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Abstract. In this paper, the Combined Operational Method developed by Busbridge (1961) in connec~
tion with the radiative transfer problems in plane-parallel atmospheres has been extended to similar
problems in isotropic scattering, homogeneous spherical media. The relevant auxiliary equation has
been formulated, the scattering function defined and the integro-differential equation for such func-
tion deduced. For a medium having radial distribution of source in addition to the incident flux at the
outer surface, the integro-differential equations for source function and emergent intensity have been
established.

1. Introduction

Ambartzumian’s physical and mathematical methods in different forms have been
extensively used in solving transfer problems in plane-parallel media of finite and semi-
infinite dimensions. Amongst them one can mention the method of invariant imbedding
by Bellman and Kalaba (1956, 1963), the probabilistic method of Sobolev (1963) and
Ueno (1957-1960), and the combined operational method of Busbridge (1955-1957,
1960, 1961). Of these, the method of invariant imbedding and that based on the
probability of photon emission have been extended to transfer problems in homo-
geneous and inhomogeneous atmospheres of spherical and cylindrical geometries.
Mention can be made, in this regard, of the works of Bailey (1964), Bailey and
Wing (1964), Bellman et al. (1966, 1968, 1969), Tsujita (1967), Ueno et al. (1969),
Uesugi and Tsujita (1969), Leong and Sen (1968-1970), and others. All these works
are based on Ambartzumian’s physical method. The combined operational method,
however, is based on Ambartzumian’s mathematical method (cf. Kourganoff 1952).

In the present paper, the possibility of extending the combined operational method
of Busbridge (1960-1961) for solving transfer problems in spherical media is examined.
As a first attempt, the problem of diffuse reflection by a homogeneous, isotropically
scattering, spherical medium is considered with possible radial distribution of internal
sources.

2. Model

We consider a homogeneous isotropically scattering, spherical medium of radius R.
The diffuse radiation field is supposed to be axially symmetric so that the source
function and the intensity are azimuth-independent.

The relevant equation of transfer for the diffuse radiation field is given by

T =l ) - T O], @1
r o

0
~I(r
“or (ro )+
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where the source function J(r) is given by

1

10)=2 J 1(rs 1) dity + B (7). 22)

-1
Yhete B (1) = By () + B, (1), 2.3)
o=0cfa and 0w, 2.4)

@ is the albedo for single scattering, ¢ and « being scattering and attenuation coeffi-
cients respectively. The first term on the right-hand side of Equation (2.2) accounts
for the diffuse radiation part of the source function. The second term B(r) accounts
for the reduced incident flux By(r) and the radial distribution of internal sources
B, (r), if any.

Fig. 1. Incident flux =F.

Let a conical flux nF per unit area incident at the boundary surface in a direction
making an angle cos ™!y, to normal, 0< u, <1, then

By (r) = %€<§> 5 o~ =(RHo=ruo™) . b (p R\/l #0)
+ E’TF (?) % g™ Ruo+ruo) i (r — R /1 — 1), (2.5)
(cf. Leong and Sen (1968) for —1< g <1) where 0<ug<1,
R (@)= (- ) 2.6)

1 when r>R\/1—u(2,
H(r—R\/l Ho) = {0 when r<R\/i—__?g

is the Heaviside unit step function.

2.7)

https://doi.org/10.1017/50252921100028591 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100028591

ON COMBINED OPERATIONAL METHOD 225

Hence, from (2.3) and (2.5),
oF

B(r)=B,(r)+ 4

R)? Ho  _aruo * 2
—] e -ZCosharyo-H(r—R\/l—uo)
r/ Ho
(2.8)
Boundary Condition
Let I(r, +u) and I(r, —p) denote respectively outward and inward intensities,
0<pux1, then Equation (2.1) is to be solved under the boundary condition
I(R, — u)=0; (2.9)
that is, diffuse incident radiation at the boundary is zero.

