from the definition that if x is structural of size n then x is
C*-extreme. Furthermore if x is reducible then choose any scalar A1 € S and observe

(5 2)=( o) (5 X6 o)+ 1) =) )

where the coefficient ((1) g) cannot be of the form A;u; for any scalar \; and unitary

u;. Thus x € str(S, n) implies x is irreducible and C*-extreme.
The converse is Corollary 1.8. ’ n
Unfortunately a C*-convex set § may not have any structural elements of size n, let
alone enough to reconstruct S, so now we extend the definition of structural elements to
sizes other than n.

DEFINITION 2.3. For § C M, compact and C*-convex let S be its compression to
M, (S is still compact, C*-convex; see Proposition 1.4). Define x € M to be a structural
element (of S) of size k provided

i) x is a structural element of 5 of size k, and

ii) x ¢ {compressions to M; of structural elements (of §) of size j, k < j < n}.
(The definition is inductive, starting from structural elements of size n as defined
previously.) We write x € str(S, k). We also define the structure set of S to be
str(S) = Uiz str(S, k).

The following examples of structural elements should be compared with the C*-
extreme points of the same sets (as given in a previous example):

i) for § = the unit ball of M,,: str(5) = {A € C: |A\| = 1},
i) for S={xeM,:0<x<1}:str(5) ={0,1} CC,
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00
Because the elements of str(S) are not necessarily all the same size we need the fol-

lowing notation. For x € str(S, k) and m > k define x(m) € M,, by x(m) = x ® (A\1,,_)
for some A € W(x). (It is not important which A € W(x) is chosen since any such choice
will ensure x(m) € S,. It is important that A\ € W(x) in order that C* — conv{x} =

Py (C”‘ — conv(x(m)))Pmk, see the next Lemma.) Further define C* — conv,, (str(.S)) =

C* — conv{x(m) : x € str(5)} C M,,; i.e., extend all the structural elements to m X m
matrices and take the C*-convex hull in M,,. Of course this makes sense only when all
elements of str(5) are of size < m. We will continue to use the notation C* — conv(§),
with no subscript, provided all elements of G are the same size (i.e. G C M,,).

In order to prove the generalised Krein-Milman theorem we need some elementary
facts about structural elements. The following lemma, useful for this purpose, can also be
used to show that C* — conv,(s) (for s € M, ) doesn’t depend on the choice of A € W(s).

iii) for §={x € My : w(x) < 1}: str(S5) = ‘U{(O 2)}

LEMMA 2.4. Lets € My be irreducible, \ € W(s), s(n) = s ® A\,_. Let § =
cr— conv(s(n)) (= ct — convn(s)). Then S, = C* — conv(s) (independent of \).

PROOF. Consider

«[ 5
x—Ei:ti( Aln_k)ties

t € M,, T t7t; = 1). We must show that P}, xP,, € C* — conv(s). Let

f = (tn liz) '
I3 lig
The condition ¥; £ft; = 1, implies ,(f5ti + thtia) = 1, where tii € My, t3 € My_g,.
Now P:kxP,,k = E,-(tflst“ + t;‘k3A1n—kti3)‘

Ifn—k <klet
. t;
t,-3=(8) € M,

s0 a3 = thit and PyxPy = ¥ ] sty + I3 123 € C* — conv(s). (Recall A € W(s) =
Al € C* —conv(s).)
If n — k > k then there exist unitaries u; € M,_; such that

Uity = (%) for some tf3 € M,.

Hence t;%Aln_ktij, = t;-'3u}‘/\1,,_ku,-t,~3 = I{3)\1kt{3. Also t:—gt,'g = t,%ufu,—t,g = 11:31,{3 SO
PhxPuy = Li(t sty + U3 Myt) € C* — conv(s). -

ni

PROPOSITION 2.5. Lets € My be irreducible and let S = C* — conv,(s) (n > k).
Then str(S) = U(s).

PROOF. In order for x € M; to be in str(S), x must be irreducible and C*-extreme in
S;. If j > k then it is easy to see that §; = C* —conv;(s) = C* — conv(s(j)); and since s(j)
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is reducible, so are the C*-extreme points of 5 (by Theorem 1.7), and so str(S,j) = ¢
(> k). Ifj =k, S = C* — convi(s), and s is irreducible so str(S, k) = U(s). Finally for

Jj<k 8= P;jSkij = PC* — convi(s)Py;, so str(S, ) = ¢ (j < k). n
The next two propositions concern the behaviour of the set of structural elements
under compression.

