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Apstract. The mathematical theory of heat conduction is applied to the analysis of ice segregation
processes in soil. A diffusion equation is first employed for the flow of soil moisture. Two new quantities, the
rate of ice segregation, ¢, and the segregation efficiency, £, are introduced. The first is the rate of ice growth
measured as mass per area per time. The latter is defined as £ = oL [(K: 87T:/6x— K. 97T./éx), where L
is the latent heat of fusion of ice, T: and K are the temperature and thermal conductivity of frozen soil,
and 7: and K} are the temperature and thermal conductivity of unfrozen soil. Three types of soil freezing
can be elassified in terms of E: freezing of non-frost-susceptible soil (E — 0), perfect segregation (£ = 1)
and imperfect segregation (o << £ << 1). Finally, the mathematical boundary conditions at an advancing
frost line are obtained in freezing, frost-susceptible soil (E # o). Two parameters related to the structure
of soil are pointed out, which seem to be valid criteria of frost susceptibility. The amount of frost-heaving
is derived under special conditions.

RisumE. Etudes théoriques de ségrézation de glace dans les sols. La théorie mathématique de conduction
calorifique est appliquée a 'analyse de processus de ségrégation de glace dans les sols. Une équation de
diffusion est d’abord employée pour I’écoulement de I'humidité des sols. Les nouvelles quantités, la vitesse de
ségrégation de la glace g, et Peflicience de ségrégation E, sont introduites. La premiére est la vitesse de
croissance de la glace mesurée en masse par surface par temps. La derniére est définic par
E = oL|/(KR:8T.[ox — K.0T:/ox), ou L est la chaleur latente de fusion de la glace, T: et K sont la tempéra-
ture et la conductivité thermique du sol gelé, 7, et A, la température et la conductivité thermique du sol
non gelé, En utilisant F, trois types de gel du sol peuvent se distinguer: gel de sol non susceptible au gel
(E — o), ségrégation parfaite (£ — 1) et ségrégation imparfaite (0 <2 £ < 1). Finalement les conditions
mathématiques aux limites et la ligne de gel en progression sont obtenues pour un sol susceptible au gel en
train de geler (E # o). Deux parameétres en relation avec la structure du sol sont mis en valeur; ils
semblent constituer des critéres valides pour la susceptibilité au gel. La valeur du soulévement di au gel en
est dérivée dans des conditions spéciales.

ZUSAMMENFASSUNG. Theoretische Untersuchung der Fisabsonderung im Boden. Die mathematische Theorie der
Wirmeleitung wird auf die Analyse von Eisabsonderungsprozessen im Boden angewandt. Zuerst wird eine
Diffusionsgleichung fiir den Fluss der Bodenfeuchtigkeit angesetzt. Zwei neue Gréssen, namlich die Geschwin-
digkeit der Eisabsonderung o und der Absonderungsgrad E, werden eingefiithrt. Die ersteistdie Geschwindigkeit
des Eiswachstums, gemessen in Masse pro Fliche und Zeit. Die zweite ist definiert durch
E=col/(K8T:/dx—K,07,/ox), wobei L die latente Wiirme des Schmelzens von Eis, 77 und A, die
Temperatur und die Wirmeleitzahl von gefrorenem Boden, T. und K. die entsprechenden Werte fiir
ungefrorenen Boden bedeuten. Mit Hilfe von E kénnen drei Typen von Bodenfrost unterschieden werden:
Gelfrieren von nicht-frostempfinglichem Boden (£ — o), vollkommene Absonderung (£ = 1) und
unvollkommene Absonderung (o << E << 1). Schliesslich werden die mathematischen Grenzbedingungen
fiir eine vorriickende Frostlinie in gefrierendem, frostempfianglichem Boden (£ # o) hergeleitet. Zwei
Parameter fur die Bodenstruktur, die wirksame Kriterien fir die Frostempfinglichkeit zu sein scheinen,
werden herausgestellt. Das Ausmass der Frosthebung wird unter bestimmten Bedingungen ermittelt.

