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Abstract. In this paper, the Combined Operational Method developed by Busbridge (1961) in connec­
tion with the radiative transfer problems in plane-parallel atmospheres has been extended to similar 
problems in isotropic scattering, homogeneous spherical media. The relevant auxiliary equation has 
been formulated, the scattering function defined and the integro-differential equation for such func­
tion deduced. For a medium having radial distribution of source in addition to the incident flux at the 
outer surface, the integro-differential equations for source function and emergent intensity have been 
established. 

1. Introduction 

Ambartzumian's physical and mathematical methods in different forms have been 
extensively used in solving transfer problems in plane-parallel media of finite and semi-
infinite dimensions. Amongst them one can mention the method of invariant imbedding 
by Bellman and Kalaba (1956, 1963), the probabilistic method of Sobolev (1963) and 
Ueno (1957-1960), and the combined operational method of Busbridge (1955-1957, 
1960, 1961). Of these, the method of invariant imbedding and that based on the 
probability of photon emission have been extended to transfer problems in homo­
geneous and inhomogeneous atmospheres of spherical and cylindrical geometries. 
Mention can be made, in this regard, of the works of Bailey (1964), Bailey and 
Wing (1964), Bellman et al. (1966, 1968, 1969), Tsujita (1967), Ueno et al. (1969), 
Uesugi and Tsujita (1969), Leong and Sen (1968-1970), and others. All these works 
are based on Ambartzumian's physical method. The combined operational method, 
however, is based on Ambartzumian's mathematical method (cf. Kourganoff 1952). 

In the present paper, the possibility of extending the combined operational method 
of Busbridge (1960-1961) for solving transfer problems in spherical media is examined. 
As a first attempt, the problem of diffuse reflection by a homogeneous, isotropically 
scattering, spherical medium is considered with possible radial distribution of internal 
sources. 

2. Model 

We consider a homogeneous isotropically scattering, spherical medium of radius R. 
The diffuse radiation field is supposed to be axially symmetric so that the source 
function and the intensity are azimuth-independent. 

The relevant equation of transfer for the diffuse radiation field is given by 

f, Jfafi + IZJL - / ( r > A i ) = - a [ / ( r > A i ) - J ( r ) ] , (2.1) 
or r o\i 
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where the source function J(r) is given by 

where 

i 

J{r) = ~[l{r,n,)d^+B{r), 

- l 

B(r) = Bo(»0 + Mr) , 
co = a/a and 0 < co < 1, 

(2.2) 

(2.3) 

(2-4) 

to is the albedo for single scattering, a and a being scattering and attenuation coeffi­
cients respectively. The first term on the right-hand side of Equation (2.2) accounts 
for the diffuse radiation part of the source function. The second term B(r) accounts 
for the reduced incident flux B0(r) and the radial distribution of internal sources 
Bx{r), if any. 

COS'Voz 

cos'Vo 

Fig. 1. Incident flux wF. 

Let a conical flux nF per unit area incident at the boundary surface in a direction 
making an angle cos~Vo to normal, 0</x0< 1, then 

4 W /*o 
coF/R\2 ii0 _a 

4 W J"o 

(cf. Leong and Sen (1968) for - 1 < / £ < 1) where 0 < / 4 < 1, 

a n d R2(l-nl) = r2(l-n?) _ 

i / ( r - i ? V l - ^ o ) - | 0 w h e n r<RjYZ 

is the Heaviside unit step function. 

/*o 

Mo 

(2.5) 

(2.6) 

(2.7) 
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Hence, from (2.3) and (2.5), 

B(r) = Bl(r) + (0
r(-A ^ *-«**• 2 cosh ar/i*• H (r - R^T^rf) 
4 \rJ Vo 

(2.8) 
Boundary Condition 

Let /(r, +ju) and I(r, — p) denote respectively outward and inward intensities, 
0< / i< 1, then Equation (2.1) is to be solved under the boundary condition 

I(R,-H) = 0; (2.9) 

that is, diffuse incident radiation at the boundary is zero. 