PROPOSITION 2.6. Let S C M, be compact and C*-convex, S its compression to
My (1 < k < n). Then str(S, k) C str(S, k) C str(S, k) U {compressions of str(S,)) to
Mk,k <] S n}.

PROOF. Letx € str(S$, k). Then xis irreducible and C*-extreme in 5, so x € str(S, k).
Next, suppose x € str(S, k). Then x is irreducible and C*-extreme in S, so either
x € str(S, k) or x € {compressions of str(S, ) to My, k <j < n}. n

PROPOSITION 2.7.  Same hypotheses as in the previous proposition, plus 1 < m < k.
Then str(S, m) C str(S, m) C str(S, m) U {compressions of str(S, ) to My, m < j < n}.

PROOF. Notice S = (S)m (the compression of § to M,,). We have proven the case
m = k above.Letm = k— 1. Letx € , be irreducible and C*-extreme. If x ¢ str(S;, m)
then x belongs to the compression of str(S;, k) to M, C {compressions of str(.S, j) to M,
m < j < n} = x ¢ str(S, m). Thus str(S, m) C str(S, m).

Next, x € str(S,m) = x irreducible, C*-extreme in S, = x € su(S,m) or x €
{compressions of str(S$, j) to M,,, m < j < n}. Continuing inductively gets the result for
allm < k.

3. Technical tools. We will have more to say about structural elements, including
their relation to C*-extreme points, after we have proved the main theorem. Now we
introduce some concepts whose main interest is their usefulness in proving the Krein-
Milman theorem. They are generalisations of similar concepts in the linear convexity
case, and it may help the reader to translate the definitions and the results immediately
following into the more familiar setting of linear convexity where the geometry is more
transparent. The idea behind the next set of definitions is as follows: Suppose x = a*ya+
b*zb is a C*-convex combination (i.e. a*a + b*b = 1) with a # 0. Then y (also z) is
called a C*-summand of x, a*ya is called a C*-piece of x, and a*a is called the weight of
a*ya as a piece of x. These three sets are useful in proving the generalised Krein-Milman
theorem. The precise definitions are given next.

DEFINITIONS 3.1.  Let § C M, be compact and C*-convex, x € S.
i) The set of C*-summands of x, C* —summ(x) = {y € S: Iz € S,a,b € M,,a #
0, such that x = a*ya + b*zb (C*-convex combination)}.
ii) The set of C*-pieces of x, pcs(x) = {a*ya : Jy,z € S,a,b € M, such that
x = a*ya + b*zb(C*-convex combination)}.
iii) Given r € pcs(x), the set of weights of r as a piece of x, W(r; x) = {a*a:3a,b €
M,, y1,y2 € S with x = a*yja + b*y,b and r = a*ya}.
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REMARKS 3.2. 1) In i) above the restriction a # 0 keeps the set of C*-summands
proper. In ii) taking a = 0 implies 0 € pcs(x) Vx which is convenient—see 3) below.
2) C* — summ(x) need not be convex.Let S={re M; : 0 <t < 1}.

1 0 00 1 0

(O 0) and (O 1) are C*-summands of (0 1) but
1/2 0 _ 10 00
(5" 1) =172(0 o) *112(5 )

is not. It is easy to see that x € C* — summ(1) iff x is unitarily equivalent to a matrix of

theform(1 0 ,0<a< 1.
0 a

3) Unlike ordinary convexity,y € C*—summ(x) and z € C*—summ(y) does not imply

z € C* — summ(x). As an example, let § be as in the previous remark, x = ( (1) 8),
(1 0 _(1/2 0

Y=\o 1/2)*= 0 1/4)

4) pcs(x) is compact and convex.

5) W(r;x) is compact and convex.

6) Letr,ri,r, € pcs(x), « € (0,1), with r = ar; + (1 — a)r;. Then W(r;x) D
aWr;x)+ (1 — a)W(r; x).

7) If 0 € S then pcs(x) C S.
We illustrate the above definitions with some examples taken from S = W; C M,.

Letx=(1

0 ?) € S. x is extreme but not C*-extreme in S [7]. In fact

= (12 24n) (o o) (12 if2)
(2R R G D05 2R
PROPOSITION 3.3.  y € C* — summ(x) iff at least one of 1,i € W(y).

