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Abstract

For an open subset Q of the Euclidean space R", a measurable non-singular transformation
T : J2 —*• n and a real-valued measurable function u on R", we study the weighted composition
operator UCT : f *-* u • ( / o 7") on the Orlicz-Sobolev space Wl-v(Si) consisting of those functions
of the Orlicz space Lv(Sl) whose distributional derivatives of the first order belong to LV(Q). We also
discuss a sufficient condition under which uCj is compact.

2000 Mathematics subject classification: primary 47B33. 47B38; secondary 46E30,46E35.

1. Introduction

Let <p : [0, oo) —> [0, oo) be a Young function ([1, 6]). Thus <p is a continu-
ous, convex, strictly increasing function satisfying <p(0) = 0, lim,_»oo^(0 = °°>
lim,^0+ <P(O/t — 0 and \im,^+0O <p(t)/t = +oo. We say that <p satisfies the A2-
condition if there exist constants k > 0, t0 > 0 such that </>(2r) < k<p(t) for all t > t0.
Associated with <p, we have the complementary Young function ip- : [0, oo) - • [0, oo)
defined by i/r(s) — sup[st — <p(t) : t > 0}.

Let (Q, s>/, fi) be a measure space where Q is an open subset of the Euclidean
space R" and srf be the cr-algebra of Lebesgue measurable subsets of £2 and ix be the
Lebesgue measure. The Orlicz space LV(Q) is defined as the set of all (equivalence
classes of) real-valued measurable functions / on fi such that | | / | | v < oo, where || • ||v
denotes the Luxemberg norm defined by

= inf \k > 0 : / (fii'41 )du< \\ .
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is a Banach space with respect to the above norm.
The Orlicz-Sobolev space Wi<p(&) is defined as the set of all real-valued func-

tions / in L*"(£2) whose weak partial derivatives 3//3^, (in the distributional sense)
belong to L^tSl), i = 1, 2 , . . . , n. It is a Banach space with respect to the norm:

9 /

1=1

On the cr-finite measure space (£2, sd', /x), let T : £2 —> Q be a measurable (that is
T~X{A) 6 si/ for every A e n/ ) non-singular transformation (that is, ix{J~\A)) = 0
whenever fj.(A) = 0). Let the function fT = d(n o 7~x)ld\jL be the Radon-Nikodym
derivative. Suppose M is a real-valued measurable function defined on R". Then T
induces a well-defined weighted composition linear transformation uCT on
defined by

(uCTf)(x) -

If «Cr maps W'-*'(^) into itself and is bounded then we call uCT a weighted compo-
sition operator on W*J(fi) induced by T with weight u. If u = 1 then Cr is called a
composition operator induced by T.

Our present study of weighted composition operators on the Orlicz-Sobolev space
WU<P(Q) is motivated by the work of Kamowitz and Wortman ([4]). Other similar
references include ([2, 3, 5] and [7]). In Section 2 we define the composition operator
on W1<P(Q) and Section 3 is devoted to the study of the compact weighted composition
operator on Wl<t>(Q).

2. Composition operator on WU<P(Q)

LEMMA 2.1. Let fT,dTk/dXi e L°°(M) with WdTt/dxiW^ < M, M > 0 for
i, k = 1, 2 , . . . , n, where T = (7",, T2, ..., Tn) and dTk/dxt denotes the first or-
der partial derivative (in the classical sense). Then for each f in WL<f>{Q.) we have
f o T € LV(Q) and if the Young function <p satisfies the ^-condition then the first
order distributional derivatives of ( / o T), given by

(2.D

fori = \,2,...,n, are in
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PROOF. For / in W] •*(&), we have

< inf

< inf

< inf

provided ||/rlloo < 1- Therefore in this case / o T e L<"(T2).
Now we assume that 1 < ||/r||oo < oo. Then for / ^ 0 we have