Integral Equation for the Source Function 

Following the same scheme as Cuperman et al. (1963), we obtain for the integral 
equation for the source function 

R 

CO 
rJ(r) = tJ(t)K(r,t)dt + rBi(r) + 

coF R2 /i0 

with 

where 

+ — — ^e-"R*°-2coahctrijZ-H(r-RJl -pi), (2.10) 
4 r fi0 

K(r,t) = a[El(a\r-t\)-El(a\r+t\y], (2.11) 

00 OO 

du 
E1(x) = e — 

u 
e~' — . (2.12) 

Since Ex {x) is a decreasing function for x>0 , the kernel K(r, t) is non-negative. It 
is also symmetric, that is, 

K(t,r) = K(r,t). (2.13) 

3. Method of Solution 

3.1. AUXILIARY EQUATION 

Taking 5 j (/•)=(), replacing J(r) by J(r) such that J(r) = (F/4) mJ(r; R, /i0), we 
can write (from (2.10)) 

m f . 
rJ(r;R,n0) = - **(*"> R> Ho) &(*> t) dt + 

o 
)2 

+ — ^ e ~ * R * ° - 2 c o s h a r ^ - H ( r - . R x / l - / ^ ) . (3.1.1) 
r Ho 

This is the auxiliary equation. 
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The solution of Equation (3.1.1) can be expressed as a Neumann series provided 
it is convergent. We rewrite Equation (3.1.1) as 

rJ(r; R, n0) = s_ „„!_, {tJ(t; R, n0)} + 

+ — ^° <r"R"°-2 coshar/iS-H(r -RJl-fil), (3.1.2) 
r Ho 

where the linear operator Rilt0\-r is defined between 0 < i < i ? and is given by 

f(t;R,n0)K(r,t)dt ( 0 < a J < l ) . (3.1.3) j t . « , L r { / 0 ; * . M o ) } - | 

Defining rJ(r; R, fi0) as the Absolution of Equation (3.1.1), we have 

00 

rJ(r;R,n0)= £ R.^{g (t l R, lh)} (? = 0,1,2, . . . ) (3.1.4) 
v = o 

where 2 

g(r;R,ii0) = —^e-'R^-2costiarni-H(r-Ry/r^). (3.1.5) 
r Mo 

ji.^Lj; is the yth iterate of the operator R ,„„!-, and 

*,*,L?{0(t; R .^o)} = 9 ( r ; K, Mo)-

3.2. EXISTENCE AND UNIQUENESS OF THE ABSOLUTION OF THE AUXILIARY EQUATION 

The convergence of series (3.1.4) has been proved by Cuperman et al. (1963) and 
Germegenova (1966). However, we shall follow a scheme for its proof, which closely 
resembles that of Busbridge (1961). 

THEOREM: Let g(t; R, n0) be a function such that 

\g (t; R, ju0)| < K (finite non-negative constant) (3.2.1) 

for 0<f<.R, then 

\RilloVr{g(f,R,Ho)}\^Kf, (3.2.2) 
where 

Z = U«L r { l } | . (3.2.3) 

Therefore, the series 

CO 

I *.J-?{0 ( ' ;*.*>)} (3-2.4) 
j> = 0 

is uniformly convergent, if 

0 < x < 1 • (3-2.5) 

From (3.1.3) and (3.2.1) 

UnKigitlKiioMZKx, (3-2-6) 
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where 
Z = l * . J - r { l } | . 

Since K(r, t)is non-negative 

(3.2.3) 

o<z = -

K 

fflf , 
= -]K(r,t)dt 

K{r, t)dt. (3.2.7) 

Writing J£ ^T(r, ?) d? in the explicit form by (2.11) and (2.12), and interchanging the 
order of integration, we have 

00 

f K (r, 0 dt = 2 [1 - E2 (or)]. 

Therefore, (3.2.7) gives 

0 < X < a [1 - £ 2 (<xr)] < 1 - E2 (ar) (0 < co < 1). 
As 

<£»W< (*2s0, n > 0 ) 
jc + n "v ' x + n — 1 

(cf. Hopf (1934), p. 26, Equation (75)). In particular, 

0 < < E2 (x) < < 1, 
x + 2 x+l 

that is, 
0 < E2 (x) < 1 . 

Hence, from (3.2.9), 

0 < x < l -

(3.2.8) 

(3.2.9) 

(3.2.10) 

(3.2.11) 

(3.2.12) 

(3.2.5) 

By iteration, the result (3.2.6) can be generalised to (3.2.2). Then it follows from 
(3.2.2) that 

I R.„V{g(f,R,Vo)} 
y = 0 ? = 0 

RtmVr{g(t;R,n0)} 
K 

= KZ f = - . 
y = o 1 - X 

(3.2.13) 

This proves that the series (3.2.4) is uniformly convergent. Therefore the .N-solution 
of the auxiliary equation exists. 