Integral Equation for the Source Function

Following the same scheme as Cuperman et al. (1963), we obtain for the integral
equation for the source function
R

v (r) = ;Bft.](t) K (r, t)dt + B, (r) +

+— — 22 gmH R0 cosharud-H (r — Ry/1 — pd), (2.10)
4 r o
with
K(r,t)=o[E; (a|r — 1) — E; (a|r +1])], (2.11)
where
_,du - du
Ei(x)=e™-—=|e"—. (2.12)
u u
1 x

Since E, (x) is a decreasing function for x>0, the kernel K(r, ¢) is non-negative. It
is also symmetric, that is,
K(t,r)=K(r,1). (2.13)
3. Method of Solution

3.1. AUXILIARY EQUATION

Taking B, (r)=0, replacing J(r) by J(r) such that J(r)=(F/4) ®J(r; R, u,), we
can write (from (2.10))
- ] o[ .
rJ(r; R, po) = EJU(“ R, uo) K(r, 1) dt +

0

R2 -
+T%e_“k“°-2 cosharug-H(r—R\/l —ud). (3.1.1)
0

This is the auxiliary equation.
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The solution of Equation (3.1.1) can be expressed as a Neumann series provided
it is convergent. We rewrite Equation (3.1.1) as

rJ(r; R, o) = g, uolr {tT (5 R, o)} +
R? —
+~—’L:e_°'R"°'2 cosharug'H(r—R\/l - uj), (3.1.2)
r Ho

where the linear operator g , L, is defined between 0<z< R and is given by

R
roel (5 R )} = f SR ) K(ndt 0<a@<l). (313
0

Defining rJ(r; R, i) as the N-solution of Equation (3.1.1), we have

rJ(r; R, o) = Zo Rouoki {9 (1R o)} (y=0,1,2,...) (3.1.4)
=

where

R? —
g(r; R, o) = ~ i:: e ~*R#o.2 cosharug- H (r — R\/l — Uo)- (3.1.5)
0

R, uoL1 is the yth iterate of the operator ¢ ,,L, and
Ruobr {9 (63 Ry o)} = g (r3 R, po).

3.2. EXISTENCE AND UNIQUENESS OF THE N-SOLUTION OF THE AUXILIARY EQUATION

The convergence of series (3.1.4) has been proved by Cuperman et al. (1963) and
Germegenova (1966). However, we shall follow a scheme for its proof, which closely
resembles that of Busbridge (1961).

THEOREM: Let g(z; R, 1) be a function such that

lg(2; R, uo)l € K (finite non-negative constant) (3.2.1)

for 0<t<R, then

IR, wol? {9 (£ R, o)}l S Ky’ (3.2.2)
where

X =g, wb- {1} (3.2.3)
Therefore, the series

Y ruolr {9 (85 R, ko)) (3.2.4)

’=
is uniformly convergent, if

0<y<l. (3.2.5)
From (3.1.3) and (3.2.1)

IR, ﬂoLr {g (t s R, ﬂO)}l < KX ’ (326)

https://doi.org/10.1017/50252921100028591 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100028591

ON COMBINED OPERATIONAL METHOD 227

where
1= r, wolr {131 (3.2.3)
Since K(r, t) is non-negative
R

w
0<x=2JK(r,t)dt

0
0

<7 J K(r, 1) dt. (3.27)
0

Writing f§ K(r, t) dt in the explicit form by (2.11) and (2.12), and interchanging the
order of integration, we have

f K(r, t)dt = 2[1— E, (ar)]. (3.2.8)
0
Therefore, (3.2.7) gives
0<y<@[l—E,(ar)]<1—E;(ar) (0<@<1). (3.2.9)
As e* e %
C  cE(mx < (x20, n>0 3.2.10
S <EM< S (330, n30) (32.10)

(cf. Hopf (1934), p. 26, Equation (75)). In particular,

0<’  <E,(w< <1, (3.2.11)
x+2 x+1
thatis, o g, (x)<1. (3.2.12)
Hence, from (3.2.9),
o<y<l. (3.2.5)

By iteration, the result (3.2.6) can be generalised to (3.2.2). Then it follows from
(3.2.2) that

> K
=K y:————.
ygox 1 —X
(3.2.13)

R, uoLi {9 (t; R, po)}

ZO R uolr 19 (t3 R, 110)}
ke

-]
<X
y=0

This proves that the series (3.2.4) is uniformly convergent. Therefore the N-solution
of the auxiliary equation exists.
Now if R

& (r; R, o) = %’fcp(t; R, 1o) K (r, 1) dt (3.2.14)
Q
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is a homogeneous integral equation corresponding to the non-homogeneous auxiliary
Equation (3.1.1), in order that the non-homogeneous equation has one and only one
solution, the homogeneous Fredholm integral equation (3.2.14) must have the trivial
solution (cf. Tricomi (1957), p. 64).

