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ON CONTINUITY AND SELECTIONS OF MULTIFUNCTIONS

PANDELIS DoODOS

The notions of a Baire-1 and a weak Baire-1 multifunction are defined and a striking
analogy between Baire-1 multifunctions and classical Baire-1 functions is established.
A selection theorem is presented which asserts that if X is a metrisable space, Y a
Polish space and F : X — 2Y\{0} a closed-valued, weak Baire-1 multifunction, then
F admits a Baire-1 selection. Using the machinery developed we prove that if X is
a Banach space with separable dual, then every weak* usco, defined on a completely
metrisable space Z, which values are weakly* compact subsets of the dual, is norm
lower semicontinuous on a dense G5 set.

1. INTRODUCTION

The purposes of this paper are two:

(i) toindicate that certain facts about generic continuity of multifunctions can
be derived from the theory of Baire-1 functions;

(ii) to demonstrate that a large class of multifunctions (which includes the
upper semicontinuous and lower semicontinuous ones) admit a Baire-1 se-
lection. It is organised as follows.

In Section (2) some necessary mathematical background is presented. We also give
a number of technical lemmas, which concern the behaviour of the weak and the strong
inverse image of a multifunction, and are crucial for our future considerations.

In Section (3) the notions of Baire-1 and weak Baire-1 multifunction are defined
in the context of metrisable spaces, via complexity of weak and strong inverse images of
open sets (both definitions are equivalent to the classical definition of Baire-1 functions for
single-valued multifunctions). We show that every upper semicontinuous multifunction is
a Baire-1 multifunction and every lower semicontinuous is a weak Baire-1 multifunction.
When Y is a separable metrisable space, we prove that a compact-valued multifunction
is a Baire-1 multifunction if and only if it is a Baire-1 function, viewed as a single-valued
function which takes values in the Vietoris hyperspace topology of compact subsets of
Y. This is a key result which permits us to derive standard facts about continuity of
multifunctions almost directly.
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In Section 4 we turn our attention to the possibility of finding “good” selections of
Baire-1 multifunctions. The main theorem of this section states that if X is a metrisable
space, Y a Polish space and F' a weak Baire-1 closed-valued multifunction, then F admits
a Baire-1 selection. It is modelled after the Kuratowski-Ryll Nardzewski selection theorem
and it is based upon the generalised reduction property of F, sets. We should point out
that there exist a large number of papers in the literature dealing with approximate or
generically continuous selections of multifunctions. We do not intend to survey all of
them. We refer to [2] or to [5] for more information. However we should notice that our
selection theorem is general enough for three reasons:

(i) it is valid for a large class of multifunctions (which essentially includes the
upper and lower semicontinuous ones);
(ii) it unifies the approach;
(iii) it does not require linear structure on the range space (so it can be applied
at the lack of convexity).

In Section 5 we consider weak* uscos (weak* cuscos) defined on a completely metris-
able space Z and taking values in the weakly* compact (convex) subsets of the dual of
a Banach space. We prove that if X is a Banach space with a separable dual X* and
F: Z — Pu(X.,) a weak* usco, then F' is norm lower semicontinuous on a dense Gj set.
If in addition F has strongly compact values, then we show that F is norm continuous
on a dense Gy set. Our proofs are essentially based upon the technics developed in the
previous two sections, and especially on the results of Section 3.

In the last section we show that our selection theorem is sharp in the following sense:
it is essentially equivalent to the generalised reduction property of F, sets. Specifically
we prove the following: let X be a metrisable space. If for any Polish space Y, any weak
Baire-1 multifunction F : X — P;(Y) admits a Baire-1 selection, then the class of F,
subsets of X has the generalised reduction property.

2. MATHEMATICAL PRELIMINARIES

For any topological space X, P;(X) and P;(X) denote the collections of all nonempty
closed and nonempty compact subsets of X respectively. As usual, by N{z) we denote
the filter of neighbourhoods of x € X. )

Let us recall some definitions from multivalued analysis. Let X and Y be Hausdorfl
topological spaces. For any multifunction (set-valued map) F : X — 2¥\{0} and any
set A C Y one defines the weak inverse image of A under F by F~(A) = {z € X :
F(z)( A # 0}. Similarly the strong inverse image of A under F is defined by F*(A4) =
{ze X:F(zx) C A}. It is easy to see that for any A C Y it holds that F~(4) =
(F*(A°))°. In addition if {A;}ier C Y we have that:

() F(UA)=UF(4), F-(NA) € (| F(4);
i€l i€l iel

iel
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(i) FH(UA) 2 UF*H(4), FH(N A) = N FH(A).
i€l i€l i€l i€l
The following definitions are standard.
DEFINITION 1: Let F': X — 2¥\{@} be a multifunction.

