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Abstract

For an open subset @ of the Euclidean space R”, a measurable non-singular transformation
T : Q@ — Q and a real-valued measurable function « on R", we study the weighted composition
operator uCr : f — u - (f o T) on the Orlicz-Sobolev space W'¥(Q) consisting of those functions
of the Orlicz space L¥(2) whose distributional derivatives of the first order belong to L¥($2). We also
discuss a sufficient condition under which 1 C7 is compact.

2000 Mathematics subject classification: primary 47B33. 47B38; secondary 46E30, 46E35.

1. Introduction

Let ¢ : [0,00) — [0,00) be a Young function ([1, 6]). Thus ¢ is a continu-
ous, convex, strictly increasing function satisfying ¢(0) = 0, lim,_, ¢(t) = o0,
lim,_o. @(t)/t = 0 and lim,_, ., @)/t = +00. We say that ¢ satisfies the A,-
condition if there exist constants k > 0, r, > 0 such that ¢(2r) < ke(z) for all 1 > .
Associated with ¢, we have the complementary Young function i : [0, o0) — {0, 00)
defined by ¥ (s) = sup{st — ¢(t) : t > 0}.

Let (2, &/, 1) be a measure space where Q2 is an open subset of the Euclidean
space R" and & be the o-algebra of Lebesgue measurable subsets of 2 and p be the
Lebesgue measure. The Orlicz space L¥(S2) is defined as the set of all (equivalence
classes of) real-valued measurable functions f on € such that || f||, < oo, where || - ||,
denotes the Luxemberg norm defined by

Nflle = i"f{k>01/<p(%)du5 1}.
Q
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L?(K2) is a Banach space with respect to the above norm.

The Orlicz—Sobolev space W'-#(2) is defined as the set of all real-valued func-
tions f in L¥(£2) whose weak partial derivatives 3f/dx; (in the distributional sense)
belong to L(2),i =1, 2, ..., n. Itis a Banach space with respect to the norm:

af
3x;

1l =1Fle+ )
i=1

@

On the o-finite measure space (2, &, u), let T : Q — 2 be a measurable (that is
T-'(A) € o forevery A € & ) non-singular transformation (thatis, u(T~'(A)) =0
whenever ©(A) = 0). Let the function fr = d(u o T™')/d u be the Radon-Nikodym
derivative. Suppose u is a real-valued measurable function defined on R". Then T
induces a well-defined weighted composition linear transformation uCy on W'¢(Q)
defined by

WCrfY(x) =ux)f(T()), xeQ, feW Q).

If uCr maps W'#(Q) into itself and is bounded then we call uCr a weighted compo-
sition operator on W'#(Q) induced by T with weight u. If u = 1 then Cr is called a
composition operator induced by T.

Our present study of weighted composition operators on the Orlicz—Sobolev space
W'#(Q) is motivated by the work of Kamowitz and Wortman ([4]). Other similar
references include ([2, 3, 5] and [7]). In Section 2 we define the composition operator
on W'#() and Section 3 is devoted to the study of the compact weighted composition
operator on W!¢().

2. Composition operator on W' (Q)

LEMMA 2.1. Let fr,0T,/0x; € L*®(u) with ||0T;/0xille < M, M > 0 for
i,k =1,2,...,n, where T = (T\, T5,...,T,) and 9T, /dx; denotes the first or-
der partial derivative (in the classical sense). Then for each f in W'-*(Q2) we have
foT € L%R) and if the Young function ¢ satisfies the A,-condition then the first

order distributional derivatives of (f o T), given by

G S (7)o
2.1) a—)(i(foT)_Z( oT)

P axk 8x,'

fori =1,2,..., n,arein L?(Q).
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PROOF. For f in W'¢(2), we have

lIfoTI|¢=inf{k>0:/Q<p(llfoTI)dus 1}
< inf {k>0:/ﬂ<p(|f|)f7d,u<l}
< inf {k>03||frl|oo/¢(|f|)dﬂ<1}
< inf {k>0:/ﬂ¢z(|£|)du<l}=llf||¢

provided || frllec < 1. Therefore in thiscase f o T € L¥(Q2).
Now we assume that | < || fr|j < 00. Then for f # 0 we have