3.3. EMERGENT INTENSITY

The outward and inward intensities of the internal diffuse radiation field are given by

r R
w00 dt waon o dt
I(r, +4%) = j Jpyems Il J J (1) emsrmrnd
T It
RY1-p2 RVI-p2
(3.3.1)
and
R
e 00 dt
I(r, - p*) = fJ(t) ) T (3.3.2)
U
where
o<p*, w1
and
rPl-p*?) =21 -p?)=R*(1-p%), (3.3.3)
(cf. Cuperman et al. (1963), Equation (3.4)).
Fig. 2. The inward intensity /(r, — u*) and the outward intensity I(r, + u*).
Hence, the expression for the emergent intensity assumes the form
R R
w X dr — P/ dr
I(R, p) = j J(r) e ®ReTmY 4 J J (ry e s Ruermd —
N 7
RYT=p2 RVT=p2
(3.34)
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or from (2.7)

R
d .
I(R, p) = f J (r) e™**%.2 coshary*- %f ‘H(r—RJ/1-4%), (3.3.5
V]

where J(r) is given by (2.10), O<p, u*<1, and

(1 —u*) =R*(1 — p?). (3.3.6)
In particular, when B, (r)=0, (3.3.5) becomes
R
I(R, )= %ij(r; R, po) e™*®*-2 coshary™- L(ir “H(r — R/ - p?),
o g (3.3.7)

where J(r; R, u,) is given by (3.1.1), 0<y, u*, go<1 and
rP(1—-p*?) =R*(1 - p%).

3.4. SCATTERING FUNCTION AND ITS RECIPROCITY

From (3.3.7)

R

oF [ .
1Rw=2 f T(rs R, o) =% x

0

d .
x 2coshar,u*-<ﬁ*>—t ‘H(r—RJ1—p%)=
p*) u

J(r; R, ) e™*R* x

~
Ot—y

x 2 coshary™*- (%) dr-H(r— RJ/1 - 4?). (3.4.1)
n

Therefore we define
R

S (u, pos R) = ojj(r; R, yo) e”***-2 cosharp™- (%) dr x

x ;—I(r - RJ1- 1), (3.4.2)
where J(r; R, u,) is given by (3.1.1),
0<pg i, p*<1, and R*(1 —u?)=r*(1 —p*?).
Hence the intensity (R, u) for B, (r)=0 is given by

F
I(R, p)= 441;' S (s Hos R) (3.4.3)

S(u, to, R) is the scattering function.
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Fig. 3. The scattering function S(z, uo, R), connecting incident and emergent intensities.

We can show that

S, o> R) =S (po> 4, R). (3.44)
From (3.1.4) and (3.1.5)

«© R

R
S (1, pos R) = Z GJ (r) “*Re.2 coshary™ H(r—-R\/l p?)drx
y=0 0

R
X R, uoU{( ) Z:: ~eRuo. 2 coshatuy - H (t — R\/l #o)} (3.4.5)

Now if f(¢) and g (r) are two non-negative functions for 0<¢, r< R, then from (3.1.3)

and 2.13)
[0 R b 175 R 0 =
= ?Ig (r; R, u) drjff(t; R, uo) K (r, t)dt =
= fff(t; R, po) dt}y (r; R, u) K(r, t)dr =
o o
=ff(t;R, 1) r, wole{g (r; R, p)} dt. (3.4.6)
0
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Hence, R
f (73 R, 1) r, woLe {f (£; R, 110)} dr—ff(t R, po) &, uLe{g (r; R, W)} dt.
0 (34.7)
By induction, the result can be generalised to yth iterate as
R
[0 iR kb7 (1R ) dr—ff(t R, o) n, Lt g (3 R, W)} dt.
0 (3.4.3)
Hence from (3.4.5) o R
R
S (, o, R) = Z aJ‘(—t> ﬂ-f’ ~#Ruo.2 coshatyly- H (t — R\/l pd)de x
y=0 0 0
R -
X gL {(—) ﬁ* e *R4-2 coshary®-H (r — R/1 — ;42)} = S (uo, 4> R).
r)u

(3.4.9)

The inversion of the order of integration and summation in (3.4.9) is justified since
the functions f (¢) and g (r) are non-negative.
3.5. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE SCATTERING FUNCTION

First we  derive a homogeneous integral equation corresponding to the auxiliary
Equation (3.1.1).

