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THE RANGE OF THE HELGASON-FOURIER
TRANSFORMATION ON HOMOGENEOUS TREES

MicHAEL COWLING AND ALBERTO G. SETTI

Let X be a homogeneous tree, o be a fixed reference point in X, and Bx be the
closed ball of radius N in X centred at o. In this paper we characterise the image
under the Helgason-Fourier transformation H of Cwn(X), the space of functions
supported in By, and of S(X), the space of rapidly decreasing functions on X. In
both cases our results are counterparts of known results for the Helgason-Fourier
transformation on noncompact symmetric spaces.

Let X be a homogeneous tree of degree ¢ + 1, that is, a connected graph with no
loops in which every vertex is adjacent to ¢ + 1 other vertices. We denote by o a fixed
reference point in X, by |z| the distance of = from o, that is, the number of edges
between o and z, by G the automorphism group of X, and by K the stabiliser of o
in G. The boundary Q of X may be identified with the set of infinite geodesic rays
issuing from o. We write By and Gy for the closed ball {z € X : |z| < N} and the
sphere {z € X: |z| = N}. By B_; we mean the empty subset of X.

If z and y are in X and w is in §2, we define ¢(z,w) to be the confluence point
of z and w, that is, the last point lying on w in the geodesic path {o,z1,z2,...,7}
joining o to z, and define similarly the confluence point ¢(z,y). The height A, (z) of z
in X with respect to w is defined by the formula

ho(z) = 2|c(z,w)l - |z].

Clearly, h,(z) < |z|. On the boundary € there is a natural K -invariant, G-quasi-
invariant probability measure v, and the Poisson kernel p(go,w) is defined to be the
Radon-Nikodym derivative dv(g~'w)/dv(w). Then

p(z,w) = ¢"®) VreX Vwe

see, for example, [4, Chapter 2], or [3, Section 2]. We define E;(z) to be the set of
{«' € Q:|c(z,0')| =i}; then v(Ei(z)) < g%, and

=]

p(z,w) = Zqﬁ""xEj(x)(w) VieX Ywe;
j=0
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see (7, (2.3)] or (5, Proposition 2.5]. We write E(z) for E|;(z), and define the averaging
operators &, on C(§) by the formulae £_; = 0 and, when n > 0,

Enn(w) = V(E(I))_l/ nw)dv(w) V€GB, VYwe E(z).

E(z)
We define, for z in C, representations 7, of G on C(Q2) by the formula
[m2(9)n] (w) = p/****(go,w)n(97'0) Vge G VYweQ.

It is clear that 7, = m,,, where 7 = 2mw/logq. We write T for the torus R/7Z, which
we usually identify with the interval [—7/2,7/2). The Poisson transformation P? :
C(Q?) — C(X) is given by the formula

PAn(z) = (r,(z)1,n) = /Qpl/”‘"(m,w)n(w)du(w).

The spherical function ¢, on X is defined to be P*1. It is known that

~1
(34‘1 l:c|+1)q_|’|/2 VzeTZ
~1
b2 (z) = (Z Il + 1)q-'ml/2(—1)"' Vze /24 7L

c(2)qt== /A=l § ¢(—2)g(—2-1/Dl=l vz e C\ (/2)2Z,
where ¢ is the meromorphic function given by

ql/? ql/2+iz _ g=1/2~iz

c(z) = pre) prrp—— Vz € C\ (7/2)Z.
Now
bo(e) = [ p@wdn) = ¥ [ g dulw),
Q ceon Y E(@)
whence
(1) Z g*@/? <2(n+1)g™™? VneN.

€6y

It should perhaps be remarked that we use a different parametrisation of the represen-
tations and spherical functions from Figa-Talamanca and his collaborators (for exam-
ple, [5]) and [4]): our ¢, corresponds to their ¢;/54i,, and 7, and c(z) are similarly
reparametrised. Similar comments apply to the intertwining operators considered be-
low. Our parametrisation makes the analogy with the semisimple Lie group case more
transparent. )
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The Helgason-Fourier transform f~ of a finitely supported function f on X is the
function on T x © defined by the formula

fs,w) = [re(N1) W) = Y fz)p"/** (z,w).

z€X

The Helgason-Fourier transformation H is the linear operator that maps f to f The
following inversion and Plancherel formulae hold (see [5, Chapter 3 Section IV and
Chapter 5 Section IV], or [4, Chapter II Section 6]). If f is finitely supported on X,
then

flz) = / /pl/z‘is(x.w) fls.w)dv(w)duls) VzeX.
JrJ/a ’ o

If f; and f, are finitely supported, then

> 5@ ) = [ [ Filow) Fals,w) dv(w) duts).

zeX

The Helgason—Fourier transformation extends to an isometric mapping from L2(X)
into L2(T x Q,u x v), so H is injective on L?(X). Its range is then the subspace
of L?(T x Q, u x v) of the functions F which satisfy the symmetry condition

12-is(, vw) = 1/2+4is(0 ) F(— vlw
(2) /Qp (z,w) F(s,w) dv(w) /Qp (2,w) F(~s, ) du(w)

for every z in X and almost every s in T. Here, u denotes’ the Plancherel mea-
sure, whose density with respect to Lebesgue measure is given by cc;|c(s)|_2 (see, for
example, [5] or [4]). We note that ¢! is smooth on T.

