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Abstract

Descloux and Geymonat considered a model problem in two-dimensional magnetohydrodynamics and
conjectured that the essential spectrum has an explicitly given band structure. This conjecture was
recently proved by Faierman, Mennicken, and Moller by reducing the problem to that for a 2 x 2 block
operator matrix. In a subsequent paper Faierman and Mennicken investigated the essential spectrum for
the problem arising from a particular type of perturbation of precisely one of the operator entries in the
matrix representation cited above of the original problem considered by Descloux and Geymonat. In this
paper we extend the results of that work by investigating the essential spectrum for the problem arising
from particular types of perturbations of all but one of the aforementioned operators. It remains an open
question whether one can perturb the exceptional operator in such a way as to leave the essential spectrum
unchanged.
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1. Introduction

Descloux and Geymonat [DG1, DG2] considered a model problem in two-dimensional
magnetohydrodynamics and a conjecture was made concerning the structure of the
essential spectrum. By approaching this problem from an operator-theoretic point of
view and by exploiting the fact that the coefficients of this operator depended only
upon one of the space variables concerned, Faierman et al. [FMM] were able, with
the use of Fourier series expansions and some results of [GK] concerning systems of
integral equations, to completely prove the conjecture. In a subsequent paper Faierman
and Mennicken [FM] considered a perturbation of the above operator by the addition
of a particular type of potential, so that the coefficients of the perturbed operator no
longer depended only upon one of the space variables concerned, and the essential
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spectrum of the perturbed operator was again completely determined. In this paper we
extend the work of [FM] by considering a perturbation of the original operator by a
potential of a much more general type than hitherto considered, and then investigate
the essential spectrum of this perturbed operator.

To explain our work in more detail, let 2 denote the region in the (s, ¢)-plane
defined by the inequalities 0 < s < 1,0 <t < 27, and let 9, = d/ds, d, = d/dt. Then
motivated by the fact that we have to deal with spaces of functions which are periodic
with respect to the variable ¢ of period 27, let us introduce the function space C§°, (£2)

defined as the set of all f € C*°(L2) with support contained in [¢, 1 — €] x [0, 271] for
some € in (0, 1/2) (which may depend on f) such that af fG¢,0) = Bj f(, 2m) for all

j =0, where supp denotes support and C*®(Q) = C O"(Rz)lg. Itis clear that C "fn (Q)
is a dense subspace of

Ly(Q,s = {f € Ly(Q) ‘ / sTUfPPdx < oo},
Q

where dx denotes the element of two-dimensional Lebesgue measure. Then with u =
(ur, u2)T, v = (vy, v2)T (where I denotes the transpose) denoting vector functions in
Cgo]r (22)2, let us introduce the sesquilinear form on L, (2, s—hH2,

1
1(u, v) :/ E[(a)flall/t] +s*182u2)(a)—181v1 + s~ 19vp)
Q

(1.1)
+ w_282u182v1 + dur0rv2] dx,
and the associated operator with domain Cgon (Q)?,
A B
Lo = <C Do)’ (1.2)

where w is a positive constant,
_ 1 _ w!
A=—w"258-9) —0 285, B=—s3—0,
s 52

-1 2
C=- 40, Do=—1"32
S s
In [FMM] it is shown that the form 1 is symmetric, nonnegative, and closable in
Lr(2, s~H2; and the nonnegative, selfadjoint operator associated with its closure,
that is, Friedrich’s extension of Lg, is denoted by L (see [K, Theorem 2.1, p. 322]).
Then the main result of [FMM] was the complete characterization of oess(Lr), the
essential spectrum of Ly, which proved the conjecture of Descloux and Geymonat
cited above.
In [FM] a perturbation of the above problem was considered by replacing the
sesquilinear form (1.1) by the form

1D, v) =l(u, v) +/ %a(-, Yuiv7 dx, (1.3)
Q
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where a € Ly, (£2) and is real-valued. The operator associated with 1D is then L(()l) , Ob-
tained from the operator Lg of (1.2) by replacing A there by A = A + S,,, where for
any measurable function g defined on €2, we use the notation S, to denote the operator
of multiplication in L, (2, s~1) induced by g. Itis shown in [FM] that the sesquilinear
form 1 is densely defined, symmetric, and closable in Ly(£2, s_l)z, and with L%l)
denoting the selfadjoint operator associated with its closure, the main result of that
paper is the proof that oeg (Lg)) = 0ess (L) under certain assumptions concerning a.