Since

R*(1 — pd)y=r*(1 —u3?),

we have
o _ —R(1—m)
hcal RN (3.5.1)
JR rug

and * 2
i) R
Oko _ <_> b, (3.5.2)
Jpo rj) Ho

Differentiating Equation (3.1.1) with respect to R and using (3.5.1) and remembering
[cf. (A.1) of Appendix A] that

1

R d r?
K(r,R)= ;j‘e'““‘ -2 cosh aru}"#'H <y1 - \/1 - Ei)’ (3.5.3)
r

1231
0
we obtain R
0 . . oo .
a-R[”J(VQR,ﬂo)]=5 a—R[tJ(t;R,,uo)]K(r,t)dt—Q(R,r,u0)+
0

1 _
O'Rz —aR, * dl“l rz
+577(R;R,uo)Je “‘-2coshary1-?—-H ty — 1—R~5>+
0

1
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2 R(1-=p43 R?
|: ( ﬂo) aﬂo]'TlL: e—aRuo

-2 cosharug x

R~ rudr
x H(r — R/1—p3)+
+|: aR (1 — uo)] R? Ho P

0

-2 sinharpg-H (r — R\/l Ha),

*
THo roKs (3.5.4)
where Ry
O(R.r. o) =2 ;‘3;\/1 — W3 8(r— RJ1— ) x
0
x e *R¥° cosh arugy

as (dH/dx)=4(x), a S-function.
Now differentiating Equation (3.1.1) with respect to p,, using (3.5.2) and multiplying
it by (1 —-u(z,)/Ruo, we obtain

R
1— @(1-—
K 0 iR, po)l =5 O L7t R m)] K (s 1) dt + (R, 1, i) +
Ry, 6 Uo Ru 6
1]
1—ud R —pd 1 - R?
[ Iz‘l'()_ (2 *50) (X( ”0)] MO —aRuo.zcosharﬂ’g %
Ryg L Ho r oMo

x H(r—R1—pd)+

R(1— R
+ [a—(—%)}—— H_: e~ *R#0.2 sinharugy- H (r — R\/l ud). (3.5.5)

rig r uo

From Equation (3.1.1), replacing p, by u;, we obtain
1 R 1

d o - d
jr.](r R, ul)ﬂ ; JK(r, t)dtJtJ(t;R,yl)#l+
] 0 0 e

R? g e

+ Je‘“x”"Z coshary’f-_li—-H (,ul \/1 - —2> (3.5.6)
r Uy R
V]

Interchange of the order of integration is permitted in (3.5.5) as the integrands are
non-negative. Further, the validity of the steps (3.5.4), (3.5.5) and (3.5.6) can be
justified from the theory of N-solutions (cf. Appendix B). Furthermore, from Equa-
tion (3.1.1), we obtain

1‘|'Ilo

[J(r R, ,uo)]'*'—["-](" R, po)] =

0
R

) 1+ pd
=5H_ R [J(t; R, uo)]+f[t1(t R, uo)]} K(r,1)dt +

0

1+ R? -
+ [— o + ] Fo p=aruo.3 cosh arpg-H (r — R\/l u2).
Rug ol 7 #o

(3.5.7)
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Equations (3.5.4), (3.5.5), (3.5.6) and (3.5.7) will then lead to the following homo-
geneous integral equation with the same kernel as the auxiliary equation

R

j ®, (r; R, po) K (> 1) dt, (3.5.8)

0

N1 g

P, (r; R, MO) =

where
2

0 5‘3 [ (s Ry 10)] -

Ja _ . 1—pu
D, (r; R, o) = — [rJ(r; R, po)] + R
Ho

1+ﬂo

[rJ(r R, 1o)] + — [rJ(r R, uo)] —

. d
-—%J(R;R’ ﬂo)frJ(r R, ) L. (3.5.9)

Hy

This may be considered as the homogeneous integral equation corresponding to the
non-homogeneous auxiliary equation and for the auxiliary equation to have a unique

solution @, (r; R, 1) = 0. (3.5.10)

Therefore
- uﬁ

G, o
R e [T 75 Ro )] =
Ho

F; 1
R [7J(r; R, uo)] +

”"’{J(r R, )] + = [ R po)] =

0

gj(R R, #o)fﬂ](r R, #1)—?- (3.5.11)

Now, multiplying Equation (3.5.11) by

aﬁ* e~ %82 coshary®-dr-H (r — R\/1 - u?),
I

integrating it over (0, R), and inverting the order of integration on the right-hand side
(which is permitted because the integrand is non-negative), we get

R
3 -
¢ J‘ﬁ* e_aR”.ZCOShW“*'[ﬁ J(r; R, uo):ldrH(r——R\/l - ¥+
U
0
1—pu2 0 1+ p o
S pos R S(#, tos R) + — S (p, pto, R) =
Tt o S (ot ) = 2 S (o B) + 5 s o R)
o d
A 1251
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where S(i, po, R) is given by (3.4.2). Again, since R?(1—p?)=r?(1—p*?) we have
ou*  —R(1-4%)

and
ou* [RV u
" <7> e (3.5.14)