/ | / o 7-| \ < /" / | / | \

^VllMlccll/llJ M-y/vilMlooll/l lJ/r M

329

*>o=/,(!fU<.}-i/i.
Ja \ k / I

Thus | | / o T\\9 < | | / r l loo l l / t a n d h e n c e f°Te
By the same arguments as were used to show that df/dxk is in £^(£2), it follows that

(df/dxk) o T € L^Cfi), for each k=\,2,...,n. Also dTk/dXi e L°°(n), therefore

( — o T | — € L^iQ) for each i, k = 1, 2, ...,n.
\dxk ) dXj

Hence, by the triangle inequality, it follows that the function on the right hand side of
(2.1) belongs to L*(Q) for each / = 1, 2 n.

Now / e WL<t>(Q) and <p satisfies the A2-condition, so there exists (by [1, Theo-
rem 8.28(d) Page 247]) a sequence (fm) in C°°(£i) D Wlf(Q) such that fm - • / in
Wl<fl(Q). Hence fm -+ f and for / = 1, 2 , . . . , n we have

Let g € 3>(Q.) (the space of all infinitely differentiable real-valued functions with
compact support in £2). Then, by the ordinary chain rule for the smooth function fm,
we have

for each / = 1, 2 , . . . , « .
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Now g e ®{Sl) implies that g, dg/dx/ e L*($l) for each i, where \fr is the
complementary Young function to <p. Therefore, by using the generalized version of
Holder's inequality in Orlicz spaces, we have

L \fmoT-foT\
dg_
dx.

dfi<2Ufa-f)oT\\v
dg

0.

Therefore

as m —> oo for / = 1 , 2 , . . . . n.

By similar arguments, using df,,,/dxk

we deduce that
df/dxk in L*(Q) and dTk/dxi in L°°(/A),

f^ dx, f^

in LV{Q.), for each / — 1,2 n, and so by Holder's inequality again we obtain as
m —> oo,

dx.

Hence, by taking limits on both the sides of (2.2) as m —*• oo, we obtain

Therefore

for all / = 1. 2, . . . . / ; .
As g was chosen arbitrarily, Equation (2.1) follows for i — 1, 2 , . . . . n.

— o T \—gdii.
^ ) dx

•
THEOREM 2.2. Ler £2 C R" be an open set and T : £1 -> £1 a measurable

non-singular transformation with fT — d(fi o T~l)/dfx, (dTk/dXj) in Lx(fj.) and
\\dTk/dXi\\x < M, M > 0, for i,k = 1,2,.. ./;, where T = (7",, 72, . . . . Tn)
and dTk/dXj denotes the first order partial derivative in the classical sense. Then
for a Young function (p satisfying the A2-condition, the mapping CT defined by
CT(f) = f oT is a composition operator on the Orlicz-Sobolev space Wlip(Sl).
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PROOF. By the Lemma 2.1, we have / o T e W1<P(Q) and

dxk

dxk

The result follows.
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3. Compact weighted composition operator on

Suppose u is a real-valued measurable function on R" and T : Q .—*• Q,h a
measurable non-singular transformation and (Q, #/, fi)is the a-finite measure space,
where Q an open subset of R". On the same lines as in Lemma 2.1, we have the
following. . - . . • • .

LEMMA 3.1. If all the conditions stated in Theorem 2.2 are satisfied and, in addition,
u € L°°(n) is such that the first order classical partial derivatives du/dx^ satisfy
Wdu/dx/Woo < Mly Mt > O,for i = 1, 2 , . . . , n, then the mapping uCT defined by

is a weighted composition operator on the Orlicz-Sobolev space W'v(£2).

PROOF. By the same arguments as in Lemma 2.1, we-find

d du
— (« • ( / o T)) = — ( / o T) + u
dX dX

Moreover

3/
o T ) — -

) dx'
for I = 1 , 2 , . . . , n.