PROOF. Suppose 1 € W(y). Theny ~ (1 :) o)

(s o) (o 0)+( 1= V)

and so y € C* — summ(x). Similarly for i € W(y).
On the other hand, suppose y € C* — summ(x), so x = a*ya + b*zb, a C*-convex
combination with a # 0. Let {e;, e, } be the usual orthonormal basis for C2. If ae; # 0

then
1 = (xer,e1)

= (yaey,ae)) + (zbey, be;)

= e (o) () + e () )

= [laes||ox + ||bes ).
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This represents 1 as a convex combination (since ||ae;||> + ||be1||*> = 1) of @ € W(y) C
A={)eC: |\ <1}, andB € W(z) C A.But 1 is extreme in Aso o = 1 € W(y). If
ae; = 0, then ae, # 0 and a similar argument shows i € W(y). [ ]

The set pcs(x) is slightly harder to describe, and we will begin by giving some ex-

amples. Obviously ((l) 8), (8 ?) € pes(x). Also, from the C*-convex combination

(8 - 26 DR 1

/2 —i/2Y _( 1/2 1/2\(0 2\(1/2 —1/2
(—1/2 i/2 ) = (—1/2 i/2)\o o)\1/2 —ij2) EPSW:
The set pcs(x) can be described completely as follows. For any k € N and j < k,
choose orthogonal unit vectors (ay, ..., o), (B1,...,0k) € Ck. Letp = Ef.:l a;a;,

9= 2:I::=1 BiBi, A = E{::l a&;B;. Then y = ((1) 0) (‘;\ :1\) € pcs(x), and every

i
y € pes(x) is of this form. The conditions on p, ¢, and A are, of course, equivalent to

given above,

and,

requiring (l)‘z 2 >0.

Forr=(0 0) W(r;x) = ((1) g).Forr=(g )W( x) = (g ?)

1/2 1
0 0) € S,

. (1/4 1/2) = (1/v/2)x(1/V/2)+(1 /v 2)x(1/v/2) so r = (1/2)x € pes(x) and

1/2 € W(r;x). But we can also write

=fom(o o) 0wl V)elo ) (0 )0 )]
U6 9) (o 1) (6" §)ram (s 5))

This is a C*-convex combination, and the sum of the first three terms is r = x/2 so

1/2 0 . . 1/2 0
( 0 3/4) € W(r;x). The sum of the last two terms is also r, so( 0 ]/4) €

W(r; x). This shows that W(r; x) need not be a singleton. It is easy to construct a similar
3/4 0

0 1/2
ments of U/(r; x) need be comparable. If we had examined the analog of these definitions
in the linear convexity case, there too it would be true that 7/(r; x) need not be a single-
ton. However in that case of course, every element of W(r; x) would be comparable.

Another useful concept that we can borrow from linear convexity theory is that of a

face, generalised below to a C*-face.

To see an easy example where W(r; x) is not a singleton, take x =

C*-convex combination to show ) € W(r;x), which shows that not all ele-
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DEFINITION 3.4. A C*-face F of a C*-convex set § is a non-empty subset of § such
that if x € ¥ and x = ¥; £} x;t; is a proper C*-convex combination of elements x; € S
(i.e. T;1t; = 1, and 1; invertible Vi), then necessarily x; € F Vi.

REMARKS 3.5. 1) C*-facesexist; Sis a C*-face of S. Also if § C M,, is compactand
C*-convex and B,M € M, then {x ES: |x®B+1QM|| = sup,es{lls®B+1 ®M||}}
is a compact C*-face of S [9].

2) Unlike faces of ordinary convex sets, C*-faces are not usually C*-convex, or even
convex. In view of Remark 8 below, our previous example that C* — summ(x) need not
be convex also serves as an example that C*-faces need not be convex.

The fact that C*-faces are not C*-convex seems unavoidable. The difficulty is that
almost all C*-convex subsets of M, have non-empty interior. Specifically, if § is C*-
convex, let W(5) = (J{W(x) (the numerical range of x): x € S}. S has non-empty interior
iff W(S) does [11]. Furthermore, W(5) has empty interior iff it is the line segment [«, 8]
(in C), and s0 § = (B — )P + ol (where P = {x € M,, : 0 < x < 1} is a particularly
simple C*-convex set). If we included in the definition of a C*-face the requirement that
it be C*-convex (and hence convex, and hence a face in the usual sense), then most C*-
faces would have non-empty interior, and so would be the trivial face, all of §. The only
other possibilities would be of the form F = (83 — )P + a1 where [, 8] was a face
of W(S). This would clearly give too little structural information to be useful. See also
Corollary 5.4 which is the C*-version of the usual result that a minimal compact face is
an extreme point.

3) If #isa C*-faceand x € F then U(x) C F. F = U(x) if and only if x € 3% 5.

4) If FisaC*-faceof Sand F; C Fisa C*-face of C* —conv ¥ then ; is a C*-face
of S.

