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On Rubin’s variant of the p-adic Birch and
Swinnerton-Dyer conjecture

A. Agboola

ABSTRACT

We study Rubin’s variant of the p-adic Birch and Swinnerton-Dyer conjecture for CM
elliptic curves concerning certain special values of the Katz two-variable p-adic L-function
that lie outside the range of p-adic interpolation.

1. Introduction

Let E/Q be an elliptic curve with complex multiplication by O, the ring of integers of an imaginary
quadratic field K (necessarily of class number one). Let p > 3 be a prime of good, ordinary reduction
for F; then we may write pOx = pp*, with p = 1Ok and p* = 7" Ok

Set Koo 1= K(Er), Kb = K(Er+=), and R 1= KooKl Write Ko (respectively K7 ) for
the unique Z, extension of K unramified outside p (respectively p*). Let O denote the completion
of the ring of integers of the maximal unramified extension of @Q,. For any extension L/K we set
A(L) := ANGal(L/K)) := Zp[[Gal(L/K)]], and A(L)p = O[[Gal(L/K)]]. We write X (L) (respec-
tively X*(L)) for the Pontryagin dual of the p-primary Selmer group Sel(L, F ) (respectively the
p*-primary Selmer group Sel(L, E+«x)) of E/L.

Let

Y Gal(K/K) — Aut(Ers) — Okp = L%,
" Gal(K/K) — Aut(Ereo) = Ofc o = L)

denote the natural ZX-valued characters of Gal(K/K) arising via Galois action on Egre and Eproo,
respectively. We may identify ¢ with the Grossecharacter associated to E (and 1* with the complex
conjugate 9 of this Grossencharacter), as described, for example, in [Rub92a, p. 325]. We write T
(respectively T™) for the p-adic (respectively p*-adic) Tate module of E.

The two-variable Iwasawa main conjecture (proved by Rubin [Rub92b]) implies that X (R ) is a
torsion A(Rs )-module whose characteristic ideal in A(R ) is generated by a twist of Katz’s two-
variable p-adic L-function £, by the character 1. The function £, satisfies a p-adic interpolation
formula that may be described as follows (see [Rub92a, Theorem 7.1] for the version given here,
and also [deS87, Theorem I1.4.14]). For all pairs of integers j,k € Z with 0 < —j < k, and for all
characters x : Gal(K(E,)/K) — K, we have

Lo(WFy) = A- L™ 71, 0). (1.1)

Here L(i/}‘kﬁ_]x_l, s) denotes the complex Hecke L-function, and A denotes an explicit, non-zero
factor whose precise description need not concern us here.
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BIRCH AND SWINNERTON-DYER CONJECTURE

Define
Ly(s) = Lo(()°™),  Lp(s) == Ly(* (%))

for s € Z,. The character ¢ lies within the range of interpolation of £, and the p-adic Birch and
Swinnerton-Dyer conjecture for E (see [BGS85, pp. 133-134] and [Per84, Theorem V.8]) predicts
that ords—; Ly(s) is equal to the rank r of E(Q), and that

o (fp_(sl))r ~ [log, (¥ (m))]" - <1 - @) : (1 - %) UK ) (p)] - R p,

where 71 is a topological generator of Gal(K,,/K), II(K)(p) is the p-primary component of the
Tate-Shafarevich group II(K) of E/K, Rk, is the regulator associated to the algebraic p-adic
height pairing

{, Yrp : Sel(K,T) x Sel(K,T) — Ok
on E/K (see [Per83]), and the symbol ‘~’ denotes equality up to multiplication by a p-adic unit.

On the other hand, the character 1* lies outside the range of interpolation of £, and the function
L (s) has not been studied nearly as much as Ly(s). The only results concerning Ly (s) of which the
author is aware are due to Rubin (see [Rub92a, Rub94]). When r > 1, Rubin formulated a variant of
the p-adic Birch and Swinnerton-Dyer conjecture for Lj(s) which predicts that ords—; Lj(s) is equal
to 7 — 1, and which gives a formula for lim,_.1[L}(s)/(s — 1)"~!]. Under suitable hypotheses, Rubin
showed that his conjecture is equivalent to the usual p-adic Birch and Swinnerton-Dyer conjecture,
and he proved both conjectures when r = 1. In the case r = 1, he then used these results to give
a striking p-adic construction of a global point of infinite order in E(Q) directly from the special

value of a p-adic L-function.