INTRODUCTION

The first mathematical investigation of ice segregation was reported by Fujiwhara (1924),
who suggested that ice segregation is a heat-conduction problem when particular boundary
conditions exist at a stationary frost line. Ruckli (1950) and Redozubov (1962) reported
theoretical investigations based on the mathematical theory of heat conduction. However,
they did not use reasonable boundary conditions for the flow of heat or of soil moisture.

This paper gives an account of an attempt to study the various factors related to the process
of ice segregation from a unified viewpoint which is based on the mathematical theory of heat
conduction. This method involves the conditions of soil-moisture flow at a frost line. In the
following it is assumed that the problem is one of unidirectional heat conduction.

PErFECT ICE SEGREGATION

There is a great deal of literature which proves the applicability of a diffusion equation
for the flow of soil moisture (Macey, 1940; Staple and Lehane, 1954 ; Klute and others, 1956;
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Gardner and Hillel, 1g62). In this paper the following equation is used for the flow of moisture

in soil:

oM 9 oM

% =505 ) (x)
where M = moisture content in g./cm.}, ¢ = time, x = coordinate, and D = diffusion
coefficient.

Next, we introduce a physical quantity to specify the process of ice segregation. This is
called the “ice segregation rate” in dimensions of mass per unit area per unit time. In the
growth of segregated ice in the ground the equations of continuity of water flow and of heat
flow at a stationary frost line are as follows:

oM
co=D— 2
o (2)
.. BT Y E
and B = ful ik, (3)
ox ox
where o = ice segregation rate, K1 = thermal conductivity ofice, Kz = thermal conductivity

of unfrozen soil, 7; = temperature of ice, 7, = temperature of soil, and L = latent heat
of fusion of ice.
The parameter o may be eliminated from these equations, giving

, ol
R T 8T2+I..D rc—x[ (4)

-
(&

ox
Equation (4) is a continuity equation and, at the same time, a heat balance equation.
With regard to the freezing temperature of the soil, there is also another boundary
condition:

T[ = Tz. (5)
There are many observations which confirm that the temperature of soil freezing is not equal
to the ice point, but it depends on the moisture content as well as the soil structure (Bouyoucos,
1921 ; Beskow, [1935]; Higashi, 1958). The new boundary condition can be expressed by the
equation
Ty = T = J0N0, (6)
where f( M) is a function of the moisture content, M. There has been no detailed experimental
observation of the function f{M). However, it is very likely that the freezing-temperature
curves for different types of soils, as measured by Beskow ([1935]), give a fairly good estimate
of f(M). It should be noted that the function f{ M) implicitly involves the effects of the soil
structure. From a thermodynamic point of view, the hydrostatic pressure of the soil moisture
is also involved as a variable in equation (6). Equations (4) and (6) state the necessary
boundary conditions for ice segregation where a frost line is fixed in position. This is called
perfect segregation.

IMPERFECT SEGREGATION

When a frost line moves through the soil and ice segregation occurs at the same time, the
process is called imperfect segregation. In this case, the heat-balance equation at an advancing
frost line is, from a macroscopic point of view,

By g Ol UL+LM¥, (7)

ox ox
where K: = thermal conductivity of frozen soil, A: = thermal conductivity of unfrozen
soil, T, = temperature of frozen soil, 7, = temperature of unfrozen soil, ¢ = ice segrega-
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tion rate, L = latent heat of fusion of ice, M = moisture content in g./em.3, and dX/dt = rate
of penetration of the frost line.
Again, the equation of continuity in this case is

o=2D o (8)
The other boundary condition must again be assumed:
T: = T, = f(M).
The three boundary conditions given in equations (6), (7) and (8) are all useful in solving

the present problem but there is still an unknown parameter, o. In order to eliminate o, it is
necessary to introduce a new concept of segregation efficiency, E, which is defined as follows:

. 8T . Bl

E- aL(/fi, LK ax)' (9)

Using equation (g), the following equations can be derived from equations (7) and (8):
07T 0T, LM dX

FoIL e Plw 0 BR
ox A ox 1—FE dt (1}
E(, 8T: . T, oM
and T,(hl W*}lzﬁ) -—D—a;'. (Il)

These are equations of heat balance (equation (10)) and continuity of water flow (equation
(11)). When E is known, equations (10), (11) and (6) provide the necessary boundary
conditions for imperfect segregation.