Differentiating (3.4.2) with respect to R and using (3.5.13), we obtain

a T —2a
6_RS(/"110’R)=°'J(R§R’#0)[1+e 2R —

- a\/l - ,uz'j(R\/l — % R, uo)-l% e *Re.2 cosh(aR\/l — )+
—a d . —
€ R“-Zcoshocru*'[(ﬁJ(r;R,,uo):ldr'H(r—R\/l—/12)+

R(1— 42
+a I:—(z—*f—) - ocu:l-f; e” R0 coshary® x
u u

xf(r;R,,uo)dr-H(r—R\/l -1+

R
R(1 — p?
+ GJ[— Mili* e *Re.2 sinharp™ x
T T
0
x J(r; R, po) dr-H (r — RJ1 = 1i2). (3.5.15)

Differentiating (3.4.2) again with respect to p, using (3.5.14) and multiplying by
(1—p?)/Ru, we obtain

1—_£i S (i, pio» R) = 0/1 — u>J(R\/1 — u*; R, uo)ﬁ*e_“R“ x
Ry op I
x 2 cosh (aR /1 — u®-u*) +
R
1- “2 R(l - #2) d(l - ﬂz) H —aRp
to R WY R %€ X
Ry ru jZ U
x 2 coshary®-J(r; R, po) dr-H (r — R\/l - )+
y 2
R(1—
o OC( *H)_E;e—aRux
ru u
0
x 2 sinharp*-J(r; R, po) dr-H (r — R /1 — 12). (3.5.16)
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From (3.4.2), we obtain also

R
1—-u 11—y o
_4_S(I"”0’R)+ S(.u,ﬂo,R)—G"[Ii-———l— :I
Ry? ! Ry*  p
U —aRp, *, Tl 1= 2
X e 2 coshary™-J(r; R, ,uo)dr-H(r—R\/l —p’), (3.5.17)
Adding (3.5.12), (3.5.15), (3.5.16) and (3.5.17) we get
2 2
—ug 0 1—u® 0
A s ’R 5 3 — 8 s ,R -
g S (1 o )+ Ruoao S (4, tos R) + Ru o (1, 10, R)
u + U 1 1
2 20S(/"’ﬂ0’R)+“ — S(,u,ﬂo,R):
Ryu u Ho
1
F(R- —2eRp | 1 dpy
=0J(R;R, pp)| 1+ e + 31 S(p u R)—|. (3.5.18)
My

0

But from Equation (3.1.1), using (A.1) of Appendix A,

1

o d
J(r; R, o) drje_“R“‘-2 cosharu?- —MTI x

1

d
O P

x 2 cosharu}- J(r R, po) dr- H(r—R\/l pi) =

J(R; R, o) = 1 + e 2Rk 4 5

[S) ol___‘x

|

(&)

d
— 1 4 e 2eRu0 g Js (i1 Ho» R) % (3.5.19)

1

Therefore the integro-differential equation for S(p, o, R) can be written as
2

uc 0 1
_S s aR +
Ry o (1> 1o, R)

1
x S (i, po» R) + o ;L"'
1

—ﬂo 0

Ri e S (#; to» R) —

1
/‘l’ b 1 l

1
-) S (1, tos R) = 0[1 + ¢ 2RKo 4
0

1

d d
+3 | S o R) ui][l L 2eRa %fsoz, ) ;’i] (3.5.20)
1
0 (4]

It is to be solved under the initial condition

S(p, 0, 0)=0 for 0<py, py <. (3.5.21)
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The problem is considered suitable for numerical calculation (cf. Bellman et al.
(1966) and Rybicki (1970)). Once S (i, po, R) is known, I(R, u) can be calculated from
(3.4.3) for the case B, (r)=0.

We can, however, establish the integro-differential equation for the source function
J(r) for B; (r)#0.