In this paper we extend the work of [FM] by considering a more general type of
perturbation than considered there. Namely, we replace the sesquilinear form (1.3) by
the form

1 1
19 (u, v) = 1 (u, v) + / ~b(-, Yuy dx + / —c(-, Yu vy dx
QS QS
1
+ / —d(-, )upva dx,
Q )

where b, c, and d are functions in Lo (2), b =¢, and d is real-valued. The operator
associated with 1) is then L(()z), obtained from the operator Lg of (1.2) by replacing
the operators A, B, C, and Dy there by the operators AW B ¢ and D(()l),
respectively, where BV = B + §;,, C(V = C + S, and D(()l) = Dy + S4. As we shall
see, the form 1@ s densely defined, symmetric, and closable in L, (€2, sil)2
shall denote the selfadjoint operator associated with its closure by Lg). Then the object

, and we

of this paper is to prove that aeSS(L;Z)) = 0ess (L) under certain conditions concerning
the potentials a, b, and d (see Theorem 3.1 below).

In Section 2 some necessary results are gathered together from both [FM, FMM],
and these are then used in Section 3 to prove our main result, Theorem 3.1.

2. Preliminaries

In this section we gather together some results from [FMM] which we require for
our purposes; and to this end we need the following notation. For a measurable subset
G of Q or of the interval 0 < s < 1, we denote by L,(G, s~!) the weighted Lebesgue
space relative to s~! times Lebesgue measure in the Euclidean space containing G,
and denote by (-, -)g ;1 and || - [lp,g ¢~ the inner product and norm in L»(G, 1/s).
For a nonnegative integer m we let H" (G) and H™((0, 27r)) denote the usual Sobolev
spaces of order m related to Ly (G) and L,((0, 27)), and let

H"(Q,s H)={feH™Q)|0“f € L(Q, s~ ") for |a| <m},

where o = (o1, @p) is a multi-index whose length o1 + o; is denoted by |«|, and
9% = 371952, We also equip H™ (2, s~!) with the inner product
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(F 0= 3 [ 5o 07 dx

loe|<m
and norm || f|,, o ;-1 = (fs f)rln/’zg’s,l, where f and g denote vectors in this space.
Furthermore, we introduce the spaces
H™Q, s
= {f e H™(Q,s )0 f(,00=0] f(-, 27) for j=0,...,m—1},
zZm,s™h

—{felyQ,s ) s0)fely,s ) forj=0,...,m,
A F(,0)=03]f(,2m) for j=0,...,m—1},
HZ7'((0, 27))
= {f € H™((0,27)) | 8] £(0) = 3] 2) for j =0, ..., m — 1},
H™((0, 1), s71
={f € Ly((0,1), s |08] f € Lo((0, 1), s Y for j=1,...,m},
where H"(G), (and hence H"(2)) as well as H™ ((0, 2r)) (and hence H ((0, 27)))

are equipped with their standard inner products and norms, H™((0, 1), s™!) is
equipped with the inner product

m 1 J—
(f, Omo.ns1 = fo sl fojg ds
=0

and norm 172
1 Wl 0,00,5-1 = (s ), 0,110

where f and g denote vectors in this space, while we equip Z7" (€2, s~ 1) with the inner
product
m . .
(-, ‘)z;;l(gz,fl) = Z(S_j 9, s~/ 32')0,9371
j=0
and norm n
I lzp@.s) = gmgy

It is not difficult to deduce from the results of [FMM] (see in particular Proposition 4.3
there) that C&Oﬂ(Q) is dense in L»($2, s~1) and in Zn(L2, s~ form=1,2.

In Section 1 we introduced the functions a, b, ¢ and d and indicated some of their
properties. We now list some further properties which we assume these functions to
satisfy. To this end we require the following definition.

DEFINITION 2.1. We say that the function f satisfies condition (A) if:

(1) f € Ls(S2)suchthat f(s, ) € ij((O, 27)) for almost every s in 0 < s < 1 and
07 f € Loo(S);
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2) if0O<é§<1and
2w
0

1/2
pr(8) :H( (f (s, I+ 183 £ (s, )1 dt)

Lo ((0,8))
then ps(8) — 0asé — 0.
ASSUMPTION 2.2. We henceforth suppose that a, |b|?, and d> satisfy condition (A).