Now if B 

<i> (r; R, to) = ~ * (t; R, n0) K (r, t) dt (3.2.14) 
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is a homogeneous integral equation corresponding to the non-homogeneous auxiliary 
Equation (3.1.1), in order that the non-homogeneous equation has one and only one 
solution, the homogeneous Fredholm integral equation (3.2.14) must have the trivial 
solution (cf. Tricomi (1957), p. 64). 

3.3. EMERGENT INTENSITY 

The outward and inward intensities of the internal diffuse radiation field are given by 

J(r,-tV)= f J(0^a(r"*-'"')a^ + 

R-/1-/I2 Ry/l-n1 
1 J(t), -xir^ + tu') 

and 

where 

and 
0 < n*, fi' ^ 1 

J (0e ' ( r " - "O a ^ , 
V1 

r2(l-fi*
2)=t2(l-fi'2) = R2(l-lx

2), 

(cf. Cuperman et al. (1963), Equation (3.4)). 

adt 

(3.3.1) 

(3.3.2) 

(3.3.3) 

Fig. 2. The inward intensity I(r, —ft*) and the outward intensity I(r, + fi*). 

Hence, the expression for the emergent intensity assumes the form 
R R 

I{R,H)= [ J(r)<r"(R"-'"*>0^r+ f J ( r ) e - * + " ' » ^ . 

JSVI-M 2 «Vl-(j2 

(3.3.4) 
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or from (2.7) 
R 

I (R, n) = \j (r) e_0,R" • 2 cosh ocr/t* •<Ll.H(r- R ^ / l ^ V ) , (3.3.5) 

o 

where / ( r ) is given by (2.10), 0</i , /**< 1, and 

r 2 ( l - / / 2 ) = R 2 ( l - / i 2 ) . (3.3.6) 

In particular, when fi1(r)=0, (3.3.5) becomes 

R 

I(R,I*) = — J(r; R, fi0) e-*R»-2coshxrn*- —^ • H (r - RJT^I2) , 
4 J [T 

0 (3.3.7) 
where J(r; R, /i0) is given by (3.1.1), 0</i, /**, / i 0< 1 and 

r 2 ( l - A i " ) = « 2 ( l - A i 2 ) . 

3.4. SCATTERING FUNCTION AND ITS RECIPROCITY 

From (3.3.7) 
R 

oF f 
I(R,n) = —\j(r;R,n0)e-*R"x 

o 

x 2coshar/i+- ( -x I— -H(r — RJ1 - fi2) = 

R 

aF C 
= - < / ( r ; K , / i 0 ) e - " * " x 

o 

X 

Therefore we define 

2 c o s h a r / / - ( ^ ] d r - H ( r - K , v / l - - V ) . (3.4.1) 

S (n, Ho, R) = a J{r;R,n0)e
 xR"-2 coshar/i*- (-^ \ dr x 

o 
x f l ( r - « y n V ) . (3A2) 

where 3{r; R, n0) is given by (3.1.1), 

0 < n0, n, n* < 1, and R 2 ( l - n2) = r 2 ( l - pi*2). 

Hence the intensity I(R, fi)forBl(r)=0 is given by 

F 
I(R,n) = --S(p,ii0,R) 

4/i 

S(n, Ho, R) is the scattering function, 

I(R,n) = ^-S(ii,/i0,R) (3.4.3) 
4/i 
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\cos~V 

cos"Vo 

Fig. 3. The scattering function S(/i, /to, R), connecting incident and emergent intensities. 

We can show that 

S (n, n0, R) = S (ii0, fi, R). 

From (3.1.4) and (3.1.5) 

(3.4.4) 

S(n,Ho,R)= V cr j (-\^e-*R»-2cosharn*-H(r-Rjl-n2)drx 

v=o o 

; { ( - ) ^ e-^"°-2 coshatn'0-H(t - RJY^4)\. (3.4.5) X R, llo'-r'' 

Now if/( /) and g(r) are two non-negative functions for 0<f, r<i? , then from (3.1.3) 
and (2.13) 

\g(r;R,n)Rt„oLr{f(t;R,ii0)}dr = 

CO 

2 
g(r;R,n)dr f(t;R,n0)K(r,t)dt = 

= | f(t;R,n0)dt \g(r;R,n)K(r,t)dr = 

o o 
R 

= \f(t;R,n)Ri)l0Lt{g(r;R,n)}dt. (3.4.6) 
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ON COMBINED OPERATIONAL METHOD 231 

Hence, R R 

Jflf(r;R,A*)Jli(10Lr{/(<;i?,|io)}dr = J/(t ;R,/io)j . .„L.{ff(r; l l ,Ai)}dt. 

