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Abstract

We construct a set of functions, say, ¥"! composed of a cosine function and a sigmoidal
transformation y, of order r > 0. The present functions are orthonormal with respect
to a proper weight function on the interval [—1, 1]. It is proven that if a function f
is continuous and piecewise smooth on [—1, 1] then its series expansion based on y!"!
converges uniformly to f so long as the order of the sigmoidal transformation employed is
0 < r < 1. Owing to the variational feature of ¥!"! according to the value of r, one can
expect improvement of the traditional Fourier series approximation for a function on a finite
interval. Several numerical examples show the efficiency of the present series expansion in
comparison with the Fourier series expansion.

2000 Mathematics subject classification: primary 41AS8; secondary 42A20.
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1. Introduction

The sigmoidal transformation is a one-to-one mapping of the interval {0, 1] onto itself
taking the shape of an elongated “S”. It is well known that coordinate transformation
techniques using a sigmoidal transformation are very efficient for accurate numerical
evaluation of singular integrals such as weakly singular integrals, Cauchy principal
value integrals and Hadamard finite-part integrals [1-4, 8, 11-14].

In this paper, as an extended application of the sigmoidal transformation, we con-
struct a trigonometric function denoted by ¥!"(x), —1 < x < 1, which is composed
of a cosine function and a sigmoidal transformation y,(¢),0 <t < 1, of order r > 0.
Owing to the particular behaviour of y,, the function y!" has the property that its zeros
are clustered toward both endpoints of the interval [—1, 1] for small » < 1 and the

centre for large r > 1. Moreover, it can be seen that for any r > 0 the set {1} is
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orthonormal on [—1, 1] with respect to a weight function w!” defined in Section 2. In
fact it is an orthonormal basis for the weighted L, space, L; ,([~1, 1]). Whenr =1,
in particular, w!") = 1 and {y/{"")32, is identical to a simple basis {cos (km ££)}™
for L,([—1, 1]). This means that according to an arbitrary r we can develop infinitely
many orthonormal bases generalising the traditional Fourier cosine functions.

We are mainly interested in the series expansion, say, SI")(f;x) of a piecewise
smooth function f on [—1, 1] based on the present orthonormal set {1} . Con-
vergence analysis for the series SU/(f;x) tells us that it converges pointwise to an
average value of left- and right-side limits { f(x_) + f(x,)}/2 foreach x € (-1, 1).
At the endpoints x = =1, SUI(f;x) converges to f(1_) = lim,_,_ f(x) and
f(—1,) = lim,,_,; f(x), respectively. Moreover if f is continuous as well as
piecewise smooth on [—1, 1] then for any 0 < r < 1 the uniform convergence of
the series SU!(f;x) to f(x) can be proved. Additionally, results of the pointwise
and uniform convergence of the series S")(f; x) are extended to a function f whose
derivative has weak singularities at the endpoints of the interval. On the other hand,
in order to show the potential of the series SU!(f;x), the Gibbs phenomenon for a
discontinuous function and the periodic extension are also investigated.

Approximation to a function f by the Nth partial sum SU(f; x) of S"(f; x) is im-
portant in practical applications. For instance we consider several functions for which
the traditional Fourier series approximation is not satisfactory. From the numerical
results we can take notice of the superiority of the present series approximation, at
least, for the function having a pick near a centre or endpoints of the interval [—1, 1]
and for the function whose derivative has weak singularities.

This paper is organised as follows. In Section 2 we define a generalised sigmoidal
transformation and then for any r > O construct an orthonormal set of functions w,[",
k=0,1,2,..., by using the Fourier cosine function and the sigmoidal transforma-
tion. In Section 3 we consider a series expansion based on the functions 1/f,£" called a
sigmoidal cosine series (SCS). Using the inherent properties of the sigmoidal trans-
formation, we prove the pointwise and uniform convergence of the SCS which forms
the main theorems of this paper. In Section 4 the Gibbs phenomenon for a discontin-
uous function is investigated and Section 5 includes comments on the periodic even
extension of a function defined on the half-interval [0, 1]. Several numerical examples
are worked through in Section 6 to show the availability of the SCS compared with
the traditional Fourier series.

2. Construction of orthonormal sets

We define the sigmoidal transformation, whose original definition can be found in
the literature [3, 4], as follows.
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DEFINITION 2.1. For any r > 0, a real-valued function denoted by y,(y) which has
the following properties is called a sigmoidal transformation of order r:

(S r.(y) € C[0,1]NC=(0, 1) with »,(y) = y.

$2) »M+y(1-y)=10=<y=<l

(S3) y,(y) is strictly increasing on [0, 1] with y,(0) = 0.

(S4) Onthe subinterval [0, 1/2], the first derivative y;(y) is strictly increasing when
r > 1, and it is strictly decreasing whenr < 1.

(S5) Neary =0,y (y) =0@("7),j=0,1,2,..., |r}, where | r] denotes the
greatest integer less than or equal to r.