We stated in Section | that the form 1 with domain Cgf’n ()2 (see (1.1)) is symmet-
ric, nonnegative, and closable in L,(£2, sil)z, and we let 1 denote its closure. Also it
was shown in [FM] that the perturbed form 1D, with domain C gfﬂ ()2, is symmetric,
closable in L(€2, s~1)2, and has lower bound greater than or equal to —y,, where
Ya = llall L (). Furthermore, if I denotes its closure, then I and IV have the same
domain and on their common domain, 1V (-, -) =1(-, -) + (SV-, Vi, (@,s-1)2» Where
S denotes the 2 x 2 matrix operator whose entry in the first row and first column
is S, and all other entries are 0. In addition, if L%l) denotes the selfadjoint operator
associated with the form i(l), then Lz and L;D have the same domain and on their
common domain, L%l) =Lp+ SO, Finally, if we let yo = 2(y, + v» + Ya), Where
Vo = I1b|| L) and Yg = ||d|| L (), and refer again to Section 1 for notation, then we
can argue with the form 1% as we argued with the form 1) in [FM] to obtain the
following result.

PROPOSITION 2.3. The perturbed form 12, with domain Coo, (Q)?, is symmetric,

closable in L, (£2, s’l)z, anc~i has lower bound at least —yy. Furthermore, if 1@
gienotes its leosure, then1and1® have the same domain and on their common domain,
1D, ) =1, ) + (5@, VL, (Q.5-1)2» Where

@ _(Sa Sp
5@ = ( % Sd).
Finally, if L;_Z) denotes the selfadjoint operator in Ly(2, s~1)? associated with (S
then Lg) and L have the same domain, and on this domain, Lg) =Lr+S @,

Turning again to the operator Lo introduced in Section 1 (see (1.2)) and having
domain Cgf’ﬂ ()2, we now present some results pertaining to this operator which were
derived in [FMM]. In what follows we shall use the notation D(V) and D(h) to denote
the domain of the operator V and the sesquilinear form % acting in some Hilbert space.

PROPOSITION 2.4. The operator Dy has a Friedrich’s extension in L»(2, s~1), and
if we denote this extension by D, then D is a nonnegative, selfadjoint operator
with domain D(D) = Z2(Q, s~!) and

1 +s2

Duy=—
§2

d3u  Yu € D(D).

Furthermore, if i < 0, then (D — )~ maps C§, into itself.
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PROPOSITION 2.5; The operators B and_C are closabie in Ly(2, s™Y) and their
closures, B and C, respectively, satisfy B C C* and C C B*. Furthermore, for
u <0, the operator(D — M)_lC is also closable in L>(S2, s~ ).

We henceforth denote the closure of (D — ,u)_lC by (D — pn)~1C.
Let 4 < 0. Then we also know from [FMM] that Ly — © admits the representation

I BD -\ (TOWw 0 I 0 51
0 I 0 D—u)\(D-—w~'Cc 1) 21

where [ denotes the identity operator in L;(€2, s~ and TO(u) denotes the
symmetric operator (A — ) — B(D — w)~1C. Furthermore, it is shown in [FMM]
that 7 (1) has a Friedrich’s extension T (1) in La(S2, s~!) which is selfadjoint,
positive, invertible, and satisfies 7 («) > —u, while in addition,

D(T(w)'/*) c DD — w)~1C).
Note that this last result implies that
G(w) = (D —w-'cTw""?

is a bounded operator in Ly(£2, s7h. Using these facts, it is shown in [FMM] that
Ly — p admits the representation

Lr—p— (T(M)1/2 T(w'2G(w*(D — M)1/2>

0 (D — w2 02
y T(w)'/? 0 ‘
(D — w26 TW"?* (D —w'?)
and hence
Lr— ) = ( T~ TG (w* ) 23)
—-G(WTwW) ™2 GuwGw*+ D —w™) '

3. The main result

In this section we use the results of Section 2 as well as those of [FMM, FM] to
derive the main result of this paper, which is given in the following theorem.