3.6. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE SOURCE FUNCTION J(r)
FOR B, (r)#0

The source function J(r) in this case can be replaced by J(r; R, o) to signify its
dependence on R and p,. From (2.10), it is given by

R

rJ (r)=rJ (r; Ry, ko) = ;jt.] (t; R, po) K (r, t)dt + rBy (r) +

0

F R? T
oy Fo g=akuo.3 cosh arpy-H (r — R/1 — p2). (3.6.1)
r g

Then

R
2 —

1—ug 0 o i,
—IrJ(r; R, = _— —[tJ(t; R, +
AL LI j o 3R o)
0

0
5{ [r'] (r; R, I‘O)] +

1—pu? R? _
+ Ho —[tJ(t R, ,uo)]} K(rt) dt+§~ J(R; R, po) | e7 R x
r

Ryo  Opo
0

d 2 1 «

x 2 cosharu}- —’:}-H(,u1 —-\/1 - r_>+[ + Mo __:l x
K1 R? Ryj Ho

wFR
x Ko gmakun. cosharu®H (r — R\/1 — p2). (3.6.2)
ru

In conjunction with the auxiliary Equation (3.1.1), Equation (3.6.2) leads to the
following homogeneous integral equation

R

o
D, (r; R, 1) = 2J D, (t; R, po) K(r, t) dt, (3.6.3)

0

where
2

1l—pg 0
—[rJ (r; R, po)] —
Ruo duo ( o)

o @oF a _ .
[rJ(r; R, )] + e ”— [rT(r; R, o)) —
0

0
D, (r; R, o) = — [”J (r; R, ﬂo)] +

4 REZ

I (R: R, o) f [T R )] 21 (3.6
2 131
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For the non-homogeneous auxiliary equation to have a unique solution

@, (r; R, po) =0. (3.6.5)
Therefore,

0 1—u 0 OF 1 + 12

—[rJ(r; R, 1 (rs R, o)l = —— x

R Ho)] + Rig e [rJ (s R, po)] = -, R

- oF o _
X [P (3 Ry o)l = 2 [T (73 R o)l +
Ko
1
o ~ du
+57 (R; R, ﬂo)J [rJ(r; R, py)] u—l (3.6.6)
1
0

in which rJ(r; R, u,) is the N-solution of the auxiliary equation (cf. (3.1.4)).
3.7. THE INTEGRO-DIFFERENTIAL EQUATION FOR THE EMERGENT INTENSITY
WHEN B, (r)#0
From (3.3.5), replacing J(r) by J(r; R, u,) to emphasize its dependence on R and
U, WE can write R
adr —_—
I(R, p; fo) =JJ(r; R, o) e” -2 cosharp®-——H (r — R\/l —u?).
b
0 (3.7.1)
Multiplying equation (3.6.6) by

o ﬁ* e %2 coshary*-dr-H (r — R/1 — p2),
u

integrating it over (0, R) and inverting the order of integration on the right-hand
side, we get

R

d S

ajl% e kK. coshocry"‘-liﬁz J(r; R, ,uo)] dr-H(r— R\/l —u¥) +
0

1—pu2 0 ®F 1 + p?
R oa—I(R,u;#o)=T—TO
Ho CHo Rug

+ u

S (ﬂ’ Hos R) -

1
OF o o du
S i R+ 5 TR o) [ 80 R,
4 po 2 ) 131
(3.7.2)
where I(R, 1; po) and S(u, po, R) are given by (3.7.1) and (3.4.2), respectively; and

1—p? 0 o
— I(R, u; +-I(R, 5 =
Ru o5 (R, 13 po) p (R, 13 1o)

0
— T R’ ;
iR (R, 13 po) +

o
- J(R; R, o) [1 + &™) +
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R
d -
”: J(r; R, uo)] “eRe.p coshar,u*-é-H(r - R\/l - )
u
o (3.7.3)
Therefore, from (3.7.2) and (3.7.3),

#20 1 ”2
(Rﬂﬂo)+**1( s 15 Ho) + I(R, p; o) + - I(R/‘ﬂo)—
Ry Ry, 6
Fl‘l‘ﬂo F o
=——— S(t #o» R) — -~ — S (4, 4o, R) +
4 Ryl (s o 4 o k)
1
o d
+~J(R;R,,uo)[1+e_2“R“+~} S(u,ul,R)%]. (3.7.4)
U 1

But from (3.6.1) (using (A.1) of Appendix A),

1
@F @
J(R; R, po) = By (R) + - (1 + e 2eRuoy 4 EJI(R’ H1s Ho) dpy. (3.7.5)
0

Hence, we get

0 —u* o uZ o
UG s +-I(R, =
(ﬂ#o)+R (“”°)+Roao(””°)u(““°)
F 14 u2 F o
=— S (4> po» R) — — — S (u po» R) +
4 Ryy ° 4y g 1° )