0 ° (3.4.7) 
By induction, the result can be generalised to 7th iterate as 

R R 

jg{r;R,n)R,„0Vr{f(t;R,n0)}dr = jf(t;R,fi0)R,„Ut{g(r;R,ti)}dt. 

0 ° (3.4.8) 
Hence from (3.4.5) „ R 

S(p, li0, R) = V a I (-\^ e~*R,,°-2coshatfi'0-H(t - Ry/T^]S0)dt x 

y = 0 0 

x * t , L j | ^ ^ e-°R»-2 cosharn*-H(r- R ^ l ^ V ) ! = S(n0, p, R). 

(3.4.9) 

The inversion of the order of integration and summation in (3.4.9) is justified since 
the functions f(t) and g ( r ) are non-negative. 

3.5. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE SCATTERING FUNCTION 

First we derive a homogeneous integral equation corresponding to the auxiliary 
Equation (3.1.1). 

Since 
R2(l-H2

0) = r2(l-n?), 
we have * , 2^ 

8^ = -Ril^o) 
dR r2n% 

and * . N2 

Differentiating Equation (3.1.1) with respect to R and using (3.5.1) and remembering 
[cf. (A.l) of Appendix A] that 

1 

K (r, R) = ° ^ | V ° * " - 2 cosharAiT-^-H L , - J l - ^ X (3.5.3) 

we obtain R 

d 
— lrJ(r;R,fioy] = - dR [tJ(t; R, fi0)~] K (r, t)dt-Q (R, r, /i0) + 

0 
1 

+ <J-R-J{R;R, n0) e-^-2 c o s h a r / i t - ^ - H L - ^ 1 - ^ \ + 
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V2 R{\-nl) "1 R2 Ho _aRun „ , „ 
+ R + ^ V ? - * 77*e «*"°-2coshar̂ x 

\_K r fi0 j r fi0 

x H ( r - i ? y r ^ ) + 

+i 
where 

r - a R ( 1 ; M o ) l - - ^ g - ^ ° - 2 s i n h a ^ - H ( r - R V l - ^ ) , 
L rno \ r Ho 

D 2 

Q(R,r,n0) = 2— -Jx-nldtr-Rjl-nl) * 
y Mo 

(3.5.4) 

x e~*R*° cosh ar^S 

as (dH/dx) = 5(x), a (5-function. 
Now differentiating Equation (3.1.1) with respect to ju0, using (3.5.2) and multiplying 

it by (1 — nl)/Rii0, we obtain 
R 

^^^[rJ(r;R,^=~[l^~^[_tJ(t;R,^)-}K(r,t)dt + Q(R,r,^) + 
Rfi0 dfi0 2 J Rfi0 d/i0 

n_-g_j^g)_«(i-^i *»* ̂  2cosh x 
I Riil r2n%2 n0 j r fi*0 

xH(r-Rjl-n2
0) + 

+ r a R ( 1 ;M° )T- ^ e-^-2 sinha^-tf (r - R JY^Vl). (3.5.5) 
L rMo J r Mo 

From Equation (3.1.1), replacing /i0 by nu we obtain 
1 R 1 

[rJ(r;R,ii1)
d^ = ^\K(r,t)dt\tJ(t;R,fi1) — 

J Mi 2 J J nx 
+ 

I 

+ ^L-*R^-2coshar»*-^-HL-Jl-£j. (3.5.6) 

o 

Interchange of the order of integration is permitted in (3.5.5) as the integrands are 
non-negative. Further, the validity of the steps (3.5.4), (3.5.5) and (3.5.6) can be 
justified from the theory of Absolutions (cf. Appendix B). Furthermore, from Equa­
tion (3.1.1), we obtain 

1 . 2 

- - = - 2 - \rJ{r; R, /i0)] + - [ r / ( r ; R, /i0)] = 
#Mo Mo 

R 

2 J { RfiZ Mo J 
o 

L RMo MoJ r Ho (3.5.7) 
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Equations (3.5.4), (3.5.5), (3.5.6) and (3.5.7) will then lead to the following homo­
geneous integral equation with the same kernel as the auxiliary equation 

R 

<*>! (r;R,O = ~ | <*>! (r; R, Mo) X(r, 0 dt , (3.5.8) 

o 
where 

# ! (r; K, Mo) = — [ r / ( r ; R, Mo)] + - ^ — [rJ ( r ; K, M 0 ) ] -
3/? i*Mo 3/i0 

Rfi0 Ho 
I 

c _ f _ du< 
-~J(R;R,fi0) r / ( r ; i? ,Mi) — • (3.5.9) 