SEGREGATION EFFICIENCY

Segregation efliciency is introduced above without thorough examination. Although the
elimination of the unknown parameter, o, in equations (7) and (8) has been done primarily for
mathematical convenience, its original definition in equation (9) has reasonable physical
meaning.

Early in 1929 Taber (1929) reported that “the chief factors controlling ice segregation and
excessive heaving are: size of soil particle, amount of water available, size and percentage of
voids, and rate of cooling”. Taber’s results have been confirmed by many investigators
(Beskow, [1935]; Penner, 1960). However, it has been impossible to obtain positive mathe-
matical definition of those controlling factors. It is reasonable to assume that two physical
quantities are directly related to ice segregation: the ice-segregation rate and the segregation
efficiency. As has been shown in the previous section, the first quantity is eliminated when
perfect segregation occurs. With regard to the latter quantity, the following relationship is
assumed from Taber’s experimental results:

(12)

where F' is a function of the moisture content, M, and the difference of the heat flow
(K:@71/dx—R20T:/ex) at a frost line. This equation must be determined empirically and
therefore the function F includes all of the parameters related to the structure of the
individual soil,

In general, when segregation efficiency is used, macroscopic freezing processes can be
classified into three types: freezing of non-frost-susceptible soil (E = 0), perfect segregation
(E = 1) and imperfect segregation (0 < E < 1). For each of these three types, there is a
particular set of boundary conditions. To select these boundary conditions, it is first necessary
to find the numerical value of E. If the ice-segregation rate is used first instead of segregation

B F{M, (fﬁ aaTI—Ii": - T)}

x cx
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efficiency, the selection of boundary conditions is impossible, because specifying the ice-
segregation rate does not discriminate between perfect and imperfect segregation.
Preliminary determination of a numerical value for £ is possible when the initial frost line is
located between frozen and unfrozen soil. However, when a frost line is located at the surface
of soil which is exposed to cold air, an additional condition is necessary to determine the
segregation efficiency. This particular condition is the rate of heat loss, @, at the surface.

oT
Then, A i,—xl in equation (12) should be replaced by @. In the classical problems studied
[

by Stefan and Neumann (Carslaw and Jaeger, 1959, p. 282-96), there is no such additional
initial condition. This is a particular characteristic of the present problem, the freezing of
frost-susceptible soil.

The numerical value of E in freezing soil varies with time. Therefore, in the calculations
the segregation efficiency E should be recognized as an additional variable to the tempera-
ture, 77 and T3, and the moisture content, M.

MoviNG BOUNDARIES

When a frost line penetrates into frost-susceptible soil, there are two moving boundaries
that should be taken into consideration: the frost line and the upper surface of the frozen soil
which is exposed to the air. The upward movement of the latter is called frost-heaving.
Under natural conditions the rate of frost-heaving is usually not larger than the rate of frost
penetration, over comparatively long periods of time. However, under laboratory conditions
it is not unusual for the rate of frost-heaving to exceed the rate of frost penetration over short
periods of time in extremely frost-susceptible soil.