THEOREM 3.1. Suppose that d = 0 almost everywhere in 2. Then oess(Lg)) = Oess (L%l)),

and hence
o0 m2
{0} U U|:m2, —:| f0<w=<l,
m=1

O’ess(Lg)) = 3.1

o0 m2
oyu [E,mz} ifw>1.
m=1
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Since the equality (3.1) with Lg) replaced by Lg,l) is proved in [FM], we need
only prove the first assertion of the theorem. To this end some preliminary results are
required. Accordingly, let us assume henceforth that 4 < —yp and turn our attention
again to the operator 7 (i) introduced in Section 2. Then we observe from [FMM,
Section 6] that if u € C(()D,On (€2), then T (;)u can be expanded in Ly (€2, s7h by means
of a Fourier series expansion with respect to the variable ¢, that is,

o0
Tu= Y Tu()Qutt ® hm,
m=—0o0
where
1 it 2 -
h(t) = —=€'"", (Q u)(s)z/ u(s, hy(t) dt,
1
To(p) = —w 2S31;31 - K,

T (i) g MM ™ for m # 0
7 =—w S S —_— — r m .
m I’L 1(1 —|—s2)m2 _ I,LSZ 1 0)2 lu’

From [FMM] we have the following results.

PROPOSITION 3.2. To(u), with domain C§°((0, 1)), has a Friedrich’s extension
To,r(w) in L2((0, 1), s~ 1Y which has the following properties.
1) Tor(p) = —w %59, 1/501 — p and its domain is

{(fe H'((0, 1), s | sdis7191 f € L2((0, 1), s71), (1) =0}.

(2) To r(u) is a selfadjoint, strictly positive operator in L((0, 1), s™1Y with
compact inverse.
(3) To,r(w) is precisely the selfadjoint operator in L2((0, 1), s~V that is associated
with the closed, densely defined, nonnegative form
h(., )= (So(p)-, SO(M)‘)O,((),]),S—I — (., ‘)0,(0,1),5—1
and

To,r (1) = So(W)*So(n) — .,

where

D(So(w) ={f € H'((0, 1), s™") | f(1) =0},
D(So()*) = {f € L2((0, 1), s7 ) [ 58157 f € La((0, D)s™hH},
and So(n) = w191 and So(n)* = —w~ 'sd1s~! on their respective domains.

PROPOSITION 3.3. Suppose that m # 0. Then T, (i), with domain C3°((0, 1)), has a
Friedrich’s extension T,, (1) in L2((0, 1), s™Y), which has the following properties.
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6]

2

2
m- — m

-2 i S31+—2—M
w

0
Sl (1 + s2)ym? — us?

Tm,F(/'L) =—w
and

D(T,r (1) = {f € L2((0, 1), 571 | (s31)/ f € L2((0, 1), s71)
for j=1,2, f(1) =0}
(2) T, r(n) is a selfadjoint and strictly positive operator in L2((0, 1), s7h.

(3) T r(w) is precisely the selfadjoint operator in L,((0, 1), s~V that is associated
with the closed, densely defined, nonnegative form

2
RN — m
h(-, ) = (Sn(p)-, Sm(M)')o,(oJ),x—l + <¥ - M) (s ')0,(071“—1

and
2

—  m
Tm,F(/'L) = Sm(M)*Sm(M) + E — K,

where

D(Su () = {f € L2((0, 1), s™") | 81 f € La((0, 1), s71), f(1) =0},
D(Sm(1)*) = {L2((0, 1), s7") | 581 f € La((0, 1), s7 1)}

and

S (i) = = it "
mi) = o 1+ sHm?2 — pus? b

m2 —
Su(n)* = —sw'd

on their respective domains.

PROPOSITION 3.4. The domain D(T (1)) of T () is the set of all f € Lo(2, s™")
such that Qp f € D(Ty, (1)) for allm € Z and

o0

Y T r WO FIIG g 1.1 < OO

m=—00

Furthermore, for all f € D(T (w)),

TWf= Y Tnr()Onf)® hm.

m=—0oQ
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We now use the results just cited as well as those of Section 2 to derive some results
which will be used in the proof of Theorem 3.1. To this end let Séz) =52 — s,
Then we observe that

2 1 2
LY —pu=Lp—p+8* =LY —p+ 5

and that
ISP LY — 10 st Loty < 1
that
LY —w ' =@ - a+sPay —wH

and hence it follows that

LY - -ay -
=—y - 'SP —w A+ sP Y —wH

Our goal now is to prove that (Lg) —w) = (Lg) — )~ ! is a compact operator in
L>(2, s~1)? and then use this fact to prove Theorem 3.1. Then since

LY - T =P - L=+ M-,

and since we know from [FM] that (L%l) — M)_l —(Lr—p lisa compact operator
in Ly(2, s~ )2, we see that our goal will be achieved if we can show that

X(w)=Lp —w 'SP Wp — 7!

is a compact operator in Ly (2, s~1)%.