2 J Mi 
o 

This may be considered as the homogeneous integral equation corresponding to the 
non-homogeneous auxiliary equation and for the auxiliary equation to have a unique 
s o l u t i o n * 1 C ; * . f t , ) - o . (3.5.10) 
Therefore 

d 1 - ul 8 
-lrJ(r;R,ii0)] + —-^—[rJ(r;R,^)]-
oR KMo d/^o 

1 4- 2 

- - — £ ° [ r / ( r ; X, Mo)] + - [rJ{r; R, M 0 ) ] = 
#Mo Mo 

l 
<J - f » dui 

= - / ( * ; K, Mo) rJ(r; R, Mi) — • (3.5.11) 
2 J Mi 

o 

Now, multiplying Equation (3.5.11) by 

a ~ e~*Rll-2cosh<xrn*-dr-H(r - R J T ^ J ? ) , 
M* 

integrating it over (0, R), and inverting the order of integration on the right-hand side 
(which is permitted because the integrand is non-negative), we get 

R 

a 

o 

~ e-xR"-2 cosharM*- — J(r; R, M0) dr-H(r - R^/l-p*) + 

- = — ^— S(M. MO. #) - ^rr S (M. Mo» #) + — 
i<Mo ono R/i0 Mo l 

= a~J{R;R,n) I S ( M , M I , K ) — , (3.5.12) 
2 J Mi 
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where S(fi, fi0, R) is given by (3.4.2). Again, since R2(l -fi2)=r2(l —fi*2) we have 

8fi* -R(l-fi2) 
2 * 

r n 
BR 

8fi* /R\2 fi 
and 

8fi* _ /R\2 

dfi \rj fi*' 

Differentiating (3.4.2) with respect to R and using (3.5.13), we obtain 

8 

(3.5.13) 

(3.5.14) 

8R 
s(n, no, R) = °J(R; R, A*0) [ i + <?~2aR*] -

- aJ\-fi2-J{Rj\-fi2; R, fi0)-~ e~aR" • 2 cosh (OLR^/I-fi2-fi*) + 

R 

a | A e"aR"-2 cosha r^ -T— J(r; R, / i0)l dr-H(r -Ry/l-fi
2) + 

R(l - u2) 1 u 
\ J, '-o.fi -4-g~g R"-2coshar^* x 

o 

J(r; R, n0) dr-H{r - R^/l - fi2) + 

a/71 x 

x J(r; R, fi0) dr-H(r -RJl-fi2). (3.5.15) 

Differentiating (3.4.2) again with respect to fi, using (3.5.14) and multiplying by 
(1— fi2)/Rfi, we obtain 

l - ^ - ^-S(fi, n0, R) = o - V l - ^ - J ^ V l - ^ 2 ; K, /i0) ^ e"aR" x 
K/i 0/^ fi 

x 2 cosh (aR y/\ - n2 -fi*) + 

+ (T 
• l - M 2 _ R(l-H2) _ oj{l-y.2T\ ji 

r> 2 2 *2 * e"aR" x 

x 2 cosh arfi* • J (r; R, fi0)dr-H(r- R^J I - fi) + 

rraR(l-fi2)l fi 

J L rV J V-
e-^ x 

x 2 sinharyu* •/(?•; R, fi0)dr-H(r — R*J\ — fi2)- (3.5.16) 
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From (3.4.2), we obtain also 

,2 l-H2 , x a / x ff l - ^ 2 a] 
- ^ - 2 ~ MM, Mo> R)+ S(fi,fi0,R) = (T\\ - — - 2 - + - X 

#M /i J L #M Mj 
o 

x ^ e " a R ' ' - 2 c o s h a r / i * - y ( r ; R , / i 0 ) d r - H ( r - R N / l - / i 2 ) , (3.5.17) 
M 

Adding (3.5.12), (3.5.15), (3.5.16) and (3.5.17) we get 

8 , , l ~ Mo 8 , 
— S (fi, no, R) + - ^ = - S (n, Ho, R) + 
oR Rfi0 SHO 

l-H2 d 

Rfi dp 
S(H,H0,R)-

- n 2 2° s(fi,Ho, R)+ <*{- + — )s0, M0> R) = 
R/i Mo \M MO/ 

I 

= aJ(R; R, (i0) |~1 + e~2*Rti + i f s (M, MI, *) — 1 • 
o 

But from Equation (3.1.1), using (A.l) of Appendix A, 

(3.5.18) 