1 oF o
t [a& (R)+ - (L+e7™™) + EJI(R, 15 Ho) dul] X
0

[1 4o 2Ru 4 %JS(u, 4 R) d“‘] (3.7.6)

H1

where the scattering function S(u, po, R) is governed by Equation (3.5.20).
Equation (3.7.6) is the requisite equation for solving the emergent intensity. It is to
be solved under the initial condition

I(0, us o) =0, O<p, po< (3.1.7)

by numerical method (cf. Bellman e al., 1966). The above relation can be looked upon
as the relation between the emergent intensity I (R, p; u,) (for By (r)#0)and I(R, p) =
=(F/4u) S(u, po, R) for B, (r)=0. Incidentally it may be mentioned that when
S(u, po» R) is known from (3.5.20) and (3.5.21) and I(R, p; uo) from (3.7.6) and
(3.7.7), we can evaluate J(r; R, po) from (3.6.6) and (3.7.5).
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Appendix A. Evaluation of the Kernel K(r, R)

To show that 1

R d 2
K(r,R)= g—J\e_"R‘“'Z coshacry’f-—l:‘~1 -H <u1 — \/1 - 1%2) (A.1)
r
0

Hy

where O<p, <t

R*(1 —p})=r*(1 - ut?) (A2)
we have by (2.11) and (2.12)
K(r,R)=a[E (a(R~r))— E,(2(R + r))]

et

and

a(R-r) a(R+r)
aVRI-y2 av/RZ=r2
_,du _,du
=q e — — e “—1. (A.3)
u u
a(R—r) a(R+r)

Putting u=a(Ru, —ru}) into the first integral and u=o(Rpy, +ru}) into the second
integral using (A.2), we obtain from (A.3)
1
o R\ d
K(rR)= a[ e~ *Rurmrue®) <—> # +
r) W
V(1 - (r2/R2))

1

—a rg* R dl"l
+ j e (Rpy+ru*) <,) ~*_:| —
r;) Ky

V(1-(r2/R?))

1 -
aR d r
= e'“R“‘-Zcoshozru’f-—“i-H<u1 —\/1 ———>
*
r U1 R

0
which proves (A.1).

Furthermore, we note that

H(ul—\/l—l—':i>=H(r—R\/1—ﬂf)- (A4)
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Appendix B - Proof of the Existence of Certain Derivatives and
Integrals of [ rJ(r; R, p,)]

The steps (3.5.4), (3.5.5) and (3.5.6) are permissible if we can show that

b5 o 0 o
a—li ["J("; R, ﬂo)] s % [r.l(r; R, ﬂo)]

and
j 0703 o)) 2

exist.
From (3.1.4) and (3.1.5), since g (¢; R, y,) is non-negative, we have

Jd _ . i 0
sr (5 R, Ho)] = yz,o Rt {ﬁ g(t; R, ﬂo)} (B.1)
o . © (9
— [T (r; R, o)1 = 2 rouolt g(t; R, o) (B.2)
Ipo y=0 6 Ho
and
1 @© 1
o du
[treirmn ¥ =) wati{[owrm %y 83
0 =0 0 H
where
4 R(1 — pp)
g(t R, po) = [R g T apo | %
R2
Ho g-akuo.3 cosh arpy H (r — R\/l p2) +
r Ho
aR (1 — p5) R? po . —
+ [ —_— e~ R 2 sinharp¥-H(r — RJ1—p2) (B.4)
rikg roug
i 1 (R\?
™ — g (1; R, o) = [—-(—) @—“R:I
Ho Ho r) ug
R*u
X — —0 ~*Ruo.3 cosharug H (r — R\/l pd) +
rouo
R R?
+ I:L ”—:] Ho p-aruo.y sinharug H (r — R\/l (B.5)
T T
and
! — 7
dy, d r
fg(t; R u)— —f “eRu.) cosharu}: —ul H(u1 - \/1 - ——2>
M [T R

o

(B.6)
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By virtue of the Heaviside unit step function defined by (2.7), both (6/6R) g (¢; R, tto)
and (0/0uo) g (¢ R, uo) are bounded, that is, we can find finite non-negative constants
K|, K, such that

(B.7)

‘-—g(t R, #o)

and
a5 Roso)| < ®9)
for 0<¢t<R.

By the theorem proved in Section (3.2), the series (B.1) and (B.2) are uniformly
convergent. Therefore (6/0R) [rJ(r; R, )] and (8/0po) [rT(r; R, po)] exist.