The space of functions supported in By is written Cy(X). A function f on X is
said to be rapidly decreasing if, for every k in N, there exists a constant Cx such that

|f(@)| < Ck (2 + 1) *¢7 12 vzex

(see, for example, [1]). The space of rapidly decreasing functions is denoted by S(X).

The aim of this paper is to characterise the image under H of the spaces Cn (%)
and S(X). After a preliminary version of this paper was completed, we learned that
a similar characterisation of the range of Cn(X), involving the horocyclical Radon
transformation R on X, was obtained independently by Tarabusi, Cohen, and Colonna
[2]; these authors also describe the the image under R of certain spaces of “slowly
vanishing functions” on X. We refer to [3, Section 2] for a discussion of the relationship
between R and H. '
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1. FUNCTIONS WITH FINITE SUPPORT

It is easy to see that, if f is in Cn(X), then the following conditions hold:
(i) f is continuous on T x § (indeed, f is in C(T x ) in the sense of
Theorem 2 below);
(i) f extends to a 7—periodic entire function of exponential type N uni-
formly in w, that is, there exists C such that

|f(z,w)| <Cd™N vYueQ VzeC;

(1ii) f satisfies the symmetry condition (2);
(iv) f is N-cylindrical in w), that is, for s fixed, f(s,w) is constant on the
sets E(z) for every z in Sy.
Conditions (i)—(iii) are the analogues of the conditions that describe the Paley-Wiener
space for the Helgason—Fourier transformation (see [6]). The content of the following
theorem is that (i)-(iii) characterise the image of Cn(X) under H.

THEOREM 1. A function F : T x 8 — C is the Helgason—Fourier transform of a
function f in Cy(X) if and only if F satisfies conditions (i)-(iii).

PrROOF: Clearly only the “if” implication requires proof. It should be noted that,
contrary to the symmetric space case and to the case of radial functions on X, the proof
is not obtained by contour integration arguments alone, but also involves a counting
argument.

Since H is injective, H(Cn (X)) has dimension equal to the cardinality |By|
of By, and it suffices to show that the space of functions on T x Q which satisfy
conditions (i)—(iii) has dimension at most {and therefore exactly) |By].

To do this, we recast the symmetry condition (2) in a more suitable form. Using
the representations 7, of G defined above, we may rewrite (2) in the form

(r_s(z)L,F(s,")) = (ms(z)1,F(-s,")) VzeX VseT.

Let I, denote the normalised intertwining operators between the representations =,
and 7_;; see [4] or [7]. Then I,m,]_, =7_,, S0

(ms(z)1, F(=s,-)) = (Imy(x)I_,1, F(s,"))
= (ms(2)1,I;F(s,)).

The set of functions {my(z)1:z € X} span a dense subspace of L?(Q), because =, is
irreducible, and I} = I;} = I_,, so we conclude that

3) F(-s,w)=IF(s,w) = I_,F(s,w).
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Next we use the fact that F(-,w) is entire of exponential type N, and the Paley-Wiener
theorem on Z (which involves contour integration), to write

F(s,w) =Y _ F(k,w)g*¥,
ke€Z

where F(k,w) =0 unless —N < k& < N, so that (3) becomes

> F(k,w)q ™ =Y (I_,F)(k,w) g™

keZ keZ

Now we annlir tha Aifavannn ananatar N AaBnad +A ha £ [ . Mana 171N A hath
NGO Th Wl L* 4

Y VI WRsEra VALL MAMAAVA WALUY W UAMAUNIA A 7y Alsasas —o e MIL—1 \MVV LY Jy ue aruves

sides of this equation: setting F,(k,w) = DpF(k,w), so that F,(k,w) = 0 unless
—N <k < N, we see that

(4) > Fu(k,w) g =) (I_,F), (k,w) ¢

kezZ keZ

If D,F = F then I,F = ¢(n, z)F, where

1 fn=0
c(n, —3) = —1-2is

1-—- qg 2 .