IfoT]| If]
/Q"’ (Ilfrlloollfll«:)d“ = fg‘” (”fT”oo”f"w) frdu

I If]
wod
= /Q i’ (Ilf||¢> Wrllee i =

Thus || f o Tlly < Il frlwll fll, and hence f o T € L¥(2).
By the same arguments as were used to show that 3f/dx; isin L¥(£2), it follows that
(8f/0x,)oT € L¥(R),foreachk = 1,2, ..., n. Also 8T, /3x; € L*(u), therefore

a aT,
A o) ¢ 1o@) foreachik=1,2,....n
axy Bx,
Hence, by the triangle inequality, it follows that the function on the right hand side of
(2.1) belongs to L¥(2) foreachi = 1,2, ..., n
Now f € W'¥¢(Q) and ¢ satisfies the A,-condition, so there exists (by [1, Theo-
rem 8.28(d) Page 247]) a sequence (f,,) in C®(2) N W'¢(Q) such that f,, - fin
W' (Q). Hence f,, — fandfori =1,2,...,n we have
0 fom of .
7 - LD
0x; - ax; in L($2)
Let g € 2(Q) (the space of all infinitely differentiable real-valued functions with
compact support in ). Then, by the ordinary chain rule for the smooth function f,,
we have

0
Q X;

le

af, _\aT,
Im o) o edp
(axk° )a &

foreachi =1,2,...,n.
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Now g € 2(RQ) implies that g, dg/dx; € LY(R2) for each i, where ¥ is the
complementary Young function to ¢. Therefore, by using the generalized version of
Holder’s inequality in Orlicz spaces, we have

d
/ {fnoT — foT]| ’—g‘du L2(fu = o Tl
Q ax; i

¥

— 0.
v

<20 frllsoll fr = flle

i

Therefore
d d
/(fm o) gy /(f o T) 28 ay
Q ax; Q 0x;

asm —>oofori =1,2,.... n.
By similar arguments, using df,,/dx;, — 9f/dx, in L¥(£2) and 0T, /9x; in L*=(u),

we deduce that
— (3fu AT — [ of AT
o) £ L o7 =
Z (Bxk ° ) Bx, ~ Z (8xk ° Bx,-

k=1 k=1

in L¥(S2), foreachi = 1,2....n, and so by Hdolder’s inequality again we obtain as

m — 00,
Ofm aT; aT
R (er)Som ~ [L(Ger) S
Q= Bn 0 e R Bx,\ d

Hence, by taking limits on both the sides of (2.2) as m — oo, we obtain

/(foT)—aﬁd f (—or)aT‘ du
Q a.\.,' Q k=1 axk

Therefore
BT
o0 Q ,\ | 3\’A
foralli =1.2,....n
As g was chosen arbitrarily, Equation (2.1) follows fori = 1,2, .... n. O

THEOREM 2.2. Let @ C R” be an open set and T : Q — Q a measurable
non-singular transformation with fr = d(u o T™")/du, (8T;/dx;) in L*(u) and
10T /3xille < M, M > O, for i,k = 1,2,...n, where T = (T\, Ts. .... T.)
and 3T, /0x; denotes the first order partial derivative in the classical sense. Then
for a Young function ¢ satisfving the A;-condition, the mapping Cr defined by
Cr(f) = f o T is a composition operator on the Orlicz-Sobolev space W' ().

https://doi.org/10.1017/51446788700037952 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037952

[5] Operators on Orlicz-Sobolev spaces 331

PROOF. By the Lemma 2.1, we have f o T € W!'¥(Q) and

oT)

af T,

T} —

Z (aAk ) 8x;
@

k=1

IfoTlh,= l!foTII¢+Z

—IIfoTlIw+Z

i=1

< W illel £l + ZZ I frlla

i=l k=1

< frlleell flly + 1 frlle

oT,
8X,‘ ~

< W frlle( +nM)fll,-

@

The result follows. O

3. Compact weighted composition operator on W'* ()

Suppose u is a real-valued measurable function on R” and 7 : 2 — Q.isa
measurable non-singular transformation and (2, &, u).is the o-finite measure space,
where £2-an open subset of R”. - On the same lines as in Lemma 2.1, we have the
following.

.LEMMA3.1. Ifall the conditions stated in Theorem 2.2 are satisfied and, in addition,

u € L>®(u) is such that the first order classical partial derivatives du/dx; sansfy
1u/0x;llec < My, M| >0, fori =1,2,...,n, then the mapping uCr defined by

@Cr)f=u-(foT)

is a weighted composition operator on'the Orlicz-Sobolev space W'¢(Q).