J(R;R,Ho)=l + e-2"R>" Mo)dr -aR/i i 2coshar/i1 
* . <*Mi 

Mi 

x # M i - J l 
RJ = l + e' •ZxRfio 

+ 2 

1 K 

2 J Mi J Mi 
e"^"1 x 

x 2coshar/i*-J(r; R, fi0)dr-H(r — i? , / l — Mi) : 

= l+e •2xR/i0 + i S(ni,Ho>R)—1 

J Mi 
(3.5.19) 

Therefore the integro-different ial equation for S(n, Mo, R) c a n De written as 

1-M 2 S „ ,_ nN , 1-Mo 8 v(ii „ D^ M2 + Mo 

KM2Mo 
-S(H,HO,R)+ Rfi ^ S(n,Ho,R) + 

RHo 8H0 

S(H,HO,R)-' 

+ e-
2*R»° + S(p,n0,R) + a(- + — )S(p,n0,R) = o\ 1 

\M Mo/ L 
l I 

i [ s ( / . 1 , ^ 0 , J R ) ^ 1 ¥ l + e - 2 ^ + i j s ( ^ / i 1 , J R ) ^ (3.5. 20) 

It is to be solved under the initial condition 

S (H, MO> 0) = 0 for 0 < H, Mo < (3.5.21) 
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The problem is considered suitable for numerical calculation (cf. Bellman et al. 
(1966) and Rybicki (1970)). Once S(n, ju0, R) is known, I(R, n) can be calculated from 
(3.4.3) for the case Bt ( r )=0 . 

We can, however, establish the integro-differential equation for the source function 
/ ( r ) f o r J S 1 ( r ) ^ 0 . 

3.6. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE SOURCE FUNCTION J(r) 

FOR5!(r)#0 

The source function J(r) in this case can be replaced by J(r; R, n0) to signify its 
dependence on R and fi0. From (2.10), it is given by 

rJ{r) = rJ{r;R0,n0) 

R 

CO 
tJ (t; R, ii0) K (r, t) At + rB^ (r) + 

-FR'n0 

o 
2 

+ co- — ~* e-*Rf,°-2 cosharnt-H (r - RJl - nl). (3.6.1) 
4 r Ho 

Then 
R 

d * -2 

\rJ{r; R, /,„)] + L - ^ A [ r J ( r ; R> ̂  = | f { ^ [tJ(t; R, /*„)] + 
o 

l 
1-fiJ 3 r , x J , , a R2 , SC 

+ -^—[tJ(tiR,ii0m-K(r,t)dt + - — J(R\R,li0)\t RH0 d(i0 J 2 r J 

x 2 coshar^uf' —s~"#{ /*i — ̂ 1 

coF R2 n0 

R2) I Rii2
0~ /loj 

x *e-°Rll0-2cosharnl-H(r-Rj\-nl). (3.6.2) 
4 r Ho 

In conjunction with the auxiliary Equation (3.1.1), Equation (3.6.2) leads to the 
following homogeneous integral equation 

R 

<P2 ( r ; R, fi0) = ^ | «?2 (t ; K, /*„) * (r, 0 <*». (3-6-3) 

where 
r\ 1 ^ P 

<Z>2 (r; R, ii0) = — \_rJ (r; K, A*0)] + - ^ jr- [.rJ (r; K, p0)] -

- -r - A - [rJ(r; R, /i0)] + — - [ r / ( r ; K, /i0)] 
4 K/i0 4 /*„ 

I 

c r du, 
- - J ( K ; K , J I 0 ) [ r / ( r ; K , / 0 ] — • (3-6.4) 

2 J /*i 
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For the non-homogeneous auxiliary equation to have a unique solution 

#2(r;K,A*o) = 0. (3.6.5) 
Therefore, 

— \rj (r; R, ji0)] + — —- \rJ (r; R, 0O)] = — -z-j- x 
oR Rn0 C/IQ 4 Rfi0 

x [rJ(r; R, /*„)] - — — [rJ{r\ R, 0O)] + 
4 0o 

l 

+ ?J(K;U,Ai0)f [ ^ ( r ; * , ^ ) ] — • (3-6-6) 
2 J 0i 

o 
in which r J ( r ; R, 0O) is the iV-solution of the auxiliary equation (cf. (3.1.4)). 

3.7. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE EMERGENT INTENSITY 

WHEN Bx(r)^0 

From (3.3.5), replacing J(r) by J(r; R, fi0) to emphasize its dependence on R and 
Ho> we can write R 

I(R,n;n0)= J(r; R, n0) e-"R"-2 cosharn*~'H(r - Ry/l - y2). 