When r» = 0, however, the above analysis breaks down, and the situation is less clear. The
functional equation satisfied by £y, (see [deS87, ch. IL, § 6]) shows that ords— Ly(s) and ords—; L} (s)
have opposite parity, and so when r = 0, one knows that ords—; L;(s) is odd. This may perhaps
be viewed as being an analogue of a similar exceptional zero phenomenon observed in the work of
Mazur, Tate and Teitelbaum concerning p-adic Birch and Swinnerton-Dyer conjectures for elliptic
curves without complex multiplication [MTTS86] (see also [Gre94]). As Rubin points out (see [Rub94,
Remark, p. 74]), it is reasonable to guess that ords—1 L (s) = 1. If this is so, then one would like to

determine the value of lims.1[Ly;(s)/(s — 1)].

In this paper we study an Iwasawa module naturally associated to Lj(s) via the two-variable
main conjecture and, among other things, we prove that the above guess is indeed correct. The
Iwasawa module in question is the Pontryagin dual X,«(K%,W*) of a certain restricted Selmer
group Y« (K3,,W*). This restricted Selmer group is defined by reversing the Selmer conditions
above p and p* that are used to define the usual Selmer group Sel(K %, W*). The two-variable main
conjecture implies that a characteristic power series Hx € A(K7)) of Xy« (K7, W*) may be viewed
as being an algebraic p-adic L-function corresponding to Ly(s). We study Ly(s) by analysing the
behaviour of Hg.

A special case of our results may be described as follows. We define a compact restricted Selmer
group Y+ (K, T*) C H'(K,T*). The O p--module - (K, T*) is free of rank |r — 1|, and if r > 1,
then it lies in the usual Selmer group Sel(/,T™) associated to T*. The O p+-rank of f]p* (K, T*)
governs the order of vanishing of L;(s) at s = 1 in the same way that the O p-rank of Sel(K,T)
determines ords—1 Ly(s). We also define a similar group ,(K,T) € H'(K,T), and we explain how
to construct a p-adic height pairing

[7 ]Km* N 2p(K, T) X Sp*(K7 T*) — OK,p*

If r > 1, then in fact ¥,(K,T) C Sel(K,T), %y+(K,T*) C Sel(K,T*), and, if the p*-adic Birch
and Swinnerton-Dyer conjecture is true, then the p-adic height pairing [, |k p« is non-degenerate.
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We conjecture that [, |x p+ is also non-degenerate when r = 0 (see Remark 6.6).
Define

I, 1(p) () := Ker [Hl(K, E) — H HY(K,, E)] ,
vtp
and write IILep) (K)(p*) for its p*-primary subgroup. Let IIl¢p) (K)(p*)/qiv denote the quotient
of IMe1(p)(K)(p*) by its maximal divisible subgroup. It may be shown that Il (K)(p*) has
Ok p-corank one, and that I, ) (K)(p*) /qiv is finite.

THEOREM A. Suppose that [, |k p+ is non-degenerate and let v be a topological generator of
Gal(K%,/K). Then, if r =0, we have ords—1 Ly(s) =1, and

‘H-[rel(p) (K) (p*)/div|
(HI(Ky-,T) : locy (5y(K, T))

Ly(s)

=~ log, (67(1)) - (1= 9(p7)-

lim

s—1 § —

. RK,p*,
where R p+ Is a p-adic regulator associated to [, |k p=.

We also obtain an exact (but much less explicit) formula for lims_.1 Lj(s)/(s — 1) by applying
the methods of [Rub92a] in our present setting (see Theorem 9.5).