(i) F is said to be upper semicontinuous if and only if F*(U) is open in X,
for every U C Y open.
(ii) F is said to be lower semicontinuous if and only if F~(U) is open in X, for
every U C Y open.
(i) F is said to be continuous if and only if both F*(U) and F~(U) are open
in X, for every U C Y open.

We can have local concepts of the above notions. So F is said to be upper semicon-
tinuous at g € X if and only if given U C Y open such that F{z¢) C U we can find
V € N{zo) such that F(V) C U (that is, F*(U) D V). Similarly one defines the local
notions of lower semicontinuity and continuity. For more information about continuity
concepts of multifunctions, one can consult [5].

We widely use the definitions and notations from descriptive set theory. So for a
metrisable space X by X9(X) we denote the open subsets of X, by IT9(X) the closed, by
29(X) the F,, by IT3(X) the Gy, et cetera. For more information we refer to [6].

Recall that if X and Y are metrisable spaces, then a function f : X — Y is said
to be a Baire-1 function if and only if f~1(U) € EJ(X) for every U C Y open. Baire-1
functions have been studied extensively and have found remarkable applications (see for
instance [11]). Of course one can go beyond the class of Baire-1 functions and define
higher classes of Baire functions. So recursively, for 1 < £ < w;, we define a function
f: X =Y to be a Baire-£ function if and only if f is the pointwise limit of a sequence
{fa}nz1 of Baire-£, functions, where £, < €.

Recall that if T" is a given class of sets in a metrisable space X, then we say that
a function f : X = Y is P-measurable if f~}(U) € T for any U C Y open. So the
9(X)-measurable functions are the continuous ones while the X3(X)-measurable are
the Baire-1 functions.

When I is a given class of sets, we say that I' has the generalised reduction property

-if for any sequence {A, }n»1 C I there exists a sequence {By}n31 C I' such that B, C Ay,
B,NB, =0forn#mand |J A, = |J B,. In a metrisable space X, for any £ > 1,

nzl n21

the class £Z(X) has the generalised reduction property (see [6, p. 172]). This also holds
if £ = 1 for zero-dimensional spaces.

We close this section by presenting some rather technical lemmas which will be useful
for our future considerations. We show that the strong (respectively the weak) inverse
image of a multifunction F : X — 2Y\{0}, behaves well at least with respect to unions
(respectively intersections) of monotone families of sets. Our arguments are based on
compactness, so we restrict ourselves to Pr(Y)-valued multifunctions.
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LEMMA 2. Let X, Y be Hausdorff topological spaces and F : X — B(Y) a
multifunction. Let {A,}n>1 be an increasing sequence of open subsets of Y (that is,
Ap D A if n 2 m). Then F¥(|J A,) = | F*(4n).

nzl n>1

PROOF: Let {An}a»: be an increasing sequence of open subsets of Y. Clearly we
have that F*(|J As) 2 U F*(A4n). So we only have to check the opposite inclusion.
n>1 nz1
Let z € F+(|J An), which implies that F(z) C |J A,. The family {A,}.»; forms
nxl

Z nzl
an open cover of F(z). Since the latter is compact, there exists a finite subcover, say

k
{A,}X_,. Hence we get F(z) C U1 A,. By hypothesis {An}n31 is an increasing sequence
n=

of sets, so there exists some A; € {A,}f_, such that A; D A, for every n = 1,... k.

Thus F(z) C A;, which implies that z € F¥(A4;) and in particular that z € | F*(A,).

So we conclude that F*(|J An) = J F*(A,), as desired. n21 0
nzl n2zl

The following lemma is a variant of Lemma 2.

LEMMA 3. Let X, Y be Hausdorff topological spaces and F : X — B(Y) a
multifunction. Let {An}az1 be a sequence of nonempty open subsets of Y such that
A, DA, foreveryn 2 1. Then F~ () An) = () F~(4,).

n2l nz2l

PROOF: Let {An}nz1 be a sequence of nonempty open subsets of ¥ as described
above. It is clear that F~ () An) € ) F~(A,). Assume that the inclusion was strict.
nzl n>1

Then there exists some z € () F~(Ayz) such that £ ¢ F~( () A,). This implies that

n2l nzl

F(z) N A, # 0 for every n > 1 and F(z) N () As) = 0. For every n 2> 1 define

n2l1
C, = F(z) N A,11 # 0. Note that the sequence {Cy}n»1 is a (strictly) decreasing
sequence of closed sets in F'(z), the latter equipped with the relative topology. So it has
the finite intersection property. Since F(z) is compact we conclude that [} C, # @. But

nzt
observe that F(z)N () As) = F(z) N () Cy) # 0, which is clearly a contradiction. So
nzl n2l
we conclude that F~( N A,) = ) F~(4n). 0
nzl nzl

REMARK 1. We can have dual versions of Lemma 2 and Lemma 3. So, for instance,
from Lemma 2, we get that if X, ¥ and F are as above, then for any decreasing sequence
{Cn}ns1 of (nonempty) closed subsets of Y it holds that F~=( () Ca) = () F~(Ca).

nzl n>l

The last lemma indicates in which sequence of sets Lemma 3 will be applied.