In fact y,(x) is a one-to-one mapping from [0, 1] onto itself and its inverse y, !
is strictly increasing on [0, 1] and, from (S2), it also satisfies the relation y,~'(y) +
¥,~'(1 — ) = 1. Further it follows that forall0 < y < |

M =r0-», »wO+y'1-y)=0,
and, similarly to (S5), near y =1

vy =14+0(1-y))
and

Vr(j)(y) =0((1—=y, j=1,2,...,Lrl

In addition it is observed that y,(1/2) = 1/2 and y,"(1/2) = 0. As an example of a
sigmoidal transformation, we introduce a simple sigmoidal transformation [10] such
as

r

-y

y+(1 -y

which has the particular properties that y,~' = y,,, and y,(1/2) =r.
We define new functions such as

v(y) = y <1, Q@.n

Y (x) i= cos [kmy, (1 +x)/2)], k=1,2,3,..., (2.2)
with ¥{(x) := 1/+/2. Then for a weight function defined as
w(x) := Yy ({(1+x)/2)>0, —-l<x<l, 2.3)

we have, by a change of variables t = y,((1 + x)/2),

1
W= [ e eov ) dx

|
= 2C,-C,-/ cos(imet) cos(jmt)dt = 6,
(4] .
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where the value of Cy is 1/+/2 when k = 0, and 1 when k& # 0. That is, the set
{ w,ﬁ”(x)},f‘;o is orthonormal with respect to the inner product (-, -),,. Moreover, noting
that {coskmt}2, is an orthonormal basis for L,([0, 1]), it is straightforward that
{ w{’](x)},‘:io becomes an orthonormal basis for the weighted L, space, L, ,([-1, 1})
equipped with a norm || 2., = (f, f)}/%

For a special case of r = 1 it can be found that since y,(x) is an identity map the
function " (x) with w!'l(x) = 1 produces

Y (x) == yi'l(x) = cos [kr (1 + x)/2], (2.4)

fork =1,2,3,..., with Yp(x) := 1 /«/5. Thus we can note that the present function
¥ (x) is a generalisation of the simple cosine function ¥ (x) accompanying a varied
weight function w!"1(x) with respect to r > 0.

THEOREM 2.1. For each integer k > | the function 1/f,£'](x) with r > 0 has the
following properties:

) ¥(=1) =1, ¥}"(0) = coslkm/2), Yyl (1) = (—1)%;
Gi) ¥ (—x) = (=D*yi )

(iii) near x = —1 and x = 1, respectively,
Ny =1+0(1+x%), ¥ =D"+0(1-x7*); and

(iv) the zeros of 1//,[('] are

2j—1
X =2y (—%{—)—1, J=1,2,.. .k, @2.5)
which satisfy —1 < x{'} <x{} <.~ <%l <xl} < 1and
= —xll e J=h2 . [k D2). 2.6)

PROOF. Since y,(0) =0, y,(1/2) = 1/2 and y,(1) = 1 property (i) is clear. From
(S2) and the definition of w,f’] in (2.2),

Y (—x) = cos [kn {1 -V (1 -;-x)}] = (—1)*cos [knyr (—1 -;—x)] ,

which proves property (ii). Then property (iii) can be derived by observing the local
behaviour of y, given in (S5) and the Taylor series expansion of the cosine function.
Finally, solving the straightforward equation ¥, (x) = 0, we have solutions of the
form (2.5). Since the inverse y,~! of y, is also strictly increasing and it satisfies the
relation y,"'(n) + ,7'(1 — n) = 1 on the interval [0, 1], the zeros x,["} are strictly

increasing and (2.6) holds. O
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FIGURE 1. Graphs of ¢! (x), r = 1/2, 1,2, foreachk = 1,2,3, 4.

For instance, Figure 1 compares the graphs of 1//,E’l(x), r =1/2,1,2, for each
k = 1,2,3,4. Therein the simple sigmoidal transformation y, in (2.1) was used.
It is found that the higher the order r is, the further concentrated on the centre
x = 0 the oscillating part of ¥!"'(x) is. In other words, compared with the graph
of Y (x) = xb}”(x), the oscillating part of 1/f,£” (x) is pushed toward both endpoints
x = %1 as r becomes lower. Table 1 includes standard deviations,

' 12
1 [,12
[rl _
0 = ;Zxk-f
j=1
[r]

of the zeros of w,f’](x), which shows the dispersion of the zeros x,’; in (2.5) with
respect to various values of r. Note that for all k > 2 the standard deviation of
the zeros of the Chebyshev polynomial 7, (x) = cos[k cos™ x] is 1 /ﬁ 2 0.707107
which is between those of " and y}'/?.

LEMMA 2.2. For any r > O the weight function w')(x) defined in (2.3) has the
following properties:

i) w'(~x) = w(x) with w"(0) = y/(1/2) and dw'"(0)/dx = 0;
(ii) near both endpoints x = %1 the local behaviour of w'"\(x) is

w(x) = 0 (1 —x?)).
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TABLE 1. Values of the standard deviations o} of the zeros of y\"\(x) with respect to the order r

(k = 2,10, 15, 20, 25).

[r] [r] [r] [r]
) O Iys 02 O2s

0.068556 0.101124 0.104207 0.105828 0.106836
0.136470 0.197435 0.202671 0.205325 0.206929
0.267949 0.362632 0.368333 0.370899 0.372317

1 0.500000 0.574456 0.576066 0.576628 0.576888
1/2 0.800000 0.755518 0.755512 0.755511 0.755511
1/4 0.975610 0.872584 0.872563 0.872563 0.872563
1/8 0.999695 0.939622 0.936019 0.936257 0.936243

N B oo

PROOF. Since y,(y) = y/(1 — y) it follows that

1—x 1+x
e =y =y | —— = [r] .
w(—x) V,( ) ) )’,( > ) w"(x)
Differentiating (S2) twice gives y,"(y) + 7, (1 — y) = 0 so that
dw!” dw!” 1 1 +x 1—x
_ —_ - mf T~ ” = 0
P x)+ dx( X) 2{}’,( ) >+)’r( 2 )}

Thus we have dw!"}(0)/dx = 0 by substituting x = 0.
For property (ii), referring to (S5) in Definition 2.1, we can see that

(x) o((1+x)") for x near —1;
w(x) =

v, (1 +x)/2) = y/((1 —x)/2) = O((1 —x)""") for x near 1.
This completes the proof. a

3. Sigmoidal cosine series (SCS)

We recall that a function f is called piecewise continuous if it has at most a
finite number of points of discontinuity and, in addition, the one-sided limits exist at
each point of discontinuity. Furthermore we introduce the definition of the piecewise
smooth function as follows.