Suppose now that » > 1, and assume that III(K)(p) is finite. Then E(K) ®o, Ok - is a free
Ok p+-module of rank r, and the kernel of the localisation map

E(K) ®0y Ok p — E(Kyp+) ®0y Ok p+

has O p+-rank r—1. Let y1,...,y,—1 be an O p+-basis of this kernel, and extend it to an O p+-basis
Yty Yr—1, Yp* of E(K)®0, Ok p+. We write x1,...,2,_1,yp for a similarly constructed O p-basis
of E(K) ®0, Okp. The following result is a direct consequence of Rubin’s precise formula for
limg1[Ly(s)/(s — 1)" '] (see [Rub92a, Corollary 11.3]). We give a new proof of this result which
is different from that contained in [Rub92a]. In particular, our proof gives an alternative way of
viewing the somewhat unusual regulator Ry defined in [Rub92a, §11].

THEOREM B. Suppose that © > 1 and that [, |k p+ is non-degenerate. Then ords—1 Ly(s) = — 1,
and

Li(s

lim p( )

Jm W ~ [lng(zz}*(,y))]r—l .p_2 |II(K) (p*)] 'IOgE,p*(yp*) . IOgE,p(yp) “REprs (1.2)

where logp .« (respectively logg ) denotes the p*-adic (respectively p-adic) logarithm associated
to F.

An outline of the contents of this paper is as follows. In §2 we recall some basic facts about
twists of Iwasawa modules and derivatives of characteristic power series, and we apply these re-
sults to describe the relationship between Ly(s) and a characteristic power series Hx € A(K5) of
Xp+(KZ,,W*). In § 3 we define various Selmer groups and establish some of their properties. We de-
scribe how to construct an algebraic p-adic height pairing on restricted Selmer groupsin §4. In §5 we
calculate (under certain hypotheses) the leading term of a characteristic power series Hp € A(FZ)
of Xp«(F%,W*), where F//K is any finite extension, and FJ := FK . In §6 we study restricted
Selmer groups over K and show that, under certain standard assumptions, ords—= Ly(s) = |r—1|. We
then give the proof of Theorem A in § 7 and that of Theorem B in § 8. Finally, in § 9, we explain how
the methods of [Rub92a] may be used to give a formula for the exact value of lim, .1 Ly(s)/(s — 1)
when r = 0.
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Notation and conventions

For each integer n > 1, we write

Kn:=K(Em), K :=K(Egpn).

n

For each place v of K, we write k, for the residue field of v and Ev /k, for the reduction of the
elliptic curve E modulo v. We set W := F e and W* := E +.

Throughout this paper, F' denotes a finite extension of K, and we set
Fn:=FK,, Fso:=FKy, Fy:=FKy,
Fr=FK;, Fo=FK,, Fy:=FK,
Soo = FR.

For any extension L/K we write M(L) (respectively M*(L)) for the maximal abelian pro-p
extension of L which is unramified away from p (respectively p*), and we set

X(L) := Gal(M(L)/L), X*(L):= Gal(M*(L)/L).

We let B(L) (respectively B*(L)) denote the maximal abelian pro-p extension of L which is unrami-
fied away from p (respectively p*) and totally split at all places of L lying above p* (respectively p),
and we write

V(L) := Gal(B(L)/L), Y*(L):= Gal(B*(L)/L).

If M is any Z,-module, then Mg;, denotes the maximal divisible submodule of M, and we set
M /div 1= M /Mg;,. We write Mo for the torsion submodule of M and M” for the Pontryagin dual
of M. If M is a torsion Ok g-module, with q € {p,p*}, then we write T,(M) for the g-adic Tate
module of M.

We set Dp = Kp/OKJ; and Dp* = Kp*/OK’p*.

2. Twists and derivatives

In this section we recall some basic facts concerning twists of Iwasawa modules and derivatives of
characteristic power series. We then apply these results to a twist of the Katz two-variable p-adic
L-function £, by the character ™.