LEMMA 4. Let X be a metrisable space. If C is nonempty closed subset of X,
then there exists a decreasing sequence {Uy, }n»1 of open subsets of X such that U, D Uy,

for everyn > 1 and C = () Uy.
nzl

PROOF: Let d be a compatible metric for X and C € ITI9(X). For every z € X put
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d(z,C) = inf{d(z,c) : c € C}. The function z — d(z, C) is continuous (see [6, p. 15)).
Define U, = {z € X : d(z,C) < 1/n} for every n > 1. Clearly {Un}nz1 is the desired
sequence of open subsets of X. 0

3. BAIRE-1 MULTIFUNCTIONS

Unless otherwise stated, through this section X and Y will always be metrisable
spaces. :

DEFINITION 5: A multifunction F : X — 2Y\{0} is said to be a “Baire-1 multi-
function” if and only if F~(U) € X9(X) and F*(U) € TY(X) for any U C Y open. It is
said to be a “weak Baire-1 multifunction” if and only if F~(U) € ZY(X) for any U C Y
open.

Obviously each Baire-1 multifunction is a weak Baire-1 multifunction. It is also clear
that if F is single-valued then both definitions are equivalent to the usual definition of
Baire-1 functions.

EXAMPLE 1.
(i) Let F:R — P (R) defined by:

_J 0,1 : z#0
F(z)_{[l,Z] : z=0

Then F~((3/2,3)) = {0} and F*((1/2,3)) = {0}. So F is neither upper nor lower
semicontinuous. However it is easy to check that it is Baire-1.
(ii) Define F : R — Py (R) by:

F(x)={[0’1} : >0
[-2,-1] : z<0

Observe that F is Baire-1 and that F can not have a continuous selection.
(iii) Put A =[0,1]NQ and define F : [0,1] = P;(R) by:

Flz) = 0,1 : zeA
"o : z¢ A

Observe that F*((~1,1)) = [0,1]\A which is G5 but not F,. So F is not Baire-1
multifunction. But it is weak Baire-1. Indeed, if U C R is open, then F~(U) = [0,1] if
Un{0}#0, F-U)=AifUN[0,1] # 0 and U N {0} = 0, and F~(U) = 0 otherwise.
So F~(U) is F, for every U C R open.

From the identity F~(A) = (F*‘(A‘:))c for any A C Y, we have the following.

https://doi.org/10.1017/50004972700020451 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020451

412 P. Dodos [6]

PROPOSITION 6. A multifunction F : X — 2¥\{0} is a Baire-1 multifunction
if and only if F~(C) € ITI3(X) and F*(C) € II3(X) for any C C Y closed. Respectively
F is a weak Baire-1 multifunction if and only if F*(C) € II3(X) for any C C Y closed.

Using Lemma 3 and Lemma 4, we shall show that every upper semicontinuous mul-
tifunction and every Pi(Y)-valued lower semicontinuous multifunction is a Baire-1 multi-
function. In general lower semicontinuous multifunctions are weak Baire-1 multifunctions.

PROPOSITION 7. We have the following.

(i) IfF:X — 2Y\{0} is an upper semicontinuous multifunction, then F is a
Baire-1 multifunction.
(ii) IfF: X — 2Y\{0} is a lower semicontinuous multifunction, then F is a
weak Baire-1 multifunction.
(iify IfF : X — P(Y) is a lower semicontinuous multifunction, then F is a
Baire-1 multifunction.

PROOF: (i) Assume that F is upper semicontinuous. Let U C Y be open. Then
we have that F*(U) is an open subset of X. Recall that in metrisable spaces open sets
are F,. Thus F*(U) € £3(X). So we only need to prove that F~(U) is F,. Since U is
open subset of ¥ and Y is a metrisable space, we have that U is F,. Thus U = | C,,

where C,, C Y are closed for any n > 1. Observe that: n21

F-) =F(UG)=UF (€
! n21
Since F is upper semicontinuous, F~(C) is closed for any C C Y closed. So we conclude
that F~(U) € ZY(X) as desired.

(ii) It follows immediately from the definition of lower semicontinuity and the fact
that in metrisable spaces open sets are Fy.