DEFINITION 3.1. We say that a function f is piecewise smooth on [a, b] if and
only if

(1) f is piecewise continuous on [a, b];
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(2) the first derivative f’ is piecewise continuous on [a, b]. More precisely, the
one-sided derivatives of f at each point in [a, b] exist in a sense as follows:

(i) Ateach x € (a, b] the following limit exists:

I f) - flx=h)
im :

h—0, h

(i) Ateach x € [a, b) the following limit exists:

i fx+h) — flxy)
m .

h—>0, h

For a piecewise continuous function f on an interval {—1, 1] we consider a series,
called a sigmoidal cosine series (SCS),

SU(fix) = ;an,[.r](x) = % + gcn cos [nnyr (1—+2—X>] , (3.1)

where —1 < x < 1 and the coefficient ¢, is
1
Cp = f w@yye) f@)de. - (3.2
-1

We denote by S/ (f;x) = 3N ¢, (x) the partial sum of the SCS, S)(f;x).
From now on we will show a pointwise convergence of the present series given
in(3.1). If weset§ = y,((l + x)/2), 0 < & < 1, then the coefficients in (3.2) become

1 .
Ch = 2/ cos[mnslf (2y,"(s) - l)ds, n>1, (3.3)
0

with ¢y = ﬁfol f(2y,"(s) — 1) ds. Thus from (3.1) we have

N

l 7
S}J](f;x) = 2/ f (2y,"(s) - 1) Z cos[mns)cos[rnElds
0

n=0

1 v,
=f f@v7s) = 1) Y {coslmn(s — £)] + cos[rn(s + €)1} ds
0

n=0
1
= f f (277" (s) = 1) Dn(s; €) ds, (3.4)
(1]
where Y a, = ao/2 + YV a, and Dy(s; §) is a kernel defined by
N
Dy(s;§) = Z/ {coslmn(s — £)] + cos[n(s + E)]}. 3.5
n=0
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Using an identity

N

! i N +1/2)8
Z cos{mnf] = sin7( t /2) )
s 2sin 56

we rewrite DN (s;&) as

sinm(N +1/2)s — &)  sina(N+1/2)(s + &)

Dy(s;§) = ZSin%(S—f) 25in%(5+§_)

= Tz g M@V FDE -8

sinz (N + 1/2) (s+£)]
sinZ(s + &)

+ sin%(s - &)

= mGN(S§'§)- 3.6)

Following the procedure given in the literature [5] for the convergence analysis of
the standard Fourier series, we can also obtain the convergence of the present SCS
SY(f;x) with respect to the range of r. First, we need some properties from the
following lemma.

LEMMA 3.1. Foreach 0 < £ <-1 we have:

(i) For any piecewise continuous functions g(s) and h(s) on the intervals [0, ]
and [, 1], respectively,

3 1
lim/ g()Gn(s;§)ds = lim/ h(s)Gn(s;&)ds = 0.
N-oo 0 N—o00 £
(ii) For any integer N > 1,
& N 1
/ Dy(s;§)ds =& +Z — sin(2mn§)
0 “~ nn

and

1 N
- 1 .
/E Dy(s;8)ds =1 —& — ; — sin(2mng).

In addition, and consequently, fol DN (s;6)ds = 1.
(iii)
> ()" sin@rng) = 1/2 - &

n=l|
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PROOF. From (3.6),
§
f 8(s)Gn(s;€)ds
0

3
=/ 2(s) [sin TOoN+ 1) —¢8)
A 2

+si it_( N sin Z(2N + I)(s + §)
sma SinZ(s + &)
§ sinZ(s — §) .
= g(s)[1+T——}cos(N+1/2)§smn(N+l/2)sds
sin Z(s + &)
(){ sin 3 (S—E)] in (N + 1/2) £ cos 7t (N + 1/2) s ds
s S IG T E) sin / .

If we define two functions

' sin £ (s — §)
kl(s):=4g(s){1 m]COS(N+1/2)E, 0<s<§&,
0 . E<s<l,
and
' sinZ(s —£)]
kz(s) =‘g(S)[1—Sln%(S+§) sm(N+1/2)§, 05ssg’
0 £ <s <1,
then

§ 1 .
fg(s)GN(s;s)ds=/ k.(s)sinl(_z"’%){ds_/ ko(s) cos TENHDs
0 0 —

Since k,(s) and k»(s) are piecewise continuous on [0, 1], the Riemann-Lebesgue
lemma implies limy_, o j: g(s)Gn(s;€)ds = 0.

Similarly it also follows that limy_, o fEl h(s)Gn(s;E)ds = 0.

For property (ii), we have from (3.5)

- ¢ N,
/ Dy(s;€)ds = 2/ Z cos[mns)cos[mnElds
0 0 n=0

£ v ¢
=2 {5 + Zcos[zrn&]/ cos[nns]ds]
n=1 0

N
|
=&+ ; - sin[2mné].

https://doi.org/10.1017/51446181100010075 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100010075

460 Beong In Yun [10]

Similarly it follows that

1 _ N 1
/ Dn(s;8)ds =2 [1—2&’- + Zcos[mx&]/ cos[nns]ds]
n=1 §

£
A
=1-&- ; po sin[2mrn&].
Finally, for property (iii) we define a function
=1
A() =& + Z": — sin(wng).