Let Gr := Gal(§/F), and suppose that p : G — Z, is any character. Then we have a twisting
map

Tw, : A(Gr) — A(GF)
associated to p which is induced by the map g — p(g)g for all g € Gp. If M is a finitely generated

A(Gr)-module with characteristic power series fys, then a routine computation shows that Tw,(far)
is a characteristic power series of M(p~!) := M @ p~ 1.

Set H := Ker(p). Then there is a natural quotient map

g, /4 : MGr) — MGr/H),
and Tlg, /3(Tw,(far)) is a characteristic power series of the A(Gr/H)-module

M(p™") @a(gr) AMGr/H).
If p1: Gp — Z, is any character which factors through Gr/H, then

[Tw,(Fa)l(p1) = Mg, ym(Tw,p(far))l(p1), (2.1)

and there is an isomorphism
M(p™") ®a(gr) MGr/H) = (M @a(gr) MGr/H)) (™)
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of A(Gr/H)-modules. Hence, we may study the values of Tw,(fas) at characters p; which factor
through Gr/H by studying the values of Ilg /3 (Tw,(far)) at such characters.

Suppose now that p is of infinite order, and let N be a finitely generated A(Gr/H)-module with
characteristic power series fy € A(Gr/H). We may write

QF/’H:AXG,

where |A| is prime to p, and G ~ Z,. Let v be a fixed topological generator of Gp/H, and let
Il : A(Gr/H) — A(G) be the natural quotient map. We identify A(G) with Z,[[t]] in the usual
way via the map Ig(y) — 1+ t.

Let Ig,. ;3 denote the augmentation ideal of A(Gr/H), and suppose that n > 0 is the largest inte-
ger such that fy € I, and fxy ¢ 1 g+/1H It is not hard to check that I (fn)(t) is a characteristic
power series of the A(G)-module N2, and that

He(fn)
a8 t:O’

(v=D7"f¥)A) = (2.2)

where 1 denotes the identity character of Gr/H.

For any character v : Gp/H — Z,, we set ¥, := v(y)~ty — 1. Then if m > 0 is any integer, it
follows from the definitions that we have

(0, fn) () = [(vy =)™ Tw, (f¥)I(1), (2.3)
where Twy, : A(Gr/H) — A(Gr/H) is the twisting map associated to v.

We now recall how (2.3) is related to derivatives of certain p-adic analytic functions as described
in [Rub92a, §7]. Write (v) : Gp/H — Z) for the composition of v with the natural projection
Zy — 1+ pZy, and suppose that x : Gp/H — Z, is any character of order prime to p. The map
from Z, to C, given by s — fn(vx(v)*~1) defines an analytic function on Z,. Define

ordyy (fn) = ords—y fn(vx(v)*™'),

and set

D™ () i= (40 ) Savoxt)™)

s=1

We write

SN ) 2= D fy ().
and we extend these definitions to A(Gr) via the quotient map Ilg, ;3. A routine calculation shows
that we have

D (97 (vx)) = {log, (1))},
and
D (@ f) (vx) = {log, (v(1))}™ fx(vx) = [{log, (v (7))} ™ Tw, ()] (x)- (2.4)
We can now see from (2.2), (2.3), and (2.4) that if n,, := ord, (fn), then we may write fy = V¥ F,
with F, € A(Gr/H), and we have
](\;Lu)(y) _ l_}l f(s(’/< >) )
=D () ) (v)
= [{log,(v(7)}™ Tw, (F,)](1)
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= {log, (v(7))}" - 1a(Tw, (F,))(0)

}TLI/ M

= {log, (v(7))}" - e (2.5)

t=0

We now apply the above discussion to the case in which FF = K, M = X(Ry), p = v = ¢,
H = Gal(Rx/K%), G = Gal(K} /K), and x = 1.