3 / T-— o T
d

dTk

dXi

<Af,||/r||ooll/IU a n d

k=\
dxk
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Hence it follows that

[6]

E
V 1=1

< II u || oo II Ml oo II /111., + Af.ll/rU/ll,., +

^ \dxk ) dxi

.,.

Thus||(MCr)/||,.v < for some* > 0. D

We now give some additional conditions on Q, u, T and <p to obtain sufficient
conditions for uCT to be compact.

THEOREM 3.2. With all the conditions stated in Lemma 3.1, let J2 C R" (n > 2) fee
an open set having the cone property ([I, Definition 4.3 Page 66]) with /J.(Q) < oo.
Letu, du/dxj be continuous, uT — Oand (3M/3JC,)7"' = 0, / = 1,2,..., n, where T
denotes the n'h order Jacobian matrix of the first order classical partial derivatives
dTk/dXj. If the Young function y also satisfies f^°((p~l(t)/ti+l/")dt < oo, where
<p~x(t) — inf{s > 0 : <p(s) > t] is the right continuous inverse oftp, then the weighted
composition operator uCT

space W'
«' • ( / ° T) is compact on the Orlicz-Sobolev

PROOF. Let (/„,) be a sequence in Wl<p(Q) with | | /J | i , v < 1. We prove that there
exists an element g e Wi<p(Sl) and a subsequence (fmt) with (uCT)(fmt) -*• g in
Wl<fi(Q) as k -> oo. Equivalently, it suffices to show that uCT{fmt) -+ g in
and d(uCTfmt)/dXi is bounded in LV(Q). Let

E = x e Q
du(x)

(=0 4 du(x)
dx0

= u.

Then, since u and du/dxj are continuous, E becomes an open subset of Q.. Let
E — U/^i Q where the £2,s are closed cubes with disjoint interiors in Q [8, Theo-
rem 1.11, Page 8]. Thus for all x in fi, we have T(x) = C, for some C, e R".

Now, from [1, Theorem 8.35, Page 252] it follows that W[ip(Q) can be embedded
in C(fi) n L°°(Q). Therefore we can consider the sequence (/„,) in Wl<p{£2) as a
bounded sequence of continuous functions on Q. For x e fi|,we have

= (fm(T(x))) =
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is a bounded sequence of real numbers and so there exists a subsequence (/i,m) of (fm)
and A] e R such that

/i.»(C,) -* A,.

Similarly, for* in Q2, we can find a subsequence {fi,m) of (/i,m> and A2 e R such
that

/2.»(C2) -* A2.

Continuing in this way, by induction we obtain for each positive integer i, a real
number A, and a subsequence (/>> of (fi-\,m) with

fi.mi.Ci) -»• A,- a s w ^ o o .

For each positive integer &, take /m, = /*,*;. Thus by the above construction we obtain
that for each /

fmt(Cj) ->• A, a s£ -»oo .

Therefore for e > 0 we have, for sufficiently large mk,

Let
[A,H(X) if^ 6 Qi

g{x)~\o ifxtE = \j°ilal.

This means that if u and du/dx/ (/ = 1, 2 , . . . , « ) do not vanish then we put

g(x) = AjU{x),

while g(x) = 0 if M(JC) = 0 = du/dxi for/ = 1, 2 , . . . , « . Thus we have g €
We now show that u • (fmt o 7") -> g in Lv(fi) as ^ - • oo. For sufficiently large mk,

consider

/ \u • (U oT)-g\ \ = f f\u(x)fnHjT(x))-g(x)\\

< i.
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Therefore, by the definition of infimum, we have

\\u • (fnt O T) - g\\9 <e||M|lcoU~

Hence (wCr)(/nu.) —> g in L*"(fi) as k -» oo.
Now || fmk ||, ^ < 1, therefore, by using Lemma 3.1, we have

— (u • <Jmt o T)) (« T)) < K\\fmk

The result follows.

[8]

I 1.(9 ^ K.

•
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