Then from the formula (FI II 559) in [6], we have

o0

1 .
Z — sin(nx) = tan™! (in_x_) , 0<x<2m,
“—~'n Il —cosx
and A(£) becomes
1 sin 2w
AE)=E+ —tan"' (a(®), a)= ___&
T 1 —cos2né&
Since
4(E) = 2m(cos2mE — 1)
T A — cos2mE)?
and 1 27E)? +sin?2 2 2 1
| +a) = (1 —cos2m&)* +sin“2wé _= (cos2mé — ),
(1 —cos2m&)? (1 —cos2mE)?
it follows that | ‘)
a
AE)=14+ ———"——=0.
®) +7tl+a(§)2 0
Therefore A(§) = constant. But A(1/2) = 1/2, and thus we have A(§) = 1/2 for all
0<€& <. O

Owing to the results above we can directly induce the pointwise convergence of
S}J'( f;x) as shown in Theorem 3.2, which is parallel to Dirichlet’s theorem [5, 9] for
the partial sum of the Fourier series.

THEOREM 3.2. Let f be a piecewise smooth function on the interval [—1, 1]. Then
foranyr > 0and for each —1 < x < 1, the partial sum of the SCS of f converges as

1
Jim SUI(f5x) = S+ fx) 3.7
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In addition, at the endpoints x = X1, forO <r <1,
lim SYNfi D) = £(10),  lim SYI(f—1) = f(-1,), (3.8)
N—=oo N—oo
respectively.

PROOF. For afixed —1 < x < 1 we define a function g,(s) with§ = y,((1+x)/2),
0<E&<l,as
Ry, sy -1 — f(x)
gn(s):=f Y ~ A .
2sin Z(s — &)

Then

fO)-fQy') -1  &-s
E—s 2sin§(§—s)'

Noting that for any r > 0 the function y,~" is smooth and strictly increasing on (0, 1),

from condition (i) in Definition 3.1 (2) we can see that g,(s) is piecewise continuous

on the interval [0, £]. Therefore, from Lemma 3.1 (i),

39

lim = lim
s—l>5_ & (S) s=>E_

4
h!im g1(8)Gn(s;8)ds = 0.
- Jo
Since Gy (s; &) = 2sin S (s — E)DN(s; &) from (3.6), it follows that

£ £
Jlim [f fQy'(s) = 1)Dy(s;8)ds — f(x_) f DN(s;s)ds]=o,
- {Jo 0

or
¢ 5
h}im/ f(2V,"(S)—1)5~(s;§)ds={A}imf 5~(s;§)dSIf(x_)-
—®Jo =% Jo

Similarly, using a function g,(s) defined as

_f@y7) =D~ fx)
B 2sin (s — &) ’

we can see that Lemma 3.1 (i) and condition (ii) in Definition 3.1 (2) imply

g2(s) : (3.10)

1 1
A}im / f (2yr“(s) - 1) l~)N(s;§')ds = [’Jim / DN(s;E)ds] f(x3).
—00 13 —>00

£

Therefore, if we set o := limN_.oof(f [)N(s;!,-') ds and 8 := limy_, feI DN(s;s)ds,
then from (3.4) we have

Jim SYI(f5x)
& 1 -
= lim [/ @y (s) ~ I)DN(S;E)dS+/ @y (s - l)DN(S;E)dS]
- 00 0 &
=af(x) + Bf(xy).
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However, from Lemma 3.1 (ii)~(iii), forall —1 < x < 1 (thatis, 0 < § < 1),
| 1
« =§+§Esin(2nn5) =5
On the other hand, since fol Du(s;€)ds = 1itis clear that

1
a+,3=h}im/ 5N(s;§')ds=l,
— 00 0

that is, B = 1/2. This results in Equation (3.7).
For the case of the endpoint x = 1 (that is, & = 1) the condition 0 < r < 1
implies that, in the formula (3.9), lim,_;_g,(s) exists because (y')'(1) exists and

thus f(1-) — f2y, " !(s) — 1) = O(1 —s) for s near 1. Since g, is now piecewise
continuous on [0, 1] it follows that

i
Jim SV fFiD = {Nlim / DN(s;l)ds}f(l_) = f(1.).
- 00 - 00 0
When x = —1 (that is, § = 0) we have similarly that
1
Jim SV(fi-1 = [Nlim f [)N(s;O)ds} f(=1,) = f(—=1,). m]
—00 - Jo

THEOREM 3.3. Let f be continuous and piecewise smooth on [—1, 1). Then for
any 0 < r < 1the SCS of f, S")(f; x), converges uniformly to f(x) on[—1, 1].

PROOF. Define a function
h(s) = fQy'(s)=1), O0<s<l. (3.11)
Since (') (s) = O(s""")nears = 0 and (y,7")'(s) = O((1 —5)"/" ") nears = 1,
the derivative h'(s) = 2(y,"")'(s) f'(2y,"'(s) — 1) is piecewise continuous on [0, 1]

for any O < r < 1, and thus /(s) is continuous and piecewise smooth on [0, 1].
From the formula (3.3) the coefficient of the SCS of f can be rewritten by

1
Ch = 2/ cos[nmslh(s)ds
0

which is the Fourier cosine coefficient of & on the interval [0, 1]. Therefore the series
Z;’i, |c.| is convergent and thus, from (3.1) and the Weierstrass M -test, the series

. Co = 1 +x
Iim S"]( X)) = —+ C, COS [nn A (———):'
N—=o00 N f \/5 "Z=l: y 2
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converges uniformly on [—1, 1]. Furthermore, from Theorem 3.2, we can see that
SU(fix) converges uniformly to {f(x_) + f(x4)}/2 = f(x) on (—1,1) and to
f(£1) at the endpoints x = %1. O

The following theorem shows a connection between the differentiability property
of a function and the rate of convergence of its SCS according to the order r.

