INTEGRALS INVOLVING HYPERGEOMETRIC
FUNCTIONS AND E-FUNCTIONS
by T. M. MACROBERT
(Received 24th January, 1958)

1. Introductory. In§ 2anumber ofintegralsin which the integrand contains a product
of a hypergeometric function and an E-function will be evaluated. The following formulae
will be employed in the proofs.

Ifp+o = a+B+y+1,and if «, B or y is zero or a negative integer,
F (a, By 1) = Lip) (e =0+ DIB -0+ 1) Py ~o+1) N (1)
‘oo I'l-o)l'(p-a)T(p-B)I'(p-7)
This is Saalschiitz’s theorem [1].
If B(y -3« —1f) > -3,
F(“’B!Y > 1) :F(%OH'%lg‘*‘é‘)r(%)lw(}"*'%)lw(‘y—50‘"}3"'1’) ............ (2)
fa+1B+14, 2y FRa+HIEB+HI(y - da+H) T(y - 18 +1)
This theorem was given by Watson [2] for negative integral values of «, and later by Whipple
[3] for general values of «.

p(h B La+B+DIMTy+HIy-a-f+l) )
a+B+t y+i Pla+ ) LB+H T (y-a+4) I(y - B+1)
Formula (3) can be deduced from formula (2) by means of formula (10) in the appendix.

If R(y) > 0,

F (oz, l-a,y ; 1) - 21-2vy P(p) "2y —p +1)
P2y -p+l F(fa+ip)F(fa-3p+3+9) T —da+3p) T(1-da—dp+y)

This formula was given by Whipple [3].

If ] is a positive integer,

() = (217)*—&‘/12-*1“(%) r(z—““l—l) r(z—*ll‘—l> ........................ (5)

2. Integrals. The first of the integrals to be proved is

fl)\a—l(l-,\)»—u—lF(-n,ﬁ; at+f-p-n+l; NE(p; «,:q; p,:2/A)dA
: 0

=lrTMp—a+n)(p—a-B; )] TE(p+2l; o, :q+21; pyi2)yeeueeuncnns. (6)
where | and n are positive integers, R(p) > R(a)> 0, |amp 2| <=, oy, = (x+v)/l,

Cpptrrey = (P =B+ 4V, poyryy, = (p=B+0)l poyrsaey = (p+u+y)l(» =0, 1, 2,,...1-1).
To prove this, consider first the case p = ¢ = 0, noting that

E(:: 2/AY) = exp( - AYz2).
Now expand in powers of 1/z and integrate term by term, so obtaining

¢
B(a+tl, p—a)F(-n, B, a+tl; a+B—p-n+l, p+il;1).
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Here apply formula (1), and get
E, (-1/z} INa+th)I'(p—a+n)'(p-B+n+tl)
=0 t1 I'(p+n+tl)(p—a-B; n)'(p-B+1il)

1
I(a)l'(p—a+n)T(p~B+n) F <Ot,,+1, ey Opips Opipgys -0 Eprols —‘)

= z
T(p+n)T(p-B)(p-a-B; n
On applying (5) this can be written

l““’ I'(p-~ a+n) (a,“, ey Cppog ! z) .
(p—a—B; ’
and from this, on generalising, (6) is obtained.
The following integrals (7), (8) and (9) can be derived in the same way from formulae (2),
(3) and (4) respectively.
If I is a positive integer and if R(y) > 0, B(y —3«—4B) > -4, [ampz| <,

fl A=Y = A =1F(a, B fa+3B+%; NE{D; a,:q; pe:zA Y1 =AY dA
0

wl~ *21‘2711(%: +4B+ %)E
I'Ga+3)T($+1)
where oy, = (y+v)[l, Ui = (v —da—1B+1+)/L, Potrss = (¥ —da+E+)/l,
Pesirres = (y—3B+3+¥)/l (v =10,1,2,...,1-1).
If I is a positive integer and if R(y) > 0, | amp z | <,

Pa+1s *++s Pa+ls Pa+l+1r +++2 Pa+ol

Pg+1s +++» Pa+al

(p+20; o, 1 q+20; py:2%2), ...(7)

thv‘l(l—k)“*F(a,ﬁ; a+B+3; NE(p; ar:1q; ps:z[A)dA
0

=wl_*F(a+ﬁ+1})E % - 9 -
——-——I’(a+%)1"(ﬁ+§) (p+21; ap:q+2l; pgiz)y vevirineninnn, (8)
where  ayyy, = (YL apiag = (Y —a=B+E )L pes, = (v -a+ i),

Pasle1ir = (Y_B+%+V) (V =O: 1’ 2; --':l—l)'
If I is a positive integer and if R(B) > 0, R(B—p) > -1, |amp 2| <=,

f ML= NEPF (o, L—as p5 NE{p; ayig; py:2AHL - X)1}dA
0

w2128 (p)
I(do+4p) (4 -3 +1p)

where  apiyy, = (B0l apirnay = B-p+1+0)l,  pouay, = (B+ia—dp+i+v)/l,
Potisits = B-3a—-4p+1+v)fl (»=0,1,2,...,1-1).

Note. The condition |amp 2| < 7 in (6), (7), (8) and (9) can be replaced by the following
wider conditions. .

Hp<g+l,z2#0;ifp=g+1, ¢ >1; if p>g+1, |ampz| <Hp-q+ 1)

Appendix. The formula

E(p+2l; a,:q+21; p,:2%2), ...... (9)

a By ;1 _ 1o, 3B, ¥ > 1) 10
F(%“+%B+1} 2 )_F<%B+%B+%‘,Y+é 3 sesresssesssesssareee ( )
where R(y ~3a -3B) > -1, can be derived from the formula
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«, B ;2\ o fie 38 42(l-2)
F(éﬁ,}m% )—F Yot bt} } ........................ (11)
where | 2| < 1.
For

[ -7 b5 4 riprts mar
0
= fl Y1 —t)1F{da, 48 ; da+3B+3; 42t(l -2t)}dt,
0

and from this it follows that
Fa, B, y; da+38+4, 2y; 2)

T _(a; 1) (38; 1) (y: 1 (—r,y+r; z)
= dz)r .

SoriGeriB+bs 0 Ry T\ 2y
On letting 2 — 1 and applying Gauss’s theorem, formula (10} is obtained.
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