(iii) Now assume that F is lower semicontinuous and Pi(Y)-valued. In light of
Proposition 6, we need to prove that both F~(C) and F*(C) are G; subsets of X for any
C C Y closed. From part (ii) it is clear that we only have to prove that F~(C) € II(X).
Let C C Y closed. Apply Lemma 4 and get a decreasing sequence {V,},»; of open
subsets of Y such that V, D V,, for every n > 1 and C = [ V;. Invoking Lemma 3 we
have that: n2l

F(C) = (ﬂ v) = F~ (V).
n2l nzl -
Since F is lower semicontinuous, F~(U) is open for any U C Y open. So we conclude
that F~(C) € TI3(X) and this completes the proof. 0

Now assume that Y is a separable metrisable space. Recall that P,(Y) equipped
with the Vietoris hyperspace topology (still denoted by (Fi(Y'),7v)) is also separable
metrisable and in particular second countable (see for instance [5, p. 15] or [6, p. 25]).
The following proposition demonstrates that for the case of P,(Y')-valued multifunctions,

https://doi.org/10.1017/50004972700020451 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020451

7 On continuity of multifunctions 413

there is a strong relationship between Baire-1 multifunctions and Baire-1 functions from
X into (P(Y), 1v). '

PROPOSITION 8. LetY be a separable metrisable space and F : X — P (Y).
Then F is a Baire-1 multifunction if and only if F is a Baire-1 function, viewed as a
single-valued function from X into (P (Y), 1v).

PROOF: Let F be a Baire-1 multifunction. We need to prove that F~1(W) € X9(X)
for any open set W of (Py(Y),7v). Recall that basic open sets in (P(Y), 7y) are of the

form:
B(UW,...,Vi)={A€P(Y) : ACU ANV, #0, n=1,...,k}

for some U, V}, ...,V CY open. We have that:

F_‘(B(U,Vl,...,Vk)) = {:I:EX : F(z) CU F(z)NV, #0, n=1,...,k}
= FYU)NF~ (V) N...NnF~ (V) € =Y(X).

Since (Px(Y'), 7v) is second countable, any open set W of (Px(Y'), 7v) can be written as a
countable union of basic open sets. So we conclude that F~}(W) € £9(X), which implies
that F' is a Baire-1 function from X into (P(Y), 7v).

Conversely, assume that F is a Baire-1 function from X into (Px(Y),7v). Let U CY
open. Theset B(U,Y) = {A € P(Y) : A CU, AnY # 0} is clearly open in (Py(Y), 7v).
We have that:

FYBUY)) eEyX) e {z€X : F(z) CUF()NY #0} € ZY(X)
& FH(U) € BY(X).

Similarly, by taking B(Y,U), we conclude that F~(U) € £3(X). Thus F is a Baire-1
multifunction. 1]

Recall that if X is Polish and Y is separable metrisable, then a function f: X - Y
is Baire-1 if and only if f|c has a point of continuity for every nonempty closed set
C C X (see [6, pp. 193-194]). So from Proposition 8 we have that if X is Polish then
F: X = P(Y) is a Baire-1 multifunction if and only if F|c has a point of continuity for
every C C X closed. It is also well-known that if f : X — Y is a Baire-1 function, X is
completely metrisable and Y is separable metrisable, then f is continuous on a dense G;
set (see [6, p. 193]). Since a multifunction F': X = P,(Y) is continuous if and only if F
is continuous viewed as a single-valued function from X into (P;(Y'), 7v) (see for instance
{1, p. 531]), we immediately have the following.

COROLLARY 9. If X is completely metrisable, Y is separable metrisable and
F : X — P(Y) is a Baire-1 multifunction, then F'is continuous on a dense G; set.

Combining the above corollary with Proposition 7, we get the following well-known
fact from multivalued analysis (see [5, p. 73]).

https://doi.org/10.1017/50004972700020451 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020451

414 P. Dodos 8]

CoroLLARY 10. If X is completely metrisable, Y is separable metrisable and
F: X — P(Y) is a lower semicontinuous or upper semicontinuous multifunction, then
F is continuous on a dense Gy set.

Besides the case of Pr(Y)-valued multifunctions, Baire-1 and weak Baire-1 multi-
functions still behave well, at least with respect to lower semicontinuity, as the following
proposition illustrates.

PROPOSITION 11. IfX iscompletely metrisable, Y is separable metrisable and
F : X — 2Y\{0} is a weak Baire-1 multifunction, then F is lower semicontinuous on a
dense G set.

PRrOOF: Clearly Y is second countable. Let {U,}n»; be a countable base for Y.
Put C,, = F~(Uy,). Since F is a weak Baire-1 multifunction, C, is F, for every n > 1.
Put D = |J(C.\intC,). Observe that since C, € X3(X) so is C,\intC,. Thus we

nzl
have that C,\intC,, = |J F,, where F, are closed, nowhere dense subsets of X. So we
nzl
conclude that D¢ is a dense G5 set.

We claim that F' is lower semicontinuous on D¢ Indeed let z € D and U C Y open
be such that F(x){(YU # @. Then there exists a U,, basic open such that F(z) (U, #0
which implies that z € C,,. Since x € D¢ we have that z € int C,,. Thus for any y € int C,
we have that F(y) (U # @, which implies that F' is lower semicontinuous at . a

As before, combining Proposition 11 with Proposition 7, we get the following result,
due to Fort (see [4]).