—l_q—1+2isq B ifn>1

(see [7, p. 383]). A straightforward computation shows that

00
C(TL, —S) — (1 _ q—2is—1) q2iaﬂ Z q(2i3—1)l
1=0

— _qus(n—l)—l + (1 _ q—2) iq2i8(1+n)—l
=0

when n > 1. Inserting these expressions for ¢(n, z) in (4) we obtain, when n = 0, that
Fo(k,w) = Fo(—k,w), and when n > 1,

Z Fn(k,w) q—iks — Zqika [q2is(n—1)—1 + (1 _ q—2) iq2i3(1+n)-l] F,,(k,w).

keZ keZ =0

Taking the Fourier coefficients of both sides, we obtain

(5) FO(k)w) = _FO(_kaw)
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and, when n > 1,
e o}
(6) Fu(k,w)=—q¢ 'Fa(-2n—k+2,w)+ (1-¢7?) Zq_'Fn(—2n -k -2,w),
=0
for every k in Z and w in .
For fixed w, we consider the identities (5) and (6) as a system of equations in the
unknowns Fy(k,w). It is easily verified that
(a) if n > N, Fu(k,w) = 0 for every k (so that the function F is in fact
N -cylindrical, and (iv) is a consequence of (i)—(iii));
(b) f0<n<N, F,(k,w)=0when k> N +2 - 2n;
(¢) for given n and N, the functions F, (k,w), where 1—n < k < N+2-2n,
are determined in terms of the functions F,(j,w), where —N < j < —n.
Set b, = N+1—n when 0 < n < N. Then, for fixed n and w, there are at most
b, independent F,(k,w)’s, and the remaining F,(k,w)’s are determined by these.
Now for any given k and n, D, F,(k,w) = F,(k,w), so the independent F,(k,w)’s
can be chosen in at most d, independent ways, where d, is the dimension of the
space {n € C(Q) : Dan = n}. We therefore conclude that the dimension of the space
of functions F satisfying (i)—(iii) is at most

N
> (N+1-n)dy.
n=0

But, when n > 1, D,n = 7 if and only if 5 is constant on the sets E(z) for every
z in &, and 7 has zero average on the sets E(y) for every y in &,._1, while, when
n = 0, Doy = 1 if and only if 5 is constant on §2. Thus d, = e, — e,_1, where
en = |Gn| when n > 0 and e—; = 0, and therefore

N N k N
S (N+1-n)dn=)_ > dn=) ex=dim H(Cn(%)),
n=0 k=0n=0 k=0

as required. 0

2. RAPIDLY DECREASING FUNCTIONS

We now describe the image of the space S(X) under H. We say that a function
F:TxQ — C is in the space C®(T x ) if the function 8/ F(s,w) is in C(T x §) for
every ! in N, and for every [ and k in N there exists a constant Ci; such that

l|loF(F - 5nF)||°° <Crifn+1)7" VneNu{-1}.

The symbol C*®°(T x Q)b denotes the subspace of C°(T x Q) of functions which satisfy
the symmetry condition (2).
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THEOREM 2. The Helgason—Fourier transformation is an isomorphism from the
space S(X) onto the space C*°(T x Q)b.

PROOF: We show first that if f is in S(X), then f is in C°(T x ).
For any n in N, define the averaging operator €, : C(X) —» C(X) by the formula

enf(z)=3(n2)|”" Y. fl@) Vzex,

y€3(n,z)

where
{=} if [z]<n

{vex:izj=iyi, jc(z,y)] 2n} if jz]>n.

3(n,z) = !
(

The operators €,, were introduced in [7], where it was shown that the Poisson trans-
formation intertwines &, and ¢,, that is, for every 1 in C(£2) we have

eaP*(n) =P*(€nn) YneN VzeC.

The identity clearly holds when 7 is replaced by a function F in C(T x ), so
H! (En f ) = e, f by Fourier inversion, and, equivalently,

(7) EnHf = Henf.

Assume now that f is in S(X) so that, for every ! in N, there exists a constant C
such that

(8) If(z)| <C (|.'L‘l + 1)_lq‘|z|/2 Vr € X.

Using (7) and the expression of the Poisson kernel in terms of the height function &, ,
for all k and ! in N we may write

ask (f _ ENf~)(s,w) = 83’“ (Z q(1/2+ia)hu(z) (f — 5Nf) (z))

zeX
= Z ikhw(z)kq(1/2+is)hw(z) (f _ ENf)(I)
z€X
= Z ikhw(x)kq(1/2+ia)hW(x) (f - eNf) (ﬁ),
z€X\Bn

since f(x) =en f(z) when z is in By . Because h,(z) < |z], and (8) also holds when
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f is replaced by enf, we find from (1) that

|65 (F = enf)(s,w)] < Z |z|* " @2 20, 1145 (|2] + 1)_k_l_3<1_'””|/2
TEX\B N

o0
<2Ckpes Y, (n+1)702 N g2
n=N+1 z€ESH

o0
< 4Ck4i143 Z (n+1)7"2
n=N+1

< 4Ckp143(N +1)7

see also [1] where an analogous result for the Radon transformation is proved.