THEOREM 3.4. Let f € C*'([—1, 1]), k > 1, and let f® be piecewise continuous
on [—1,1). Then for any 0 < r < 1/k the SCS coefficients c, of f satisfy n*c, = 0
asn — 00.

PROOF. The kth derivative h®¥'(s) of the function h(s) defined in (3.11) contains
(¥H9 and fV for j = 1,2, ...k. Since near s = 0 and s = 1, respectively,

¥ Yy = 06", (7 HPs) =0 —95)"),
the condition 0 < r < 1/k implies that the function A (s) is piecewise continuous

on [0, 1].
Further, we note that forany 0 < r < 1/k%,

hP0)=hrP1)=0, j=1,2,....,k—1.
Thus, by using integration by parts k times, we can see that the coefficients of the SCS
given in (3.3) become for all n > 1
(_ 1)(l+k)/2

(nm)t
(___ 1)k/2

(nm)*
Since the integrals in these formulas are the Fourier coefficients of 2%’ which is

piecewise continuous on [0, 1], they vanish as n — o0 by the Riemann-Lebesgue
lemma. Therefore it follows that n“c, — Oasn — 00. (|

1
2 / sin[nrs]h®(s)ds, kisodd,
0

Cp =

1
2/ cos[ns]h®(s) ds, k is even.
0

The next theorem shows the convergence of the SCS for a function which is not
piecewise smooth on the interval [—1, 1}, in general, but whose derivative may have
a weak singularity at the endpoints.

THEOREM 3.5. Let f be a piecewise smooth function on any interval [a, b] for all a,

b such that —1 < a < b < | and assume that near x = 1 and x = —1 the behaviour
of f is, respectively,
f&X)~ A+ B(1-x)", f(x)~ A+ B(1+x)7", (3.12)

where n;, 1, > 0, and A; and B; are constants such that B} + B2 # 0. Then for any
0 < r < n = min{n,, n,} we have:
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(i) The partial sum S,[J]( f:x) converges on the interval [—1, 1] in the form of
(3.7) and (3.8).

(ii) If, in addition, f is continuous on [—1, 1] then the series SU)( f; x) converges
uniformly to f(x) on[—1, 1].

In particular if By = B, = 0, the results above hold for all r > 0.

PROOF. Referring to the proof of Theorem 3.2, we only have to consider the cases
of x = *1. First, let x = 1 or £ = 1 therein, then from (3.9)

J— _l — —_—
lim g/(s) = fim 0= SO =D 1-s
P sl 1-s 2sin3(1 —s)

Since near s = 1, from (3.12), f(1.) — fQy,'(s) — 1) = O((1 — s)™/"), we have

p— —I —_—
lim 242 = f@Cr7 ) — 1)

— — ym/r=1
s— 1. I —s =kl -+ ’

where k is a constant. Thus, for any 0 < r < 5y, g,(s) is piecewise continuous on
[0, 1] so that

1
Jlim S D = Jim f £ (2y,7'(s) = 1) Dy(s; ds = f(12) = A,.
—>00 - Ju

When x = —1 or £ = 0, similarly it can be seen that the function g,(s) defined in
(3.10) is piecewise continuous on [0, 1] for 0 < r < n,. Therefore

1
Jim SYICf —1) = lim / f 2y s) = 1) Du(s;0)ds = f(—1,) = A,
— 00 —00 0

which completes the proof of property (i).
On the other hand, for the function A (s) defined in (3.11), its derivative

R (s)=2"YOf 2y () - 1)

behaves like
Wiy = | (A =9""7"). near s =1,
O(sm/"="), near s = 0.

Then for any r < n = min{n,, n;} the function h(s) is piecewise smooth on [0, 1},
and thus Theorem 3.3 implies property (ii).

In a particular case of B, = B, = 0 the local behaviour of the functions g,, g, and
h near both endpoints x = £1 (¢ = 1, 0) does not matter in the statements above.
Thus properties (i) and (ii) are true independently of r > 0. a
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4. The Gibbs phenomenon

If a function f has a discontinuity at xo then any series expansion such as the
Fourier series, SF(f;x), or the present SCS, S"I(f;x), cannot converge uniformly
on any interval containing xo because the series is composed of continuous functions.
The lack of uniformity of a series expansion reveals itself in a particular way known
as the Gibbs phenomenon {5, 7,9]. That is, as one adds on more and more terms, the
partial sums of the series expansion overshoot and undershoot f near the discontinuity
xp and thus develop spikes that tend to zero in width but not in height.

Taking account of the behaviour of ¥ in Figure 1, we expect that the SCS S!
based on y\"! may further reduce the spikes in width by controlling the value of r. For
example, we consider a simple piecewise continuous function,

0, -1<x<0
x) = - 4.1
g(x) N O<x<l, 4.1

with a discontinuity xo = 0. Since this is the case of B, = B, = 0 in Theorem 3.5
any r > 0 is available for the pointwise convergence of the SCS S (g; x). The partial
sum of S")(g; x) takes the form

SWNgix) = ﬁ +Z{c2k WAL () + eu¥id ()], (4.2)

in which the coefficients are, for each k > 1,

1 1 (-—1)" .
Cuo = f weOwl!  (x)dx =2 / cos[(2k — 1)ms]ds = 2—————
0

" 2k — Dm
and | .
Cu = f w vl () dx =2 f cos[(2k)rs)ds =0
with O "
— 1 I [r] — 1
co—jif;w (x)dx—ﬁ.