PROOF. By the same arguments as in Lemma 2.1, we-find

0 oT, -
/ ) d fori=1,2,...,1

0 _ au
g(u-(foT))=&7(foT)+uZ(5joT L

Moreover

N - (f o Dllg < Nulloo Il frlleo 1 flly,
=Ml frllolfll, and
¢

"\ [ of aT,
u —oT})—
P Bxk ax,
=1 ¢
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Hence it follows that
N(wCr) fllie
=u-(foD)y=u-(fo T)”ga

u (foT))

T,
Z ( T) 9Tk
axk 8x,~

73

< lullsoll frlloll flle + M, I!frllq)llfllw + anlullooIIfrllooIIfIIW-

< Nuthooll Frllol £l + Z‘

Thus |(uCr)fllie, < K| fll., for some K > 0. O

We now give some additional conditions on 2, 4, T and ¢ to obtain sufficient
conditions for uC7 to be compact.

THEOREM 3.2. With all the conditions stated in Lemma 3.1, let @ C R" (n > 2) be
an open set having the cone property ([1, Definition 4.3 Page 66]) with u(§2) < oo.
Let u, du/0x; be continuous, uT' = 0and Qu/dx)T' =0,i =1,2,...,n, where T’
denotes the n'" order Jacobian matrix of the first order classical partial derivatives
3Ti/0x;. If the Young function ¢ also satisfies [~ (¢~ (1)/1'*'/")dt < oo, where
@' (t) = inf{s > 0: @(s) > t) is the right continuous inverse of ¢, then the weighted
composition operator uCr : f w u -(f o T) is compact on the Orlicz-Sobolev
space W'¥(Q).

PROOF. Let {f,) be a sequence in W'¥¢(2) with || f,,|l.., < 1. We prove that there
exists an element g € W!*(Q) and a subsequence {fme) With (uCr)(fm,) — g in
W'e() as k — oo. Equivalently, it suffices to show that uCr(fy,) — gin L¥()
and 9(uCry fi,)/9x; is bounded in L?(9). Let

E_ U{ au(x) #O}., du(x) .

8x0

Then, since 4 and du/9dx; are continuous, E becomes an open subset of Q. Let
E = U,O:.] 2; where the €2;s are closed cubes with disjoint interiors in € [8, Theo-
rem 1.11, Page 8]. Thus for all x in §2; we have T (x) = C; for some C; € R".

Now, from [1, Theorem 8.35, Page 252] it follows that W'#(Q2) can be embedded
in C(2) N L*(K). Therefore we can consider the sequence (f,,) in W'¢(Q) as a
bounded sequence of continuous functions on €. For x € 2, we have

{(fm 0 TY(X)) = (fu(T(x))) = (fu(C1))
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is a bounded sequence of real numbers and so there exists a subsequence { fi ) of (f)
and A; € R such that

Sfim(C) — Ay

Similarly, for x in §,, we can ﬁnd a subsequence (f>,) of {fi..) and A, € R such
that

fam(C) = A

Continuing in this way, by induction we obtain for each positive integer i, a real
number A; and a subsequence (f; ) of (fi_1») With

fim(C) — A asm— oo.

For each positive integer k, take f,,, = fi«- Thus by the above construction we obtain
that for each {

Sm(C) — A ask — oo.

Therefore for € > 0 we have, for sufficiently large m,,

€
| fm (C1) — Ail < 5

Let
Aiulx) ifx e
gx) = ) o
0 ifx ¢ E=1J;2, Q.
This means that if ¥ and du/dx; (i = 1,2, ..., n) do not vanish then we put

g(x) = Aju(x),

while g(x) =0if u(x) =0=0u/dx; fori = 1,2,...,n. Thus we have g € L¥(X2).
We now show that u - (f,,, oT) — gin L¥(2) as k — oo. For sufficiently large m,,
consider

/(p( i - (fm 0 T) — gl )duzf(p(lu(X)fm(T(X))—g(X)I)dM
o\ elullalo 1 £\ el (1
f (|u<x>| | fme(C1) = .-l)du
elullole ()]
1
— 1 )d
/ ( ( (u(E)))”’
1 1
— — )<
P / "’(‘” (u(E))) #

- ﬁMg nMg ||M3

IA

IA
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Therefore, by the definition of infimum, we have

-1
i - (fmo 0 T) — glly <€llulleo [(P" (;ZIE—))]

Hence (uCr)(fm,) — gin L?(2) as k — oo.
Now || fu, ll1.o < 1, therefore, by using Lemma 3.1, we have

a
B—Xi (u . (f,,,k (o] T))

The result follows. . M

S K“fmk”l.w S K

l¢

0
= Hé—x—i(u-(fmkoT))
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