5) Let F be a C*-face of S and let x € F be C*-extreme in C* — conv F. Then
x €S

6) The intersection of C*-faces is a C*-face, provided it is non-empty.

7) Every compact C*-face contains a minimal compact C*-face (by Zorn’s lemma).
Furthermore, a minimal compact C*-face “is” a C*-extreme point—see Proposition 5.4.

8) C* — summ(x), as defined previously, is obviously a C*-face, but because the
definition of a C*-face requires the coefficients to be invertible, and the definition of
C* — summ(x) does not, C* — summ(x) need not be the minimal C*-face containing x.
We will see (Lemma 4.1) that in M,,, C* — summ(x) is closed.

We will also need the following elementary properties of minimal compact C*-faces.

PROPOSITION 3.6. Let F be a minimal compact C*-face of S. Then ¥x,y € 7,
C* — conv{x} = C* — conv{y}.

PROOF. Suppose y ¢ C* — conv{x}. Then by [4] 3B,M € M,, r > 0, so that
D(B, M; r) separates y from C* — conv{x}. Let ¥ = sup_c #{||lz ® B + 1 ® M||}. Then
F={z€ F:||z@B+1Q@ M| = r'}is acompact C*-face of S:ifz € F' C ¥ and
z = ¥t xt; is a proper C*-convex combination, then x; € ¥ (because ¥ is a C*-face)
so ||xi|| < ||z|| = ¥’ Vi. Using the invertibility of the ; it is clear that ||x;|| = ||zi]| = 7 Vi,
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sox; € F'Vi.Now F' C4 ¥ (since x € F\ ') contradicting minimality of . Thus
y € C* —conv{x} and similarly x € C* — conv{y} so C* —conv{x} = C* —conv{y}. =

COROLLARY 3.7. Let F be a minimal compact C*-face of S. If F = U(x) for some
x € S, then x € 0}S. In particular, if any x € F is irreducible then F = U(x) and
x€ S

PROOF. Suppose ¥ = U(x) and x = ¥, 7 x;1; is a proper C*-convex combination of
x; € S. Then x; € F Vi (by definition of a C*-face), so x; ~ x Vi and x € 9} S.

Suppose some x € ¥ is irreducible. By Proposition 3.6, C* — conv{x} =
C* —conv{y} Vy € F.By [6], because x is irreducible, it follows that x ~ y Vy € ¥, so
F = U(x). Thus by the first paragraph above, x € d} 5. .

4. Generalised Krein-Milman theorem. Our first step is to prove that
C* — summ(x) is closed. It would be nice if we could use the following argument. Let
y € C*—summ(x). That is, dy;,z; € C* — summ(x) (x = alya; + bz;b; C*-convex
combinations) with y; — y. Passing to subsequences if necessary, we may assume
a; —a,b; — b,z; — zand so x = a*ya+b*zb, and we could conclude y € C* —summ(x),
except that a might be 0. The following result essentially ensures that this can be avoided.

LEMMA 4.1. Let S be compact and C*-convex, x € S. Then Je > 0 such that ify €
C* — summ(x) and a*a is maximal in {a*a : x = a*ya +b*zb (C*-convex combination)},
then ||a*al| > e.

PROOF. Without loss of generality, we will assume 0 € . Consider the set Py =
{(r,a*a) : r € pcs(x),a*a € W(r;x)} C M, x M. This set is convex by 3, 4, and 5 of
Remarks 3.2, and (0, 0) € Py (because 0 € S) so it is contained in a k-dimensional sub-
space Fi, C M, x M;. Furthermore Py is symmetric with respect to the point (x/2,1/2).
To see this, if (r,a*a) € Py then 3y, z € S,b € M, suchthat x = a*ya+b*zb a C*-convex
combination with r = a*ya. Thus (b*zb, b*b) € Py and

1 1
(x/2,1/2) = E(a*ya, a‘a) + E(b*zb, b*b).
From this symmetry it follows that 3e > 0 so that B.(x/2,1/2) N F C Py. (Define the
openball B.(x/2,1/2) = {(r,w) € My x M} : ||r— x/2|| + ||lw — 1/2|| <€}.)
Now suppose x € S and x = a*ya + b*zb (a C*-convex combination of y,z € 5)

with a*a < €l (i.e. ||a*al| < €). Without loss of generality we will assume that Vs € S,
IIs]] <1, and so ||a*ya|| < e Vy € S. Let

b*zb b*zb

n=—-, n=— +a*ya € pes(x)
with b*b bb

> € W(ri;x), > +a*a € W(ry;x).
Notice

*

(rl, b*Tb), (rz, % +a*a) € B.(x/2,1/2)NF, C Py
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because

_(a'ya+b*'zb a*a+b*b
(x/2’1/2)—< 2 2 )
and ||a*yal| < e. Thus there exists § > 0 such that

*

a +5)(r2, % +a*a), (r1 — b, (1 —5)92—[’ —5a"a) € B.(x/2,1/2)NF; C Py.