COROLLARY 12. If X is completely metrisable, Y is separable metrisable and
F : X — 2Y\{0} is an upper semicontinuous multifunction, then F is continuous on a
dense G set.

We close this section by presenting two lemmas concerning weak Baire-1 multifunc-
tions. As usual for any multifunction F : X — 2\ {0}, by F we denote the multifunction

defined by F(z) = F(z) for every z € X.
LEMMA 13. A multifunction F : X — 2Y\{0} is a weak Baire-1 multifunction if
and only if F is.
PRrOOF: Recall that for any U C Y open, we have that ANTU # 0 if and only if
ANU #£0. g
LEMMA 14. Let F: X — 2Y\{0} be a weak Baire-1 multifunction. Let V C Y
open and C C X closed be such that F(z) NV # @ for every x € C. Define F:X >
2Y\{0} by:
Fla) = Fz)nV . zeC
F(z) : z¢C

Then F is a weak Baire-1 multifunction.
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Proor: Let U C Y open and observe that ﬁ‘(U) =F-(U)Y{#UNV # § and
that F-(U) = F~(U)\C = F~(U) N C¢ otherwise. Since C is closed, C¢ is open and in
particular F,. Thus F~(U) € £(X) for any U C Y open, as desired. 0

4. SELECTIONS OF BAIRE-1 MULTIFUNCTIONS

It is well-known that an upper semicontinuous multifunction does not admit contin-
uous selections. In fact if a multifunction F : X — 2Y\{0} is locally selectionable then
F is actually lower semicontinuous (recall that a multifunction F is said to be locally
selectionable if for every [z,y] € GrF there exists U € N(z) and f a continuous selection
of F|y such that f(z) = y, see [5, p. 89]). So we have to abandon any hope for obtaining
continuous selections for upper semicontinuous multifunctions.

However, as we show in Corollary 12, upper semicontinuous multifunctions actually
have “many” points of continuity (and obviously of lower semicontinuity). It is natu-
ral then to expect that under some additional hypotheses, upper semicontinuous multi-
functions have selections which are continuous on a dense G5 set. Among all possible
candidates, Baire-1 functions are the most prominent ones.

In this section we prove that this is the case. In fact we show much more. Specifically
we prove that if X is a metrisable space, Y a Polish space and F : X — P¢(Y) a weak
Baire-1 multifunction, then F' admits a Baire-1 selection. That is there exists a Baire-
1 function f : X — Y such that f(z) € F(z) for every z € X. So according to
Proposition 7, our selection theorem is applied to both lower semicontinuous and upper
semicontinuous, closed-valued multifunctions.

It is worth mentioning that even if we are actually looking for generically continuous
selections, our proof is modelled after the Kuratowski-Ryll Nardzewski selection theorem
which provides measurable selections. As usual, we say that a function f : X — Y is
AJ(X)-measurable if and only if f~}(U) € AY(X) for every U C Y open, where AJ(X)
is the ambiguous class (that is, AY(X) = £3(X) NII3(X)).

THEOREM 15. Let X be a metrisable space, Y a Polish space and F : X — P¢(Y)

a weak Baire-1 multifunction. Then F' admits a Baire-1 selection.
) PrOOF: Let d be a compatible metric for Y with respect to which the d-diameter
of Y is strictly less than 1/2. Fix D = {y:}iy1 a countable dense subset of Y. Define
fi: X =Y by fi(z) = y; for every z € X, where y; is an arbitrary element of D.
Clearly f, is continuous. '

For every n > 1, we shall construct inductively a sequence {f,}nz1 of AJ(X)-

measurable functions such that:
(i) d(fa(z), F(z)) < 1/2", for every z € X;
(ii) d(fa(z), fa-1(z)) < 1/277}, for every z € X.
Obviously f, is AY(X)-measurable and satisfies hypothesis (i). Suppose that fi,
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f2,-- ., fan_1 have been constructed. Now for every ¢ > 1 define:
Ar={z € X :d(y, F(x)) < 1/2"} = F (Bly,1/2"))

and
cr={z e X 1 d(y farr (@) < 1/227) = 74 By, 1/277))

where y; € D. Since F' is weak Baire-1 multifunction, we have that A? € £3(X) for
every ¢ 2 1. On the other hand, since f,_, is A3(X)-measurable, we get that C? €
AY(X) C ZY(X). Put W = APNCP € EY(X) for every i > 1. As in the proof of
the Kuratowski-Ryll Nardzewski selection theorem (see for instance [5, p. 155]), using

an argument based on the density of the set D, we can see that X = |J W™ So by
i1
the generalised reduction property of ¥9(X) sets, we can find a sequence {V*}iz1 of
29(X) sets, such that V* C WP, VPN VP =0 if i # j and X = (JV,*. Observe that
vr=(U Vj")c and so V; € AJ(X) for every i > 1. 2
J#i

Define f, : X = Y by fu(z) = y; if £ € V®. It is clear that f, satisfies (i) and
(ii). It remains to check that f, is AJ(X)-measurable. Clearly it is enough to show that
f7HU) € BY(X) for any U C Y open and that f;'(C) € T3(X) for any C C Y closed.
Let U C Y open. Put Dy = DN U, which is at most countable (it might be empty of
course). Then we have:

o= 1w = U wresix).

yi€Dy yi€Dy

Similarly if C C Y is closed, put Do = DN C and observe that:

o= &)= U wesix.
w€Dc vi€De
So f, is AJ(X)-measurable and the induction is complete.