Accordingly, let X ; i (n), where 1 < j, k <2, denote the components of X (u).
Then it follows from (2.3) that

X = -Tw *G(w*S.T ()™

— (TS — T G S)GuT (w) "2,
Xi2(w) = T(w)~ 2G(w)*SeT ()~ 2G(w)*

(TS — T(w G (W*SH(GWG(W* + (D — ™),
X21(w) = (GWGW* + (D — )™ HST(w) ™!

—(GWT W28 — (GG W* + (D — )" HSHGT (w2,
Xnw) = —(GGuW* + (D — W™ HST (W™ *G(w*

— (GWT W28, — (GG W* + (D — )™ HSy)

x (GWGW* + (D —w™h.

PROPOSITION 3.5. SCT(M)’I,SCT(/JL)’I/z, and SdG(M)T(,u)’l/2 are compact
operators in Lo(S2, s7h.
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PROOF. Since
IS TG0 fllg g1 = T ' Se2 T £ f) VfeLa@,s7h

and since we know from [FM] that T(/,L)_IS|C‘2T(,LL)_1 is a compact operator in

Lo(S2, s~ 1), it follows that this last result is also true for S.7(n)~'. Furthermore,
since

IST )™ 215 -1 = V) f, Flo.g.s-s

where V(u) = T(M)_l/lec‘zT(u)_l/z, and since we know from [FM] that V (u) is

a compact operator in Lo($2, s~!), it follows that this last result is also true for
SeT ()12,

Turning next to the assertion concerning S;G ()T (nw)~Y2, let us observe from
[FMM] that

GWTW 2 f= 3" Gu(WTnr() O f ® hu

m=—00
m=0
forall f e Lo(L2, s~1), where
im

Gm(p) = ST p()™2. (3.2)

V= I+ Dm? — ps?]
We note from part (3) of Proposition 3.3 that
D (T, r(W)'"?) = DS (1))

and hence it follows that S,,, (it) T,,“c(,u,)_]/2 is a bounded operator in L2 ((0, 1), s7h.
Furthermore, since

2
” f ”0’(0’1)“;—1
2

_ m —
= IS (WO T, r W21 0,151 + (E - u) 1T 2 (™IS 0.1y 51

forall f € L2((0, 1), s™1), it also follows that

1
1Gm (BN Ly (0.1).51)— Ly (0.1).571) = il

and
w

—-1/2
1Ton. £ G ™2 (0,1).571) L0, 1),571) = ==
Vmt — ot
Lastly we observe from (3.2) that

im
Vm2 = [l + s2)m? — p 52

G (W) T p ()~ V% = — S () T F () ™1,
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from which it follows that G, () T, F (1)~ 172 is a bounded linear transformation from
L>((0, 1), s~1) into L>((8, 1)) whose range lies in Hl((a, 1)) for any ¢ satisfying
0 < § < 1. Hence we conclude from the closed graph theorem that the mapping

G (W) T, r ()~ Y% 0 Lo (0, 1), s71) — H'((5, 1))

is bounded. Let us now use these facts to prove the assertion concerning the

compactness of SdG(,u)T(,u,)_l/z; since

IS4G DT ™2 F1I5 o -1 = T 2Gu* SpGuOT )2 £, fo.gs-1»
we see that the assertion will be proved if we can show that
T(w) ™" *Gu)*SpGT ()~ '?

is a compact operator in L (2, s7!).
To this end let

dy = dy(s) = 2m)"2(QrdP)(s) Vrel.
Then it follows from the foregoing results that for all f € Ly(2, s™1),

1T G *SpGUOT (W)™ Fllg g5

(5

m=—00

Y Tur (W) PG d G (1)

r=—00

X Tner, F (1) Oy f

2 172
0,(0,1),s_1> 3.3)

Tm,F(M)_]/ZGm (M)*dr Gm—r(1)