Therefore (4.2) becomes

1 2 (-1 T+x
Stlg:ix)==4+=) ———cos [(2/( - Dy, < )] . (4.3)
N n ; 2k —-1)

N

2

Referring to the literature [7], we investigate the Gibbs phenomenon of the present
SCS for the function g given in (4.1). If we set

1+x) 1+¢ l<t<l
yr' 2 hae 2 L] —_— —_ %
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then S}Jl in (4.3) becomes

N

. 1
SN@x =5+
k=1

N
1 ! 2k —1 1 1 ['sin(Nm1)
= -+ Cos nt|drt —+—/ —d
;/o [ 2 ] 272, sine/2) "

The last equality was due to the equation
N .
[2k —1 ] sin(Nrt)
E cos AT | = —/—— .
= 2 2sin(mrt/2)

By the change of variables N17 = y, we have

sin[(2k — 1)t /2]
@k —1Dmr/2

N

1 Nt siny 1
sl 1x) = — —/ —_——dy. 44
V@D =53 SnGzN) Ne & 44)

If we differentiate Sl (g; x) with respect to x, then

dS’[Jl(g;x) _ 1w[" . sin(Nrt)
dx 2 sin(tm/2)

Thus S,[J' (g; x) has extreme values at the critical points, say, x, = 2y,"' ((1 + #)/2)—1
with t, = k/N forintegers k = +1,£2,..., &N — 1. Thatis,

41 k
X =2y, -2—+ﬁ - 1.

This implies that as » > 1 grows larger, the critical points x; of the SCS become
further clustered toward the centre x = 0 while those of the Fourier series, ¢, are
uniformly distributed.

Moreover, for r > 1, the width Ax; := x4+, — x; of the spike becomes

N Y U T AN U A B A (V2!
A"*_zly' (2+ 2N) Y (2+2N)] N @

for k <« N due to the asymptotic behaviour,
v /240 ~ 172+ () (1/2)n,

for small n. For instance if the simple sigmoidal transformation given in (2.1) is
employed for y, then, since (y,')'(1/2) = (y1,,)(1/2) = 1/r, (4.5) becomes

Axg ~ 1/(rN). (4.6)
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That is, even if N is not very large, the widths of the spikes near the discontinuity
xo = 0 are decreasing as the order r > 1 grows.

Setsy =1 =1/N and x}, = x; = 2y,'(1/2 + 1/(2N)) — 1 at which the Fourier
series S,*f, (g; x) and the SCS S}J] (g; x), respectively, have maxima or the highest spikes.
It is well known that S§,(g; ty) ~ 1/2+(1/m) Si(zr) = 1.0895 for sufficiently large N
[7,9]. Simultaneously, from (4.4), it also follows that

(] / sin siny 1 1
Sy (gxy) ~ = + — dy = - + —Si(n) @7
T2 0
for sufficiently large N. It should be noted that no matter how large N may be, the
error SF(g; %) — g(0,) = SV (g; x3) — g(0,) = 0.0895 is inevitable.

On the other hand, in order to search for the height of the spike of S (g; x) at the

point x = t5, let N be large enough. Then

11\ 1 1\ 1 sy y
— [ W 4 — — d —— ~ _—
(2 + 2N> IR (2) oy e s (2N) 2N

Therefore we have from (4.4)

] 1 1 Nr{2y.(1/2+1/2N))-1} sin 1
St =i+l [ S
2 2/ sm(y/2N) N
1 v /DT gin 1
~ Ly _/ Y gy =Ly Lsigamm, @8
2 mJ y 2 n

which approaches the value g(0,) = 1 for large r because the sine integral Si(x)

converges to /2 as x — 00. Particularly if y, is substituted by the simple sigmoidal

transformation given in (2.1) then (4.8) becomes S,[J](g; ty) ~1/2+ (1/7)Si(rm).
Suppose now N is not very large and let r be large enough. Then y, (3 + 35) ~ 1

and we have
1 1
2k -1 =4+ —1|~-1
cos [( Iy, (2 + 2N>]

Thus from (4.3) it follows that

1 2
S @1y ~ 5 + —Z
T =1

)k+l

We note that

Y o(- D ( 1)” N 3 N
Yo e 5) (3

k=1
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L F 1O vy 1 F »
05 05 |
0 ftp AA ()} A
-1 -0.5 0 05 1 -1 -0.5 ()} 05 1
(a) Fourier series S&, (b) SCS Sk’
1 B 1t
0s 05 |
0 1 'AI 1 0 1 [}
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(c) SCS sl (d) SCS 5k

FIGURE 2. The Gibbs phenomenon of the partial sums of the Fourier series Sf, and the SCS S¥/,
r = 1,2, 4, for a piecewise continuous function g(x) with N = 20.

where  is the digamma function defined by ¥ (z) = I''(2)/T'(z). Therefore we have

o ey <-1>”{ (1 Ny _ (3 ﬂ)]
Sy (gity) ~ 1+ oy ¥ 4+2 Y 4+2 ,

for r large enough.

The Gibbs phenomenon of the partial sums of the Fourier series, S,‘f,, and the SCS,
S,[J], combined with y, given in (2.1) is illustrated in Figure 2 for N = 20. It can
be seen that as r goes higher, with N fixed, the widths of the spikes of S¥ become
shorter.