Now define f : X — Y by f(z) = lim f,(z) for every z € X. From property {ii) we
know that this limit exists (Y is complete), in fact uniformly in z € X. Need to prove
that f is Baire-1 function. For this purpose it is enough to show that f=}(C) € IIJ(X)
for every C C Y closed. So let C C Y closed. From the fact that f, — f uniformly, for
every k > 1, there exists ng(k) € N such that d(fa(z), f(z)) < 1/k for every n > ny(k)
and z € X. Put Uy = {y € Y : d(y,C) < 1/k} for every k > 1. Clearly each Uy is an
open subset of Y. Using an argument which is ratlier folklore in measure theory (see for
instance [1, p. 139, Lemma 4.28]) we can easily see that f~1(C) = ka ey (Uk). Since
each f, is AY(X)-measurable and AJ(X) C II3(X), we get that f:I(C) € TIY(X) as
desired. So f is indeed Baire-1. Finally from property (i), we have that d(f(z), F(z)) =0

for every x € X. Since F is closed-valued, we conclude that f(z) € F(z) forallz € X
and this completes the proof. 0
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REMARK 2. It is easy to see that Theorem 15 is still valid if Y is separable metrisable
and F : X = P(Y) a weak Baire-1 multifunction. Indeed let d be a compatible metric
for Y with respect to which (Y, d) is totally bounded. Denote by Y the completion of Y,
which is compact metrisable and hence Polish. Observe that F(z) € Pi(Y) C P;(Y) for
every £ € X and apply Theorem 15.

The next proposition gives an equivalent characterisation of weak Baire-1, closed-
valued multifunctions.
PROPOSITION 16. Let X be a metrisable space, Y a Polish space and F :
X — P¢(Y) a multifunction. Then the following are equivalent.
(i) F is a weak Baire-1 multifunction.
(ii) There exists a sequence {fn}n»1 of Baire-1 selections of F such that
F(z) = {f"(x)}n>1 for every z € X.
PROOF: (i)= (ii) Let D be as in Theorem 15. For every 7 > 1 and n > 1 put
Cin = F~(B(y:,27")). Since F is a weak Baire-1 multifunction Ci, € £3(X). So it can

be written as Cy, = |J Cink, where Cix are closed subsets of X for every i,n,k > 1.
k21
Define Fip : X — Pp(Y) by:

F(z)NB(y:,2™") : z € Cin

F‘ink(x) = F(.’E) - ¢ Cink

From Lemma 13 and Lemma 14 we get that Fj,; is a weak Baire-1, closed-valued multi-
function for every 7,n,k > 1. Apply Theorem 15 and get a Baire-1 selection fi of Fi
for every i,n,k > 1. We claim that {fink}ink>1 is the desired dense sequence. Indeed
fixz€ X and let y € F(z) and € > 0. Let n > 1 be such that ¢ > 27"*! and y; € D
such that d(y, %) < 2~". Then since z € F~(B(y;,2™™)) we have that z € Ciy for some
k 2 1. Let fiy be the selection of Fip,. Obviously fi,,k(:z;) € B(yi,2 ™). So we have that:

1 1

(y’ fmk(x)) < d(y) yl) + d(yh flnk(z ) X 7 + 2_" = on-1

<€

and we are done.
-(ii)= (i) Observe that for any U C Y open, we have that:

={zeX:Fe)nU#0}=|J{z € X: fu(z) € U}

n2l
= J ') e T(X).
n21
So F is a weak Baire-1 multifunction and the proof is completed. 0

REMARK 3. We can easily see (as in Remark 2) that Proposition 16 is still valid if ¥
is a separable metrisable space and F : X — P(Y) a weak Baire-1 multifunction.
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Recall the following fundamental fact, due to Kuratowski. Its proof can be found in
6, p. 173].

THEOREM 17. Let (X,7) be a Polish space and {An}a31 & sequence of AQ(X)
sets. Then there exists a Polish topology 7" on X such that ' D 7, 7' C Eg(X,T) and
A, is clopen in (X, 7'} for every n > 1.

Now assume that X is also Polish. In this case, using Theorem 17, we can have an
improved version of Proposition 16.