Recall that the two-variable main conjecture asserts that X' (R) is a torsion A(f)-module, and
that the Katz two-variable p-adic L-function £, is a characteristic power series of X' (Rs) in A(fx)0-
We therefore see that Twys(Ly) € A(f)o is a characteristic power series of X(8s)(1)*1). Let
Icx denote the kernel of the natural map A(Rs) — A(KY). Fix any characteristic power series
Hy € A(K%) of the A(KZ,)-module

(o) (07 1) Oy (M) Ticz) = X (Ro0) (07 Tacs X (R) (077,
Then we deduce from (2.1), (2.2), and (2.5) that
ords=1 Ly(s) = ordi—o Hr, (2.6)

and if we set 1y« := ords=1 Ly(s), then

o), v v Lp(s)
) -

Hy
tnd,*

~ {log, (4" (7)) }"¥* - ; (2.7)

t=0

3

where ‘~’ denotes equality up to multiplication by a p-adic unit (in fact, in this case, we have
equality up to multiplication by an element of O*).

3. Selmer groups

In this section we define various Selmer groups that we require, and establish some of their properties.

For any place v of F', we define H}(FU, W) to be the image of E(F,) ® D, under the Kummer
map

E(F,) ® Dy — H'(F,, W),
and we define H}(Fv, W*) in a similar manner. Note that H}(Fv, W) =0if v {p. We also set
H}(Fy, Exn) o= Im[E(F,) /" E(F,) — H'(Fy, Exn)),
H(F,, Exen) :=Im[E(F,) /7" E(F,) — H'(F,, Exn)].

Suppose that M € {W,W* En, Ep+n} and that q € {p,p*}. If c € H'(F, M), then we write
loc,(c) for the image of ¢ in H'(F,, M). We define:

e the true Selmer group Sel(F, M) by
Sel(F, M) = {c € H'(F, M) | loc,(c) € H}(Fv,M) for all v};
e the relazed Selmer group Sel.)(F, M) by
Selyel(F, M) = {c € H'(F, M) |locy(c) € H(F,, M) for all v not dividing p};
e the strict Selmer group Selg, (L, M) by
Selgt, (F, M) = {c € Sel(F, M) | loc,(c) = 0 for all v dividing p};
e the q-strict Selmer group Sely,(q)(F, M) by
Selger(q) (F, M) = {c € Sel(F, M) | loc,(c) = 0 for all v dividing q};
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e the q-restricted Selmer group (or simply restricted Selmer group for short when ¢ is understood)
Eq(R M) by
Yq(F, M) = {c € Sel,q(F, M) | loc,(c) = 0 for all v dividing q}.
(The terminology ‘restricted Selmer group’ is meant to reflect a choice of a combination of
relaxed and strict Selmer conditions at places above p.)

We also define
Sely(F,T) := lim Sely(F, Exn),  Selz(F, T*) := lim Sely(F, Exen),

n

Yq(F,T) = liLnEq(F, Em), YqFT"):= liLnEq(F, E ).
If L/K is an infinite extension, we define
Sel?(L, M) = lii>nSel7(L’, M), X4(L,M) = l'i)nzq(L’, M),
Sely(L, T) = lim Sel, (L', T), Sels(L, T*) = lim Sel, (L', T*),
s —
where the direct limits are taken with respect to restriction over all subfields L' C L finite over K.
For any extension L/K, we set
Sel,(L, M) = X»(L, M), Z)q(L,M)A = Xq(L,M).
THEOREM 3.1. Let L be any field such that ), C L C §. Then there is an isomorphism
Xpe (L, W*) =~ X(L) (" 1) (3.1)
of A(L)-modules.
Proof. This is simply the analogue for restricted Selmer groups of a well-known theorem of Coates

concerning true Selmer groups (see [Coa83, Theorem 12]). We first observe that, since i, C L, we
have isomorphisms of A(L)-modules

X(L)(p* ') ~ Hom(T*, X (L)), X(L)(v* " ~ Hom(X (L), W*).

Hence, in order to establish the desired result, it suffices to show that there is a natural isomorphsim

~

Yp (L, W*) — Hom(X (L), W*). (3.2)
This may be proved in exactly the same way as [Coa83, Theorem 12]. ]

The following result is a ‘control theorem’ for restricted Selmer groups.