5. Periodic extension of a function on [0, 1]

Suppose we are interested in a function f on the half-interval {0, 1] rather than
[—1, 1] and we take the even extension f.., of f such that

fevcn(—x) = f(x), 0<x<l.

Then since both w!"! and %7 are even and 17}, , is odd as shown in Theorem 2.1 (ii),
the coefficients of the SCS of fe.., on [—1, 1] become

]
Con =2 / W @) fOWE () dt, i =0,
0
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for all n > 0. Thus the series expansion of f,., becomes

SO fovens X) = Y can ¥ (%), (5.1)
=0

If, in addition, y, is a 2-periodic even function on the real line R then so is 1//{21 since
Yl (x +2) = cos[2nmy, (1 + (1 + x)/2)] = cos [2nmy,(1 — (1 + x)/2)]
= cos [2n7{1 — 3, ((1 + x)/2)}] = ¥, (%)

for all x € R. In the result, for a function f satisfying the assumptions of Theorem 3.3
on the interval [0, 1] the series S'"1( feven; x) in (5.1) converges uniformly to f(x) on
[0, 1], and thus it is a 2-periodic even extension of f to the whole real line R.

On the other hand, if we take the odd extension fu44 of f such that

foas(=x) =—f(x), 0<x<l,

then the coefficients of the SCS of f.,4q on [—1, 1] become

1
=0, Copr=2 / W) FOPL, (1) de,
0

for all n > 0. Thus the series expansion of f,44 becomes

o0
S foaai X) = ) Cont1 Wi (X)-

n=0

However, even if y, is 2-periodic, w;;],r, is not 2-periodic but 4-periodic on R. There-
fore S!"( f,4; x) becomes a 4-periodic odd extension of f to the real line R.

In fact, referring to the properties (S1)—~S5) of the sigmoidal transformation y,, we
can extend it to a 2-periodic even function on R such as

v () =y (lx —2lx + 1D/2]1), x€R.

It is also seen that for any even integer m > 2 a special kind of sigmoidal transforma-

tion,
1

1 4 cot"(wx/2)’ ©2)

Ym(x) =

becomes a 2-periodic even function-on R in itself [14].
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TABLE 2. Numerical results of Ey f; for the SCS and the Fourier series.

SCS Fourter series
N sy sy sy’ sk
8 74x107" 15x10T 36x107T  3.7x1077
16 65x107%2 S5.6x10% 2.0x10"! 1.3 x 107!

24 3.1x1073 71x10° 11Ix107'  6.5x10?
32 L1x107% 24x107° 69x1072 4.1 x 102
40 32x107% 1.0x10° 49x1072 29x 1072

80 29x107'% 6.8x1077 1.7x 1072 1.0 x 1072

6. Numerical examples

In this section we consider several functions defined on a finite interval [—1, 1] to
which the approximation by the partial sums of the Fourier series is not good over the
whole interval. For comparison of the numerical results, we define an error such that

i 12
Enf = [/l{f(x) - sN<f;x)}2dx] ,

where Sy (f; x) denotes the Nth partial sum of a series expansion S(f; x) in general.
In the following examples S}, denotes a partial sum of the Fourier series S¥ where

N
S,f,(f;x) = %q +Z {a,, cos(nnx) + b, sin(n'ftx)], —-1=<x<1,

n=1

and a, = [ cos(nrt) f(t)dt, b, = [ sin(nre) f(0) d1.

EXAMPLE 6.1. (A smooth function having a pick near an endpoint.) Consider

f,(x):e"sinl: 2x7 ]

xt =2

Since f;(x) takes the form of a high pick near an endpoint x = 1, the Fourier series
converges very slowly. Numerical results of the errors Ey f; for the Fourier series S¥,
and the present SCS SU, r = 1/4, 1/2, 1, are given in Table 2 for various N. Itis seen
that the errors of S§! with r = 1/2 and 1/4 are much better than those of the Fourier
series Sy, for all N > 16. It is also seen that SV exceeds SU/ for large N > 40.

Figure 3 shows differences between f, and S}, in (a) and those between f, and S}JI
with r = 1/4 and 1/2 in (b). One can observe that the approximation by S,[J] with
r = 1/4 or r = 1/2 dramatically improves the Fourier series approximation.
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1.0

-1.0 A—

0.6

(b)

FIGURE 3. Graphs of the differences f, — S§ (in (a)) and f, — %' (in (b)). In (b) the thin line and the

thick one indicate S}J/ “l and Sx/ A respectively.

Superiority of the SCS in convergence seems to result from the particular feature
of the base function ") in the vicinity of the endpoints which can be inferred from
Table 1 and Figure 1 in Section 2. '

EXAMPLE 6.2. (A non-piecewise smooth function.) Consider f,(x) = e*+/1 — x2.
The function f>(x) is not piecewise smooth on [—1, 1] because its derivative is un-
bounded at the endpoints x = +1. Thus its Fourier series cannot guarantee point-
wise convergence on {—1, 1]. However Theorem 3.5 implies that the SCS S}J] with
0 < r < n = 1/2 converges uniformly to f>(x), and thus in the following numerical
fulfillment we have takenr = 1/4 andr = 1/2.

Table 3 includes the errors Ey f; and values of (Dy f,)(x) at the endpoints x = %1
defined by (Dy f)(x) = | f(x) — Sy(f;x)|. Thatis, Dy f,(—1) and Dy f2(1) denote
the deviations at both endpoints which seem to be noticeable pointwise errors. Like
the case of f,, we can see that the errors Ey f, of S}J] with r = 1/2 and 1/4 are much
better than those of the Fourier series S, for all N > 8. Similarly to the results of
Ey f>, the deviations Dy f,(~1) and Dy f,(1) of S§' highly improve those of S¥,.