Thus there exists 2’ € S, b’ € M, such that ry —§r, = b™z'b’ and b"*b’ = (1 —6)b*b /2 —
ba*a, and so

x=0+868r,+(r) —bnr)
b*zb
=(1+ {5)(7Z + a*ya) +b"7b
146
= (1+8)a*ya+ (T)b*zb + b
= (1 +8a*ya+b"7"b" (using Proposition 1.2.1)

a C*-convex combination . But (1 +§)a*a > a*a, so (if ||a*al| < €) a*a is not maximal.
This completes the proof. n
Now it is a simple matter to prove the following.

PROPOSITION 4.2.  Let S C M, be compact and C*-convex. Then C* — summ(x) is
closed.

PROOF. Lety € C*—summ(x). Then 3a;,by € M,, yi,zx € S such that x =
ay(yax + brziby with ayay + biby = 1 and y, — y. Without loss of generality we
can assume the a;a; are maximal in the same sense as the previous lemma. Passing to
subsequences if necessary we may assume a; — a, by — b, zx — z,and x = a*ya+b*zb
(C*-convex combination). By maximality of a;a and the previous lemma, it follows that
lla*all > e, (in particular a # 0), so y € C* — summ(x). n

The proof of the generalised Krein-Milman theorem involves induction, and the fol-
lowing Lemma is an essential part of the inductive step. In proving the following Lemma
we make use of two facts about convex sets in a finite dimensional space. First, if C and
C' are convex with C’" adense subset of C, and if x € int C, thenx € C'. (If C is contained
in a hyperplane H, x € int C is understood to mean x € int(C N H)). Second, let C be a
ray {kx : k > 0} (x # 0), and let C’ be a closed pointed cone with CN C’ = {0}. Then
there is a linear functional p separating C’ from C in the sense that p(C) > 0, p(C') <0,
and for x € C', p(x) = 0iff x = 0. The proofs of these two facts are elementary and are

omitted. We write Seq for {x € S: xisreducible, ie., x ~ (Jg f ) }
2

LEMMA 43. Let S C M, be compact and C*-convex. Then § = C* —
conv(.S,ed U str(.S, n)).

PROOF. Supposex € S\ C* — conv(S,ed Ustr(S, n)). Clearly x is irreducible. In fact
we can restrict ourselves to those x which are maximal in the sense that

C* — conv({x} U Seq) € C* — conv({y} U Sreq)
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foranyy € S,y A x. (If x € S\C*—conv(SredUstr(.S, n)) the existence of such maximal
x is easily shown using Zorn’s Lemma and Lemma 4.4 following.) Such an x cannot have
any C*-summands in S.4 without violating maximality so C*—summ(x) consists entirely
of irreducibles. This fact ensures that if x = a*ya + b*zb is a C*-convex combination
then both a and b must be invertible, and so we can conclude that if y € C* — summ(x)
then C* — summ(y) C C* — summ(x). Thus any y € C* — summ(x) also has no C*-
summands in Seq4, and furthermore, for any such y, there must be z € str(S, n) with
z € C* —summ(y). (C* —summ(y) is a compact C*-face consisting only of irreducibles,
thus it contains a minimal compact C*-face containing only irreducibles, that is U(z) for
some z € str(S, n).)

Consider the set Py = {(r,w) : r € pes(x),w € W(r;x)} and its subset P}, =
{(r,w) : (r,w) € Py,r = T;alya;,w = ¥;afa; and y; € str(S,n) Vi}. (P}, is those
pieces of x, and their weights, which can be generated by structural elements of size
n.) P}, is clearly convex, and since x must have a C*-summand in str($, n), non-empty.
Furthermore, for any k > 0, if (/, w’) € P}, and k(’,w’) € Py, then k(r',w’) € P},.

Next we show that P}, is dense in Py. Suppose not. Then there exists (r, w) € Py \P—’W
Let C be the ray {k(r,w) : k > 0} and let C’ be the closed, pointed cone generated by
P—’W. Then by the second fact preceding the lemma, there is a linear functional p such that
p(r,w) > 0, and p(r',w') < OV(’,w") € P} \ {(0,0)}. Choose (r1,w;) € Pw such that
p(r1, wy) is maximal. Now (r;, w;) = (a*ya,a*a) for some y € C* — summ(x). By the
first paragraph above, there exists z € str($, n) N C* — summ(y) so y = b*zb + ¢*7’c and

(r1,wy) = (a*b*zba, a*b*ba) + (a*c*7'ca, a*c*ca)

with
(a*b*zba,a*b*ba) € Py, \ {(0,0)},
and
(a*c*Zca,a*c*ca) € Py.