0 (3.7.1) 
Multiplying equation (3.6.6) by 

0 
.* (j—e-^-lcoshxr^-dr-Hir-RJl-fi2), 

0 

integrating it over (0, R) and inverting the order of integration on the right-hand 
side, we get 

R 

g f J!_ e-**x.2 c o s h a r / T ^ J (r; R, /x0) | dr-H (r - U^/l - /i2) + 

o 

+ «>0 —z •z—I{R^,^o) = -r -ZTTT
 S((*> J"O> -R) -

R0O dfi0 4 R0O 

coF a 

o 

(3.7.2) 
where I(R, 0; 0O) and 5(0, 0O, R) are given by (3.7.1) and (3.4.2), respectively; and 

— I(R,n; Ho) + —z— T- 1 (R, 0; 0o) + - J (K» 0; 0o) = 
3R R0 00 0 

= a j ( i ? ;R ,0o) [ l + ^ 2 a R "] + 

1 

S(0 ,0 O ,R) + ^ J ( R ; R , 0 O ) | S ( 0 , 0 1 , J R ) - ^ , 
* J 0i 
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R 

IT 3 
+ a — 

BR 
0 " (3.7.3) 

Therefore, from (3.7.2) and (3.7.3), 

e~*Rll-2 coshar/t* —j-H(r - Ry/l - p2). 

8 1 — p.1 d 1 — \i% d x a / 
— I(R,HI H0) +—-— — I(R,n;n0)+ — — I(R, n; n0) + - I(R, n; fi0) = 
oR Rfi dpi Rfi0 dfi0 /x 

F 1 + & F a 
= -.—=-r s 0*> ^o» # ) - -. S (n, n0, R) + 

4/i K/*0 4{ifi0 
I 

+ - J(K; R, fi0) fl + 6 -^"+ i f S(^, ^ , K) — 1 (3.7.4) 

o 

But from (3.6.1) (using (A.l) of Appendix A), 

I 
/» 

fit 

I(R, At1;^0)d/i1. (3.7.5) 

i 

J(K; K, Ho) = Bt (R) + ~(1 + e"2"*"0) + | 

Hence, we get 

3 1 — fi2 d 1 - ^ 3 x a / 
— J(K,/i ; /u0) + — — — /(K, n;Ho)+ —^ T~ I (R, H\ Ho) + ~ I{R> H\ Ho) = 
oR Rfi on Rfi0 dfi0 n 

F ! + Ho , x F a , 
= 7- - = - 2 - SC"> 0̂= R)-A

 S(H< HO, R) + 
An Rno 4nno 

1 

+ -TaM*) + % (1 + ^2aR"°) + * [ ' ( * . A*i; A*o) d/*! j x 
0 

1 

x |"l + e-2*R" + i f S(/i, ^ , K) ^ 1 (3.7.6) 
o 

where the scattering function >S(̂ , /i0, -K) is governed by Equation (3.5.20). 
Equation (3.7.6) is the requisite equation for solving the emergent intensity. It is to 

be solved under the initial condition 

l(0,n;iio) = 0, 0</ i , / i o < (3.7.7) 

by numerical method (cf. Bellman et al., 1966). The above relation can be looked upon 
as the relation between the emergent intensity I(R, \x.\ n0) (for B± ( r ) ^0 ) and I(R, /i) = 
= (F/4fi) S(n, n0, R) for Bl(r)=0. Incidentally it may be mentioned that when 
S(n,n0,R) is known from (3.5.20) and (3.5.21) and I(R,fi;fi0) from (3.7.6) and 
(3.7.7), we can evaluate./(r; R, n0) from (3.6.6) and (3.7.5). 
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Appendix A. Evaluation of the Kernel K(r, R) 

To show that iai i 

K (r, R) = ~ f «--•*"-2 cosharti-^-H U - J l - M (A.l) 

o 
where <><„!, „ : < i 
a n d * a ( l - „ ? ) - r a ( l - t f a ) (A.2) 
we have by (2.11) and (2.12) 

K (r, R) = a [£x (a (R - r)) - E, (a (R + r))] 

- [ i •-•*- J --T\ 
x(R-r) <x(R + r) 

" [ I ' - 7 - J •-?]• 
Putting u=cc(Rnl — r/i*) into the first integral and i/=a(i?/i1 + r/i*) into the second 
integral using (A.2), we obtain from (A.3) 

I 

K(r,R) = J [ e-"^-'^(*)d^ + 
V(l-(r2/-R2)) 

1 

+ I — ' ( T ) ^ ] -
V(l"(r2/-R2)) 

1 

ceR 

o 
which proves (A.l). 