Figure 4 shows the graphs of the differences f, — Sk in (a) and those of f, — S
with r = 1/4 and 1/2 in (b). We can see that though the number of the series is not

]
N
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TABLE 3. Numerical results of Ey f2, (Dy f2)(~1) and (Dy £3)(1) for the SCS and the Fourier series.

SCS Fourier series

Errors N S,[vlm S}Vlm SE
8 23x107% 14x1007 96x10"%7
16 23x107* 41x1073 S.1x10?
Enfa 24 37%x107% 19x1073 3.5x 1072
32 87x1077 1.1x107% 2.6x 1072
40 3.7x1077 75x107%  2.1x 1072

8§ 62x1073 97x10® 44x107!
16 1.5x10™% 70x103 33x10™!
(Dnfo)(—1) 24 49x107% 52x107* 2.7x107!
32 12x100° 41x107* 24x107!
40 66x 1077 33x1073 22x10"!

8 19x102 13x107' 44x10!
16 1.8x107% 67x1072 3.3x10"!
Dy f2)(1) 24 29x107° 45x1072  27x107!
32 13x107° 34x1072  24x107!
40 6.7x107° 27x1072 22x 107!

0.2 0.2
N=8 N=8
0 0 -/\Oo\l
-0.2 1 L L 02 L 1 1
1 -0.5 0 0.5 1 -1 0.5 0 0.5 1
0.2 0.2
N=12 N=12
0 0
_0.2 1. 1 —L _0.2 i 1 i
1 -0.5 0 0.5 1 1 0.5 0 0.5 1
0.2 0.2
N=16 N=16
0 0
_O 2 1 1 L 0 2 I} 1 L
1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(a) (b)

FIGURE 4. Graphs of the differences f, — S§ (in (2)) and f — Sk' (in (b)). In (b) the thin line and the

thick one indicate SL;/ “ and S}J/ 2 respectively.
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0.60
N=8
0 E
-0.60 ) SN § 1
-1 -0.5 0 0.5
0.30
N=16
0
-0.30 ! L L
-1 -0.5 0 0.5
0.15
N=24
0
-0.15 : . 1
-1 -0.5 0 0.5
(@

473
0.6
N=38
0 E—-M%%—
_0.6 i 1 1

0.30
N =16
0 Sl i Ae
_0.30 1 1 N
-1 -0.5 0 0.5 1
0.15
N =24
0 A
_0‘15 1 1 § I
-1 -0.5 0 0.5 1

. (b)

FIGURE 5. Graphs of the differences f; — S (in (a)) and f3 — Sy (in (b)). In (b) the thin line and the

12]

thick one indicate S};‘] and S, respectively.

oS5 r

0 HansallAaasdy

i

o

ARAAAAA

-4 0 1
1
N=12
0.5
0 L‘
-4 0 |
(a)

N=6
05 t
o
-4 0o 1 4
1
N=12
0.5
OL J
4 0 1 4

(b)

FIGURE 6. Periodic even extension of f3(x), 0 < x < 1, by the Fourier series S,f, (in (a)) and the SCS
S (in (b)). The thick line indicates f;(x).
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TABLE 4. Numerical results of Ey f3, (Dy f3)(0) and (Dy f3)(1) for the SCS and the Fourier series.

SCS Fourier series

Erors N s s Sf = s
8 32x107% 76x1072 14x107T
16 67x107% 21x1072 7.4x102
Enfs 24 42x10% 6.1x1072 39x1072
32 35x107% 18x1073 2.1x10?
40 3.1x10% 61x10* 1.1x1072

8 58x107% 24x107' 49x 107!
16 47x10° 69x1072 2.6x107!
(Dnf3)(0) 24 46x107* 20x1072  1.4x 10!
32 98x 1075 56x1072  7.5x107?
40 52x107° 1.6x1073 4.0x1072

8 28x1072 4.0x1072 3.9x 1072
16 86x107% 12x1072 2.1x1072
(Dnf3)(1) 24 6.1 x107% 41x1073  1.1x1072
32 S3x1077 1.8x1073  59x1073
40 48x1077 1.1x10™* 3.2x107?

large (N < 16), approximation by the SCS S¥' with r = 1/4 or r = 1/2 is very
satisfactory compared to the Fourier series approximation. Further improvement can
also be obtained by taking a smaller value of r < 1/4 so long as N is modestly large.

EXAMPLE 6.3. (A rapidly decreasing even function.) Consider

1

S0 = T a00e

Referring to the proof of Theorem 3.3, we can note that since the derivative f;(x)
is very small near x =+ 1, the SCS SY' with somewhat large r > 1 is also uniformly
convergent on the interval [—1 + €, 1 — €] for sufficiently small € > 0. In fact, by the
numerical fulfillment, we have found that approximation by the SCS SY! with r > 1
rather than 0 < r < 1 gives a better result.

Table 4 includes the errors Ey f3 and the values of a function (Dy f3)(x) atx =0
and x = 1. Therein r = 2 and r = 4 are employed in S, and it can be noted
that since f; is an even function, S§, = S'. One can see that S results in better
approximation, in particular, at the central point x = 0 compared with S§. Figure 5
shows the graphs of f; — S}J‘, with r = 2 and 4, in comparison with those of f; — S§,
for N = 8, 16 and 24.

On the other hand, assuming that f3(x) is defined on the half-interval [0, 1], the
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periodic even extension by the SCS SL*! and S using the periodic sigmoidal trans-
formation y; in (5.2) is shown in Figure 6.
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