But p(a*b*zba, a*b*ba) < 0 = p(a*c*7'ca,a*c*ca) > p(ry, wi) which is a contradiction.
Thus P}, is dense in Py.

Now by the first fact preceding the Lemma, applied to Py, P}, and (x/2,1/2) €
int Py, we conclude that (x/2,1/2) € Pj,. But then 2(x/2,1/2) = (x,1) € P}, that is
x€EC— Conv(str(S, n)). =

LEMMA 4.4. Let S C M, be compactand C*-convex. Let {x; : k € N} be a sequence
in My, converging to x, satisfying C* — conv(SU {x}) D C* — conv(SU {x;}) Vk > j.
Then C* — conv(SU {x}) D C* — conv(SU {x; }) Vk.

PROOF. It suffices to show x;, € C* — conv (SU{x}) Vk. Fix k. Given € > 0 choose
J sothat ||x; — x|| <'e. Write x; as a C*-convex combination x;, = ¥, v}jy;vij + i Wixjwij
of yj € S, and x;. Thus

* *
”xk - Z vijy,»jv,-j + Z WU-XW,]
i i

= ”; w,;(xj — X)wjj

< i — ]|
<e
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and so x; € C* —conv(SU {x}). "
Now we are in a position to state and prove the generalised Krein-Milman theorem
and its converse.

THEOREM 4.5. Let S C M, be compact and C*-convex. Then S = C* —conv,(str S).
Conversely, if S = C* — conv(§) then Vs € str(S), 3 unitary u € M,, and g € G such
that g = u*gu = s @ s’ for some appropriate s'. That is, every structural element of S
must appear as a direct summand (irreducible block) of some g' unitarily equivalent to
g€G

PROOF. We begin by proving the first statement using induction on n. n = 1 is the
usual Krein-Milman theorem because C*-convexity and structural elements (C*-extreme
points) correspond to ordinary convexity and extreme points.

We begin the inductive step by showing that C* — conv,(str §) D Seq. For S as in
the statement of the theorem, let S,—; be its compression to M,—;. 5,—; is compact and
C*-convex so by induction §,—; = C* — conv,,_l(str(S,l_l)). For any x € Sedq,x ~
@ @ty where t; € M,, are irreducible. It is easy to see that if we can show each
ti(n) € C* — conv,(str §) then x € C* — conv,(str §). Now by Propositions 2.6 and 2.7

n—1 n
str(S-) € U [str(.S, k)u( U Pstr(S, j)ij)]
k=1 j=k+1

and notice that if ¢t € Pl’fk str(S, /)Py then 1(j) € C* — convj(str(.S, j)); in fact t(n) €
C*—convy (str(j,j)). Now forany x ~ 11 @ - - @t € Sed, itis clearthatt;(n—1) € §,—;
and so

t(n) € C* — conv, (str(S,l_l)) = C* — conv, {n_] [str(j, kU ( L"J Py str(5,j)ij)]}

k=1 \=k+1
cCr— convn{ U str(S, k)}
k=1
=C"— conv,,(str(S)).
Thus C* — conv,(str §) D Sed, and by the previous lemma, S = C* — conv,(str S).

To prove the converse, we begin by assuming G is closed under unitary equivalence,
thus making the unitary u in the statement of the theorem redundant. Let ., Gy be the
compressions of S, G to My, and recall that §; = C* — conv(Gy) (see Proposition 1.4).
For 1 € str(), tis irreducible and C*-extreme in § for some £, so t = P, gP, for some
g € G. We wish to show that in fact g = t @1 (some ' € M,_). The proof is completed
by the following Lemma 4.6. n

LEMMA 4.6. Let § C M, be compact and C*-convex, and let t € str(S,k). If t =
P8P for some g € S then, in fact, g =t ® t for somet € M,_;.