PROPOSITION 18. Let (X, 7) be a Polish space. Let alsoY be a Polish space
and F : X — P¢(Y) a multifunction. Then the following are equivalent.

(i) F is a weak Baire-1 multifunction.

(ii) There exist a Polish topology 7' on X, such that v’ C XY(X,7), and
a sequence {fn}n»1 of T'-continuous selections of F such that F(z) =
{f,,(x)}7121 for every z € X.

Proor: (i)= (ii) Apply Proposition 16 and get a sequence {fn}ns; of Baire-1 se-
lections of F' such that F(z) = {f,, }n>1 for every z € X. Let {V;}i3: be a countable
base for Y. For every n,i > 1, let Ay = f71(Vi) € EY(X). By definition, each A,;

can be written as A,; = |J Cuim, where Cpipy € IIY(X) C AY(X) for every n,i,m > 1.
m21

Apply Theorem 17 to the sequence {Chim}nim>1 € AS(X) and get a Polish topology 7/
on X, with 7/ C (X, 7), such that Chiy is 7/-clopen for every n,¢,m > 1. Observe that
A,; € 7. So each f, is 7'-continuous, and we are done.

(ii))= (i) Since 7' C £3(X, 7) and each f, is 7'-continuous, we get that f71(U) € (X, 7)
for any U C Y open. Thus each f, is a Baire-1 function for the 7 topology of X. So
from Proposition 16, we conclude that F is a weak Baire-1 multifunction. 0

In contrast to the remarks at the beginning of this section, combining Proposition
18 with Proposition 7, we get the following interesting corollary.

COoROLLARY 19. Let {X,7) be aPolish space. Let alsoY be a Polish space and
F : X — P;(Y) an upper semicontinuous or lower semicontinuous multifunction. Then
there exist a Polish topology 7' C EO(X 7) on X and a sequence { fu}n31 of 7'-continuous
selections of F such that F(z) = {f,1 }n>1 for every z € X.

5. WEeAK* Usco AND Cusco MULTIFUNCTIONS

Let X be an infinite dimensional Banach space. By X* we denote the topological
dual of X. The norms of X and X* and the duality brackets for the pair (X, X*) will
be denoted by || - ||, || - ||x- and (,-) respectively. Finally by P;.(X) we denote the
collection of all nonempty, closed, convex subsets of X, while by Pue(X,) (respectively
by Pukc(X..)) the collection of all nonempty, weakly* compact (respectively and convex)
subsets of X*.
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Let Z be a completely metrisable space. An upper semicontinuous multifunction
F:Z — Pu(X;,) (on X* we consider the weak* topology) is called a weak* usco. If in
addition F(z) is convex (that is if F(z) € Py (X,)) for any £ € X, then F is said to
be a weak* cusco. Note that in the general definition of a weak* usco, Z is only assumed
to be a Hausdorff topological space. We make the complete metrisability assumption on
Z in order to apply our previous results. However we should point out that this does
not reduce the range of applications. Many important multifunctions (such as maximal
monotone operators, subdifferentials of locally Lipschitz functionals) are weak* cuscos.

In the following theorem we shall show that if X* is separable, weak* uscos possess
strong continuity properties. Qur proof is essentially based on the techniques developed
in the previous two sections.

THEOREM 20. Let Z be a completely metrisable space, X be a Banach space
such that X* is separable and F : Z — Pu(X.,) be a weak* usco. Then F is norm
lower semicontinuous on a dense G; set.

PRrOOF: Observe that our hypothesis on X entails that X* equipped with the strong
topology (still denoted by X ) has the structure of a Polish space. Note that F can be
viewed as a multifunction from Z into P;(X}). We claim that F, viewed this way, is a
weak Baire-1 multifunction. Indeed let U C X* be strongly open. Then U can be written
as U = |J B,, where B, are closed balls in X*. We have that:

n2l1

Fru)=F (UB)=UF B
n>1 n31
Since F is a weak* usco and each B, is weakly* closed, we get that F~(B,) is closed in
Z for every n > 1. So we conclude that F~(U) € £(Z), which implies that F is indeed
a weak Baire-1 multifunction. Then from Proposition 11 we get that F' is norm lower
semicontinuous on a dense G5 subset of Z. 0

REMARK 4. We shall give an alternative proof of Theorem 20 based on Proposition 16.
Indeed since F is a weak Baire-1, closed-valued multifunction, pick a sequence { fn}n>1 of
Baire-1 selections of F' such that F(z) = { f,,(ar:)}n?1 for every £ € X. Denote by C,, the
‘set of points of continuity of each f,. Since Z is completely metrisable and f, is Baire-1,

C, is a dense G set for every n > 1. Put C = [ C,, which is dense G5. We claim
n>1
that F is norm lower semicontinuous on C. Indeed let z € C and U C X* strongly open,

such that F(z) NU # 0. Then there exists n > 1 such that f,(z) € U. From the norm
continuity of ‘f, at z, we may find V € N(z) such that fu(V) C U. But then observe
that F~(U) D V, which implies that F is norm lower semicontinuous at z.