Furthermore, we note that 

^Je—«.2oo8harAi?-^-H^i " 7 1 - ^ 

HL1-yjl-^\ = H(r-Ry/l-nl). (A.4) 
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Appendix B - Proof of the Existence of Certain Derivatives and 
Integrals of \_rJ(r; R, /*<,)] 

The steps (3.5.4), (3.5.5) and (3.5.6) are permissible if we can show that 

8 . 8 
--\rJ{r;R,n0)~\, — {_rJ(r;R, /*„)] 
dR dfi0 

and 

exist. 

J [rJ(r; R, ̂ ) ] 

From (3.1.4) and (3.1.5), since g(t;R,n0) is non-negative, we have 

A \rJ(r; R, /i0)] = tQ R.»tt U^ 9 (t; R, fi0) 

d °° f 8 ) 
— [rJ(r;R,n0J} = £ *,„0L^ — g(t; R, /i0)j dfi0 y = 0 

and 

where 

8 

8R 

8fi0 

I 

g{t;R,n0)= - + 
J t ( l - /*g) 

rVS2 <*Mo x ] 
K2^o _. x—^e-xR"°-2coshocr(i*0-H(r-Rjl-ii2

0) + 
r Ho 

(B.l) 

(B.2) 

![rJ(r;R,nl)}
d^= £ ^ ^ j f ^ ^ i ? , ^ ) ^ ! (B.3) 

0 7 = 0 0 

+ r-aR(1;/l°)1-^e-^°-2sinha^-ff(r-^Vl-^) (B.4) 
L r(i0 _] r n0 

ty< •g(t ;R,,o)=ri_(«)Va*i 
\j*o \rj Ho J 

a£ x 

R2H0 x—~~ e-^".2 coshar/iS-H(r - R ^ l - /i2,) + 

+ K
2 M ^ ^o g - « « . 2 sinhar^-Jf (r - R JI - fl2,) (B.5) 

I r n0_\ r Ho 
and 

fflr (t; /I, fi,)^ = y f e - ^ - ^ c o s h a r / i f - ^ - J ? L -J1-^)' 

(B.6) 
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By virtue of the Heaviside unit step function defined by (2.7), both (d/dR) g(t;R, n0) 
and (d/dfi0) g(t;R, fi0) are bounded, that is, we can find finite non-negative constants 
Ku K2 such that 

' ~ " < « ! (B.7) 

and 
dR 

8 

duo 

g(f,R,Ho) 

g(t;R,n0) **K, (B.8) 

forO<f<R. 
By the theorem proved in Section (3.2), the series (B.l) and (B.2) are uniformly 

convergent. Therefore (d/dR) \rJ(r; R, ju0)] and (3/3^0) \rJ(r; R, ^0)] exist. 
To prove the convergence of the series (B.3), we rewrite (B.6) using (A.l) of Ap­

pendix A 
I 

sd<"i R , 
g(t;R,n1) — = -K(r,R) 

Hi a 

° = R[£1(a(R-r))-E1(a(K + r))] 
^RE1(a(R-r)). (B.9) 

The convergence of the series (B.9) will follow if we can show that the series 

I R„0vr{EMR-t))} 
y = 0 

is convergent. 
We have 

0 < « , w L r { £ 1 ( a ( i ? - 0 ) } 

(B.10) 

CO 

2 
E1(a(R~t))K(r>t)dt^ 

o 
R 

a 
< -

2 
Et(a(R - t)) £ i ( a | r - t\) dt. (B.ll) 

Putting R — t=x into the integral in (B.ll), we have 

0^RilloLr{Ei(cc(R-t))}^ 

SJ" (ax) E1 (a \x — R + t\) dx < 

Et (ax) E1(ct\x-R + t\) dx = 

= cjAx(R_t){E1(ax)} 

where Ax is Hopf's operator. (x=ar is the optical thickness.) 

(B.12) 
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According to Busbridge (1961), Aa(R- r) {Et (ax)} is bounded. We write 

4 * * - o { £ i ( « * ) } < * (B-13) 

for some finite value of K and 0 < / < i ? . Therefore (B.12) gives 

0 < s , M L r { £ 1 ( « ( R - l ) ) } < M a ( < U < B < 1 ) . (B.14) 

Hence, by the theorem of Section (3.2) 

RtllaUr{E,{a{R-t))}^Kf-1 (B.15) 

and the convergence of the series (B.10) for 0^t<R follows. 
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