PROOF. It follows from the first half of Theorem 4.5 that g € C* — conv, (str(S)),
so g = ¥ afsi(n)a; where s; € str(S). Now there exist unitaries »; such that

!
uia;Py = (C(l)')
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with a! € M; so
t= P:kank
= Prarsin)aiPuy
i

!
=Y "(a* 0)usi(n)u; (‘(l)’)
i
=>a’ (Pruisi(nyu; Puc)a;
1

a C*-convex combination in M. Now ¢ is C*-extreme in S so Vi, Py usi(n)u; Py =
vitv; ~ t and af = Ay} for some A € [0,1] and v; € M, unitary. Without loss of
generality we may absorb the v; and write P}, usi(n)u} Py = t, a; = X;. It follows that
tn) € C* — conv(si(n)). But ¢t € str(§) implies ¢ € str{C" — conv(s,-(n))} = U(s),
so t ~ s;, and f(n) ~ s;(n). Without loss of generality, g = ¥; bjt(n)b;, a C*-convex

combination where
Hn) = !
= )

_ /\,'1 Ci
bl - ( 0 d,) E]
with A; € [0,1],¢; € My, and d; € M, ;.

1= bib;

_ (% |2 YiAic
Yicihi  Xicici+did;)

-(5 1)

Equating entries in the above matrices and applying the results to the following we see

and

that,
g= bet(n)bi
_ I)\,‘lzt )\;’tc,-
e\ et ctiei + dipd;
[t O
—\o /)
Thus ¢ is in fact a direct summand of g and we’re done. (]

5. Loose ends. With the proof of the generalised Krein-Milman theorem in hand
we can easily show the relationship between structural elements and C*-extreme points
as defined in [8].

Using Lemma 4.6 we can prove the following.
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PROPOSITION 5.1. Let § C M, be compact and C*-convex. Let m + k = n and let
Sk be the compression of S to My. If x = s @ z with s € str(S,m) and z € 95(S) then
XE S

PROOF. Let x = ¥;tfyit; be a proper C*-convex combination (i.e. f; invertible,
Yitfti=1)of y; € S. Since x = 5 @ z, it follows that s = P}, xPum = ¥; P}, 27 YitiPum.
t

6) and 1/ # 0 because f; is

invertible. Letting §; = u;y;u} we can write s = ¥, 1P}, 5;:Punt].

Since s € str(S, m) it follows that there exist unitaries v; € M,, and scalars ); € [0, 1]
with ¥;A? = 1, such that P}, 5iPpn = visvi ~ s and t. = A\y; Vi. No \; = 0 since
t! # 0). By Lemma 4.6 it follows that §; = (v;sv})@z; for some z; € M. Letv, = v;®1,,
which is unitary in M,, to get §; = vi(s @ z;)v/*. Let w; = v*u; to get y; = wi(s @ z;))wi.
Thus we can write

As usual, there exist unitaries u; € M, so that u;t;P,,, = (

x =) Gyt = 3 (w(s ® z)(witi).
i i
At the same time, notice

* /
1% V; t; *
il = u,~t,~=( l lk) (6 *)

(Al pi
h 0 ni

for some p; € My, M; € My, and 7; must be invertible (because ¢; was). Thus

o Ady O (s Al
X_X.-:( o n?)( Zi)(O m)

_ (/\,'SA,‘ >\,'Sp,' )
T\ PISAi prspi+mizimi

-(5 %)

Equating lower right hand corners we find z = ¥;(p}sp; + n}z;7:). We can consider this

to be a C*-convex combination of elements of \§; by suitable modifications of the s and
the p;, as the following paragraph shows.

/

If m > k, then p; has rank at most k, so choose unitaries r; so that r;p; = (/(])’ s

pl € My. Lets! = Pyrisr*Py € S and we see that T p¥sp; = X pi*sipl. Also X pl* pl+

Ik !

nini = ip;pi +nini = L. Thus z = Ti(p{*s;p{ + nizim;) is a C*-convex combination

of the s} and z; € . The case m < k requires only replacing s by s’ = (8 8) € M,

and p; by p! = (ﬁ(,)[) € M,.
Now the 7; are invertible (even though the p! may not be), and it is an easy application
of Proposition 1.3 and the definition of a C*-extreme point (in 5) to show that z ~ z; Vi.

. . o s
Thus if x = ¥, #fy;t; is a proper C*-convex combination, then y; ~ ( Z') ~
l

(S Z) = xVi,andso x € d} . =
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COROLLARY 5.2. Let S C M, be compact and C*-convex, x =x1 @ --- D x, € S
with x; € str(S, k;) C My,. Thenx € 9} 5.

PROOF. The proof is by induction on m (the number of summands). The case m = 1
is Proposition 2.2. The induction step is Proposition 5.1. [

The converse to the above corollary is false: it is not true thatif x = x; ®- - -®x,, € I}
then each x; € str(S, k;), as can easily be shown by example [9].