Higashi (1958) and Penner (1960) reported experimental results concerning the relation
between the rate of heaving and the rate of frost penetration. Penner (1960) stated in his paper
that “The findings by Higashi are in complete contradiction to results obtained by all other
research workers to date.”” However, it seems very reasonable that there is in general no definite
relationship between these two quantities. This point of view can be verified by Ono’s (1960)
experimental work on which he reported as follows:

“The difficulty encountered in the experiment intended to observe the preventive
effect of a substance against frost-heaving is the freezing of the sample to the walls of the
container, since in case it happens, the frost-heaving will be restrained owing to large
friction, so that one is likely to mistake the restraint for the preventive action of the
substance in question. With the intention of reducing the friction, we tried to line the box
with teflon, polyethylene, or aluminium film and in some cases used a box made of glass
or vinyl plastic in place of a wooden one, but they all proved to have very little effect.
With these boxes no frost-heaving but only ‘frost-depression’, as we may call it, was
observed.”

Experimental work reported by Corte (1962) and Uhlmann and others (1964) suggests
that the rate of segregation is the fundamental physical quantity which specifies the process of
segregation, but quantities such as the rate of frost-heaving or the displacement of the whole
body of the frozen part cannot be defined.

Under particular conditions, however, it may be reasonable to assume the following
relation between the rate of frost-heaving and the rate of ice segregation:

dh o
B E’ (13)

where dh/dt = frost-heaving rate, ¢ = ice-segregation rate, and p; = density of ice.

https://doi.org/10.3189/50022143000019274 Published online by Cambridge University Press


https://doi.org/10.3189/S0022143000019274

THEORETICAL STUDIES OF ICE SEGREGATION IN SOIL 259

From equations (8) and (13), the total amount of frost-heaving can then be expressed by

the following equation:
t

I eM

B (1)—) . (14)
Pi X /X

Because of the assumptions, equation (14) shows the maximum amount of frost-heaving

under given conditions.

RuyTHMIC BANDING

One significant approximation made in the previous equations concerns the moisture
content, M, on the right-hand sides of equations (7) and (10). These two equations imply
that all the moisture freezes when a frost line passes over. But this is not correct, because
experimental observation on unfrozen soil moisture in apparently frozen soil has been reported
(Bouyoucos, 1921 ; Beskow, [1935]). Therefore, it is reasonable to replace M by My, where v
is less than unity. At present it is not easy to determine a definite relationship between y and
the other variables. Corresponding to the introduction of ¥y, it may be expected that there is a
gradual liberation of latent heat of unfrozen soil moisture in frozen soil above the advancing
frost line. If these two factors are satisfactorily taken into account by the equations (which
may be recognized as a second-order approximation), the special phenomenon of “rhythmic
banding” (Taber, 1930) can be understood by a mathematical analysis.

Frost SUSCEPTIBILITY

It has been suggested in the previous section that in equations (6) and (r2) there are
particular parameters related to physical properties of soil or the structure of soil. From the
present macroscopic point of view, it is impossible to identify precisely the important soil-
structure parameters. However, there are various kinds of substances other than soil which
manifest ice segregation (Hardy, 1926; Moran, 1926; Asahina, 1956). The parameters
referred to above may be very useful, because they can also be applied to the other substances
as well as to soil.

Discussion AND CoONCGLUSION

The formulations described are largely independent of recent works on frost-heaving, in
which rate of frost-heaving is recognized as the fundamental quantity to be examined. At
present it is evident that two quantities, (1) the rate of ice segregation and (2) the segregation
efficiency, are fundamentally important for understanding the processes of ice segregation.
Up to the present time, no attempt has been made to use these two quantities in both experi-
mental and theorctical investigations. It therefore scems desirable to verify these boundary
conditions by future experiments.

In the present treatment, no particular mechanism for ice segregation need be assumed
in order to determine the rate of ice segregation. However, it will be necessary to examine the
segregation efficiency from a microscopic point of view. Recent work reported by Uhlmann
and others (1964) may be recognized as the first attempt based on the microscopic approach,
when segregation efficiency is assumed to be unity.

Frost-susceptibility criteria and depth of frost penetration are two important problems
which have been investigated for many years as separate topics (Linell, 1960). However, the
present formulation shows that they can be examined in terms of the same physical principles;
in fact, they are inseparable.

MS. recetved 5 March 1965 and in revised form 2 June 1965
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