2 1/2
O,Q,s‘1>

where d, = (1 + r?)d,, and Go(p) is defined to be 0, and where we have made use of
Minkowski’s inequality. Note also that

o0

PIEEP

r=—00 m=—00

X Tner F ()" Qe f

B 1 27
d* < - / (d*(s, ) 4 |83d%(s, )|?) dt <273,
0

where 77 = v + 10541} _ -

Next let F denote a bounded set in L,($2, s~!). Then it follows from the fact that
1Qr fllo.0.1y.5-1 < I fllg.q.s—1 forall f e La(s2, s*hthat {Q,f |reZ, feF}isa
bounded set in L,((0, 1), s~'). Hence if we fix an integer £ > 2 and observe from
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Propositions 3.2, 3.3, and the text following (3.2) that for each pair (m, r), in 72 with
m #r, the set {Gm—r(M)Tm—r,F(l/«)_l/zQm—rf}fef is bounded in Hl((z_la D),
then we can appeal firstly to Rellich’s theorem and then to a standard diagonalization
procedure to select a sequence of vectors { f,}{° in F such that the sequence

{Gpm—r() Tm—r,F(M)71/2 Qm—rfn Zozl

converges in Lo((¢~1, 1)) for every pair (m, r) € Z2. Since this result is true for
every £ > 2, we can again appeal to a standard diagonalization procedure to choose
the sequence { f,}{° just cited so that the sequence

{Gm—r (m) Tm—r,F(M)71/2 Qm—rfn }Zo:]

converges in Lo((¢~1, 1)) for every pair (m, r) € Z? and for every integer £ > 2.
Let £, mo, and ro denote integers at least 2 with mq > ro. Then with { f,,}{° denoting
the sequence in F defined above, it follows from (3.3) that for j, k > 1,

3
17w 2G* S G T W)™ (fj = fllo.gs1 < Y i
j=0

where
1/2

00 1 S
Jo = Z o r2< Z I Vin.r () (S — fk)”(z),(o,e*'),s*‘

00 1/2
> ||vm,r<u>(f,'—fk>||3,(£1,1),51) :

[r|>ro (m;#go

1 ) 1/2

h=) - +r2( D Ve )y = FOUG 1.1y 4

[r|<ro |m|>myq

1 ) 1/2

J3 = 1 +r2< > ||vm,r(u><fj—fk)||0,(e1,1),51) :
[ri<ro |m|<mg
m##0

gr Gm—r (IIL)Tm—r,F(,U«)_l/2 Om—r-

w
Vm,r (n) = m

It follows from the results above that

. = . . . 12
Jo = Copg2( 1)< Z 1+r2>< Z mz(mz—u)> ’

r=—00 =—00
m=0
S (S )
J1 < Co?d( —)( —) ,
r>ro 1+ r? m:;go m2(m2 —
m
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and
h=cC ( ! )
2 0Vd 5
= LT
< Z 1 )1/2
X
2(m?2 2 2 ’
i, m2(m? — () (m — r0)?[(m — r0)? — 1]
h=c ( ! )
3 0Vd 5
= LT
1/2
x( ||Gmr(u>Tmr,F(m—‘/ZQmr<fj—fk)||3(£1,l>,sl) :
|m[<mq
m=£0
where

Co=2v2(1+M)(1 + @) and M =sup || fllog-
feF

Hence given any € > 0, we can choose ¢ so large that Jy < €/4, then choose ry so
large that J; < €/4, and finally choose mg large enough that J, < €/4. Then with
£, rg, and mg so chosen we can choose ng large enough that J3 < €/4 for j, k > ny.
Thus we have shown that there exists an integer ng such that

1T PGW*SpGT (W) 2(fi — follo.g.1 <€ Vi, k> no,

and since € is arbitrary, we conclude that

T (W)~ *G()*Sp G T (w)~'7?

is a compact operator in L, (€2, s~ 1), and this completes the proof of the proposition. O

PROOF OF THEOREM 3.1. It follows from Proposition 3.5 and from a consideration
of adjoints that X1 (), X12(n), X21(1), and

Xn() — (GW)GW* + (D — w) " HS(G)G(w)* + (D — )™

are compact operators in L;(€2, s71). Thus if we suppose that ||d||z.. ) =0,
then X (u), and hence also (L(Fz) S (Lg) — )1, are compact operators in
Lr(2, s~H2; and this implies that aess(L%) — ! =aess(L}1) — w7 TItis an

immediate consequence of this result that oess(Lg) )= oess(Lg)). d
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