Another relationship between structural elements and C*-extreme points is the follow-
ing, which says essentially that any structural element can be extended to a C*-extreme
point, and so we can substitute C*-extreme points for structural elements in the forward
direction of the generalised Krein-Milman theorem (Theorem 4.5).

COROLLARY 5.3. Let S C M, be compact and C*-convex, x € str(S, k), A € Iz W(S).
Then x ® (A\1,_4) € 9;5, and § = C* — conv d;S.

PROOF. Notice that A1, € 9(S5,—«) by [3]. Thus x@(A1,—;) € 955 by Proposition
5.1. Since S = C* — conv(str(j')) (by Theorem 4.5), and every element of str(.S) can be
extended to a C*-extreme point of S as above, § = C* — conv(d}.5). u

This settles in the affirmative a conjecture of [8]. At this point, we can also prove the
following C*-analog to the theorem that a minimal compact face is an extreme point.

PROPOSITION 5.4.  Let S C M, be compact and C*-convex. Let F C S be a minimal
compact C*-face. Then 3x € 03§ such that F = U(x), i.e., a minimal compact C*-face
“is” a C*-extreme point.

PROOF. The proof is by induction on n, with the case n = 1 being trivial. Let x €
F C M,.. We know (Proposition 3.6) that for any y € ¥, C* —conv{x} = C*—conv{y}.
If x is irreducible, or if x ~ y Yy € ¥, we’re done by Corollary 3.7.

Suppose now that x is reducible. Write x ~ x; ® --- ® x, where each x; € M,, is
irreducible. The (converse to the) generalised Krein-Milman theorem tells us that the
structural elements of C* — conv{x} are some subset of the x;. So without loss of gener-

ality we can assume that x ~ (s r) with s € str(C* — conv{x}), r € M. Similarly, for
anyy € F wemay assumey ~ ( s t) .(Since C*—conv{x} = C*—conv{y}, they have

the same structural elements.) Define F' = {t Ty~ (S t) forsomey € F). Fisa
compact C*-face of 5. In fact F’ is a minimal compact C*-face (else ¥ is not minimal).
By induction, ¥ is a C*-extreme point, i.e., ' = U(r). Thus ¥ = U (s r) = U(x)

and x ~ (s r) € ;.5 by Proposition 5.1 or Corollary 3.7. =

"An obvious question to ask at this point is whether there is a C*-analog to the
Caratheodory theorem for convex sets in finite dimensions. That theorem says that every
point in a convex set S contained in an n-dimensional (real) linear space is a convex com-
bination of at most n + 1 extreme points of S. Farenick [3] showed that for a C*-convex
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set § C M,, with § = C* — conv G, then any x € S can be written as a C*-convex
combination of at most n3(n? + 1) elements of G. The following result improves this
upper bound to 3x2, but it is still unclear whether or not this bound is the best possible.
In particular, if n = 1, it is (Notice n = 1 corresponds to C which is 2 dimensional as a
real linear space.).

PROPOSITION 5.5. Let S C M, be compact and C*-convex, and let x € S. Then x is
a C*-convex combination of at most 3n? elements of str(S).

PROOF.  Without loss of generality assume 0 € S. Let C = {(a*s(n)a, a*a) 1S5 €
str S,a*a < 1} C M, x M}. Let C' be the convex cone C' = {Ti-jkasc; : k €
N,a; > 0,¢; € C}. 0 € C'since 0 € S, and C' is a proper cone because § is com-
pact. C’ is clearly a pointed cone. To see that C’ is closed, consider the following sim-
ilar construction. Let B = {(a*xa,a*a) : x € S,a*a < 1}, and B' = {Ti=1 kBib; :
k € N,3; > 0,b; € B}. B is closed because S is compact, hence B’ is closed. But
B’ = (' because S = C* — conv(str S): if b = (a*xa,a*a) € B and x = ¥; ffsi(n)1; then
b=y (a*t{‘si(n)tia, a*t;‘tia) e C.

The space M,, X M has dimension 2n? + n2 = 3n? as a real linear space, and any
¢’ € C’' can be expressed as a convex combination of the extreme rays of C’. Also, any
extreme ray of C’ must contain some ¢ = (a*s(n)a, a*a) Ec.

Finally, if x € Sthen (x,1) € C'so (x,1) = ¥; )\i(a}'si(n)ai,afai) a convex combina-
tion of at most 3n? terms (by the usual Caratheodory theorem applied to a pointed cone).
Thus x = ¥, v/Aia}si(n)ai/X; is a C*-convex combination of at most 3n? terms (since

Tivhiatan/ A =1). .
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