Recall that for any function f : X — Y and any set A C Y we have that f~1(A)
= f~{A) = f*(A). So an immediate corollary of Theorem 20 is the following.
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COROLLARY 21. Let Z be a completely metrisable space, X be a Banach space
such that X* is separable and f : Z — X* a weakly* continuous function. Then [ is
norm continuous on a dense Gj set.

Now assume that F' has strongly compact values. In this case F possesses even
stronger continuity properties.

PROPOSITION 22. Let Z be a completely metrisable space, X be a Banach
space such that X* is separable and F : Z — P,(X*) a weak* usco. Then F is norm
continuous on a dense G set.

PRroOF: We shall show that in this case F' is a Baire-1 multifunction. We already
know from the proof of Theorem 20 that F' is a weak Baire-1 multifunction. So it is
enough to show that F*(U) € £(Z) for every U C X* strongly open. Let U C X* be
strongly open. Write U as U = |J B, = (J B,, where each B, (respectively B,) is an

nxl n2l
open (respectively closed) ball in X*. We have that:

:F*(HL;JIBn) =F+(HB_,1).

Let {V;}:31 be the (countable) collection of all finite unions of B, ’s. Then each V; is
weaklv* closed and:

()= (UR) = ()

n21 a2l izl
We claim that:
F(UB) =JFm)
nz1 i1
It is clear that F*( L>)1 B,) 2 L>)1 F*(V;). So let z € F*( L>J B,). Then the sequence
n 2 n2l

{Bn}nz forms an op:en cover of F(:c) From the strong compactness of F(z), we may
find {B,}k_, such t,hat F(z) C U B,. From the definition of V}’s, there exists some
> 1 such that V; = U B, So z E F*(V;) and the claim is proved. Since each V; is

n=t
weakly* closed and F is weak™ usco, we have that F*(V}) is closed for every ¢ > 1. Thus

we conclude that F*(U) € £3(Z) for every U C X* strongly open, which implies that
F is indeed a Baire-1 multifunction. From Corollary 9 we get that F is norm continuous
on a dense Gj set. _ 0

6. A FINAL REMARK

It is clear that the generalised reduction property of £3(X) sets is the essential
ingredient of Theorem 15 (as well as of Proposition 18). In this section. we shall show
that Theorem 15 is actually equivalent to the generalised reduction property of T3(.X)
sets. Let us be precise.
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PROPOSITION 23. Let X be a metrisable space. Then the following are equiv-
alent.
(i) The class (X ) has the generalised reduction property.
{(ii) For any Polish space Y and any weak Baire-1 multifunction F : X —
P(Y), there exists a Baire-1 function f : X — Y, such that f(z) € F(z)
forevery x € X.
PROOF: Theorem 15 shows (i)=>(ii). To prove (ii)= (i) let {An}n>1 be sequence
of TY(X) subsets of X. We shall prove first the case when X = |J A,. Denote by Y

n2l1
the space N, of all the nonzero integers, equipped with the discrete topology. Then Y is

Polish. A compatible metric is 6(n,m) =0 if n # m and é(n,m) = 1 if n = m (which is
also an ultrametric). Define F : X — 2¥\{0} by F(z) = {n: z € A,} for every z € X.
Obviously F is closed-valued. We claim that F is weak Baire-1 multifunction. Indeed let
I C N, and observe that:

F-()={zeX:zeA,icl}=JF ({i})
i€l
=J4i e Z(X).
i€l
So, from hypothesis, there exists a Baire-1 selection f of F. Define B,, = f“({n}) for
every n > 1. Then B, € Z3(X) (since {n} isopen in Y), B, C A,, B,N B, = 0if
n#mand X = |J B,.

n2l
For the general case put Z = (J A,. Then Z € £3(X). Note that A, € 23(Z) for
n21
every n > 1. Indeed, write A, = |J Cy, where Cp, is closed in X for every m > 1. Then
m21
we have that A, = |J (ZNCr,), where ZNCy, is closed in Z (the latter equipped with the
m21

relative topology) for every m > 1. Obviously Z is metrisable. Define F' : Z — P;(Y)
as before and obtain a sequence {Bp}n>1 of £3(Z) subsets of Z such that B, C A,,
B,NB,=0ifn#mand Z= |J B,. But then observe that B, € £J(X) for every

nzl
n > 1. So we conclude that the class £3(X) has the generalised reduction property, as

desired. 0

REMARK 5. One should compare Proposition 23 with the following result due to
Michael (see [10]). Let X be a topological space. If for any Banach space Y, every
lower semicontinuous multifunction ¥ : X — Py.(Y) admits a continuous selection, then
X is paracompact.
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