To prove the convergence of the series (B.3), we rewrite (B.6) using (A.1) of Ap-
pendix A

1

du;, R
jgo R 2= k()
g

=R[E; (a(R—r))— E;(¢(R + r))]
< RE, («(R —1)). (B.9)

The convergence of the series (B.9) will follow if we can show that the series

o]

- Zo Rouols {E1 (O‘ (R=1)} (B.10)

v=
is convergent.
We have

< R"‘IE’L’ (E(a(R = 1))} =

=;fEl(a(R—t))K(r, £)dt <

0
R

S%JEl(a(R—-t)) E (a|r—t])ds. (B.11)
0
Putting R—t=x into the integral in (B.11), we have

0< R,,;{[,L, {E;(x(R—1))} <
S%jEl (ax) E{(a|x — R + t]) dx <

0
©

sngl(ax)El(alx—R+tl)dx=

= 531«1{—0 {Eq (ax)} (B.12)

where A, is Hopf’s operator. (z=ar is the optical thickness.)
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According to Busbridge (1961), A,&- 1 {E; (ax)} is bounded. We write
Agr-1 {E1 (ax)} < K (B.13)

for some finite value of K and 0<¢< R. Therefore (B.12) gives

0< g ol {E;(@(R—1))}<@K<K (0<@d<1). (B.14)
Hence, by the theorem of Section (3.2)
Rt {Ey (0(R =)} < Ky ™' (B.15)

and the convergence of the series (B.10) for 0<¢< R follows.

References

Bailey, P. B.: 1964, J. Math. Anal. Appl. 8, 144.

Bailey, P. B. and Wing, G. M.: 1964, J. Math. Anal. Appl. 8, 170.

Bellman, R. and Kalaba, R.: 1956, Proc. Nat. Acad. Sci. 42, 629.

Bellman, R., Kalaba, R., and Prestrud, M.: 1963, Invariant Imbedding and Radiative Transfer in
Slabs of Finite Thickness American Elsevier Publ. Co., New York.

Bellman, R., Kagiwada, H., Kalaba, R., and Ueno, S.: 1966, RM-5402-PR-RAND External Publ.

Bellman, R., Kagiwada, H., Kalaba, R., and Ueno, S.: 1968, J. Math. Phys. 9, 909.

Bellman, R., Kagiwada, H., Kalaba, R., and Ueno, S.: 1969, Icarus 11, 417.

Busbridge, I. W.: 1955, Quart. J. Math., Oxford 2, 6, 218.

Busbridge, 1. W.: 1955, Monthly Notices Roy. Astron. Soc. 115, 521; 1956, Monthly Notices Roy.
Astron. Soc. 116, 304; 1957, Monthly Notices Roy. Astron. Soc. 117, 516.

Busbridge, I. W.: 1960, The Mathematics of Radiative Transfer, Cambridge University Press,
Cambridge.

Busbridge, I. W.: 1961, Astrophys. J. 133, 198.

Cuperman, S., Engelmann, F., and Oxenius, J.: 1963, Phys. Fluids, 6, 108.

Germogenova, T. A.: 1966, Astrophyzika 2, 251.

Hopf, E.: 1934, Mathematical Problems of Radiative Equilibrium (Cambridge Tracts, No. 31),

Kourganoff, V., and Busbridge, 1. W.: 1952, Basic Methods of Transfer Problem, Oxford.

Leong, T. K. and Sen, K. K.: 1968, Ann. Astrophys. 31, 467.

Leong, T. K. and Sen, K. K.: 1969, Publ. Astron. Soc. Japan 21, 167.

Leong, T. K. and Sen, K. K.: 1970, Publ. Astron. Soc. Japan 22, 57.

Rybicki, G. B.: 1970, J. Comp. Phys. 6, 131.

Sobolev, V. V.: 1963, A4 Treatise of Radiative Transfer, Van Nostrand, New York.

Tsujita, J.: 1967, Publ. Astron. Soc. Japan 19, 468.

Ueno, S.: 1957, Astrophys. J. 126, 413.

Ueno, S.: 1958, J. Math. Mech. 7, 629.

Ueno, S.: 1959, Ann. Astron. 22, 468 and 484.

Ueno, S.: 1960, Astrophys. J. 132, 729,

Ueno, S., Kagiwada, H., and Kalaba, R.: 1969, The Rand Corporation Research Memorandum,
RM-6061-PR.

Uesugi, A., and Tsujita, J.: 1969, Publ. Astron. Soc. Japan 21, 370.

https://doi.org/10.1017/50252921100028591 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100028591