To prove the reverse inclusion, take F in C*(T x Q) which satisfies the symmetry
condition (2), so that F is the Helgason-Fourier transform of a function f in L2(X)
by the Plancherel theorem. We shall show that f is in S(X). Take z in X, and choose
N to be the integer part of |z| /3. Then

(9) 2] /3 < N+1< |e| /3+1.

Write
f=HYF -ENF)+H Y ENF)=H Fn +H'GN,

say. We consider #~1Fy and H~!Gy separately.
First we estimate 7~ 1Fx. By assumption, if k is in N, then

”FN”oo S Ak+1 (N + 2)_k_17

S0

N
-1 j-lal/2 w)| dv(w
7 FN(x>|s§0 /T /E (50| ) due

N
S qu—lzl/zl/(Ej(IE)) Ak+1 (N + 2)-k.—1
j=0

< Apy1 (N +2)"Fglel/2
< 3% App (|z] + 1)_kq_|x|/2
from the inversion formula, the normalisation of the Plancherel measure, and (9).
Now we estimate X~ 'Gy. Since £y commutes with differentiation with respect

to s we have
|0FGn(s,w)| < Bk Vse€T VweQ.
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Recalling that the function Gn(s,-) is constant on the sets E(y) for all y in Gy, we
denote by zy the point in Gx on the geodesic path [0,z], by Gn(s,zn) the value that
Gy (s, ) takes on the set E(zn), and by Hy(s,w) the difference Gn(s,w)—Gn (s, zn).
Note that E(zn) = U Ej;(z), and that Hy(s,w) = 0 when w is in E(zy). Therefore,

using the explicit formula for the Poisson kernel, and the integral representation of the
spherical functions, we deduce from the inversion formula that

H'Gn(z) = A‘/S)pl/z—is(x,w) [Hn(s,w) + Gn(s,zN)] dv(w) dpu(s)

Iz
- Z./{r J/E ( )q<1/2_18)(2]—lz|)HN(s’ w) dv(w) du(s)
j=0~ j\T

+//pl/z_is(z,w)GN(s,zN)du(w)d,u(s)
- Z -/ [ 4 ) e
+ [ 6-4@) Gnlo,on) duss)
= ZIJ"N(.’L‘) Vz € x\%N—l,

where
In(o / / q172=9) (25=11) fr (5, w) d(w) du(s)
E; (:z:)
f0<j<N-1and

Inw(z) = /T b—o() G (s, 2n) dpu(s).

We claim that for every [ in N there exists a constant C;, which depends on [, ¢
and By (where 0 <k <[l+1), but not on f, z, or N, such that

|Lin(@)] < C(lg)+ 1) " g2 vje {o,1,..., N}

Assuming our claim, the estimate required to finish the proof of the theorem follows
immediately: indeed, from (8) we conclude that

|H "GN (z)| < (N +1)Ci (2] + 1)~ g7 122 < Cr (Jz] + 1) g el2,

To finish, we must prove our claim. We estimate I; ;v where 0 < j < N —1.
To deal with Iy n one argues similarly, using the explicit expression of the spherical
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functions ¢,. Recalling that du(s) = cclc(s)|_2ds, and noting that all the functions
involved are smooth in s, we integrate by parts and find that I; 5 is equal to

qj—|z|/2 g / —is(Zj—IZI) 1+1 -2
3 q 3t |c(s) / Hy(s,w)dv(w)) ds.
(2j _ |:c|)l+1 logz+1 gJt (I ‘ Ej(z) )

By Leibniz’s rule, this is a linear combination with coefficients cg (':1) of Il + 2 terms

[

of the form

j-lel/2 ji+1 i _
) g I+1 q_w(ZJ lzl) 8§+1—k(|c(3)[ 2) afHN(S,w) dv(w) ds.
1+1
(27 — lzl) " log g JT Ej(z)

Using the estimate v(E;(z)) < ¢~7, it is easily shown that the absolute value of each

term is bounded above by

qj_lz'/z l+1-k -2
(2| — 27)"" 1og"*? q/T ARM(O] )l 2By v(E;(z)) ds
2B 3l+1q_|~"|/2

= |x|[+llog'+1q/1r

and the required estimate for I; n follows. a

8§+1_k(|c(s)l_2)’ ds,
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