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Weak star separability

E.N. Dancer and Brailey Sims

For a Banach space X , Susumu Okada raised the question of
whether the unit ball of the dual spece X* 1is weak?*

separable if X* 1is weak* separable. The problem occurred in
the theory of manifolds modelled on locally convex spaces. We
answer the question in the negative but show that it is true for

particular types of spaces.

Our basic purpose is to present a counter-example to the contention:
If X* 18 weak* separable, then B[X*] 4is weak* separable.

X is an infinite dimensional Banach space, X* its dual, and B[X*]
the unit ball in X* ; that is, {f € X* : ||fll = 1} . We begin by noting

that the converse is trivially true.

(1) If B[x*] <is weak* separable then so too is X* .

Proof. Let (fh] be a w* dense sequence in B[X*] and let N be
any w* open set in X* . Choose f € N and rational q > ||f]l . Then
q—lN is & w* open set intersecting B[X*] . Thus there exists
fh € q_lN and so we conclude that the countable set of rational multiples
of elements in (fh) is w* dense in X* , o

Examples of spaces in which B[X*] is weak* separable include:

(i) Duals of separable spaces. The relative w* topology on the w?*
compact set B[X*] is a metric topology (Dunford and Schwartz [21],
p. 426).
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(ii) Biduals of separable spaces. For example l_ or 1} . Let

Crn) be a norm dense sequence in B[X] ; we show an) is w* dense in

B{X*#] . For any relative w?* open subset N of B[X*] , there exists,
by Goldstine's Theorem (Dunford and Schwartz [2], p. 42k), an x € B[X]
with = €N . By the relative strengths of the topologies, for some

r >0, Br(i) C N . The argument is completed by observing that Br(x)

contains an element of (xn) , and hence VN contains an element of L%n)

(iii) Reflexive spaces if and only if they are separable. The 'if'’
part is obvious. On the other hand, if B[X*] is w* separable where X
is reflexive, then by (1), X* is w* separable. Since the w* and w
topologies coincide we have, by Mazur (Rudin [6], p. 64), that X* is
separable.

Note. This argument also shows that the contention is true in

reflexive spaces.

We next obtain conditions equivalent to the two properties in the

contention. This allows the contention to be reformulated in a variety of

ways.

We first consider B[X*] weak* separable.

(2) The following are equivalent:

(a) B[X*] <is weak* separable;

(b) Blx*] contains a countable strictly norming subset of X ;

(e) X* has a separable subspace which strictly norms X ;

(d) X 4is isometric to a subspace of 1 .

Proof. (a) = (b). Let (fh] be a w* dense sequence in B[X*]
Then, for each z € X with |zl =1 and € > 0 , there exists an element

of (f%) in the non-empty relatively w?* open subset
{Ff € B{x*] : flx) > 1-€} .

(b) = (a). Let (gn] be a sequence in B[X*] which strictly norms

—p#
X ; then co [gn) has the rational convex combinations of (gn) as a

—_p*
countable w* dense subset. Thus it suffices to show co (gn = B[x*] .
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A

If there exists fo € B{x*]\co” (gn) , then, by the separation theorem

(Day [11, p. 24), there is a w* continuous functional z with |z =1
—w* R

such that fo(:c) > supyflx) : f € co (gn] ,contradicting the fact that

[gn) strictly norms X .

(b) = (¢) and (e) = (b) are obvious.
(b) = (d). Let (gn) be as in the proof of (b) = (a), and consider
the mapping ¢ : X+ 1_: x> (gl(x), ge(x), cees gn(x), ] . Clearly

¢ 1is linear. Further, ”(IJ(:L‘)”w = sup gn(x) = |lz]| .
n

(d) = (b). Let ¢ be an isometry from X into I_ . Define g, by
gn(a:) = ¢(xz)(n) , the =nth component of ¢(x) . Clearly g, € B{X*] and

{gn} is strictly norming for X . o

COROLLARY 3. If X* 1is non separable and B[X*] is the norm closed
convex hull of points at which the relative weak* and norm topologies on

B[X*] agree, then B[X*] is not weak* separable.

Proof. Assume B[X*] is weak* separable, then, by (2) (e), X*
contains a separable subspace M which strictly norms X . Since M is
proper there is a point f of B[X*] at which the relative w* and norm
topologies agree but which is not in B[M] . Now B[M] is w* dense in

B[x*] , so there exists a net (fa) in B[M] which converges w* to
f ;but then IIfa—fll + 0, so f € B[M] , a contradiction. a
Examples of spaces which satisfy the condition of Corollary 3 are:

(t) X* , where X satisfies condition (%**) (Namioka [5]);

and hence in particular
(it) loecally wniformly rotund dual spaces;
(211) duals of spaces with Fréchet differentiable norms.

If X has a Fréchet differentiable norm, then by the Bishop-Phelps theorem
and Smulian's dual characterization of points of strong differentiability,
the w* strongly exposed points of B[X*] are dense in the boundary.

Further, at such points the relative w* and norm topologies agree.
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(iv) dual spaces for which B[X*] is the norm closed convex
hull of the w* denting points (Sims); in particular
duals of spaces with the Mazur intersection property

(Giles, Gregory, and Sims [3]).

Thus any non-separable, w* separable, dual space satisfying any of

the preceding conditions would provide a counter-example to the contention.

Although we shall not need it, a result, similar to (2) for X* w*

separable is possible.
(8). The following are equivalent:
(a) X* 1 w* separable;
(b) X* (and hence B[X*] ) contains a countable total subset;
(e) X* has a separable total subspace;
(d) there is a one-to-one linear continuous mapping from X
into 1 .
Proof. The proof is similar to that for (2). We illustrate it with

(b) = (a). Let (fh) be a total sequence in X* . Then the rational

—_——%
linear combinations of (fh) are dense in M = span (fh) . Further,
M = X* . Otherwise, by the Hahn-Banach Theorem there is a w?* continuous

functional % # O such that M C ker Z ; thus fh(x) =0 for all n .
Contradicting the fact, (fn) is total. u]

COUNTER EXAMPLE 5. Johnson and Lindenstrauss [4], Example 1, p. 222,
have constructed a space U having the following relevant properties.

(a) U* is isomorphic to Zl C)ZZ(F) where T 1is a set of
cardinality that of the continuum. So U* <s non-separable.

(b) U* is weak* separable;

(¢) U 1is not isomorphic to a subspace of L .
It is also claimed that

(a) U has an equivalent Fréchet differentiable norm (indeed, that

U* admits an equivalent locally uniformly rotund dual norm).
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Thus by (2) (d) we have

U* is weak* separable, but for no equivalent dual norm on U*

is B[U*) weak* separable.

REMARK. Recently, some doubt has been cast on the validity of the

claim (d) above (Yost [§]). However this does not apply to the properties

of U essential to our purpose.
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