PROPOSITION 3.2. (a) Let Irx denote the kernel of the quotient map Ilr: : A(§w) — A(FL).
Then the kernel of the restriction map

Lpr (Foo: W) = B (oo, W) L7, |
is finite. A characteristic power series in A(F7,) of the Pontryagin dual of the cokernel of this map is
given by

er = (v =) [ [ — " (),
vlp*

where v is a topological generator of Gal(F} /F) and, for each place v of F} lying above p*,
7» denotes a topological generator of Gal(F3, ,/F,) < Gal(F5,/F).

Hence, if f € A(§x) is a characteristic power series of Xy« (FX,, W*), then e}lﬂf;o(f) e AMFL)
is a characteristic power series of Xy« (Fi,, W™).
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(b) Suppose that L is any field such that F C L C FZ% , and write I}, for the kernel of the
quotient map A(F) — A(L). Then the restriction map

Ve (L, W) = B (Foo, W)L

is an isomorphism.

Hence, the dual of this restriction map is an isomorphism of A(L)-modules:
Xy (Foo, W) L X (Foo, W) = X« (L, W).

Proof. Let N denote the maximal extension of §., that is unramified away from all places of Foo
lying above p. Consider the following commutative diagram:

0—>Zp*(~7::07W*) HI(N/ W*)%Hv\p HI(N/ oov?W*)

d | |

0 —= S (Foos WL ] ——= HY N /Foor W) Lre | 2 Ty H Ny [Foors W)

in which the vertical arrows are the obvious restriction maps.

Applying the Snake lemma (together with the inflation-restriction exact sequence) to this dia-
gram yields the exact sequence

0 — Ker(o) — H' (§oo/Fr, W*) L5 HHl (Soow/Foow W)
vlp*

— Coker(ar) = H*(§oo/Fioy W*) 5 [ H* oo/ Fi s W) — 0. (3.3)
vlp*

Now,
H'(Foo/Fio, W) = Hom(Gal(Foo / Fo), W),

T 2 Gooo/ s W) = [ [ Hom(Gal(Foo/Fre ) W), (3.4)
vlp* vlp*
and, as Gal(§oo/F%) ~ A X Zy, with p{ A, we have

H*(Foo/ Flg s W*) = H (oo /| Friy W) = W,
T[] #*Goo/ Flos W) = [T HO Booro/ Flo W) = [T W,

v|p* vlp* v|p*

We now deduce that g; is non-zero, and therefore has finite kernel (since H'(Foo/Fr, W*) is
divisible), and that go is injective. It follows from (3.3) that Ker(«a) is finite, and that there is an
exact sequence

0 — Ker(a) = H'(§oo/Fi, W) 5 [ H' B/ Fiio s W*) — Coker(a) — 0. (3.5)
vlp*

It follows from (3.4) that
Chary (g ) (H' (oo /Foo W) =7 =" (7);

CharA Fr <H Hl goo v/ 00,v? )> = H(/Yv - iﬁ*_l(%))'

v[p* v[p*
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Hence, we deduce from (3.5) that
Charp(rs ) (Coker(a)" = ep = (v = ¢* (1)) " [[ (3 = " (),
vlp*
as asserted.

(b) In this case we consider the following commutative diagram.

0 —— Xp+(L, W) HY(N /L, W*) &HW HY(N, /Ly, W*)

51 ﬁzl ﬁ:sl

locy,*
0 —> Sp+ (Fi, W) — HY N/ Fi, W) — [, H' (N /F% s W)

We have that
Ker(fy) = H (FX/L,W*) =0,

Ker(8s) = [ [ H'(Fi o/ Lo, W*) =0,
vlp*
Coker(B32) = H*(F: /JL,W*) =0,

(see for example, [Per84, p. 40]), and so the Snake lemma implies that (; is an isomorphism, as
claimed. n

COROLLARY 3.3. For any field L with F C L C F%,, we have an isomorphism

X (L, T7) = X(FR) (") I (X (F) (@) (3.6)
of A(L)-modules.
Proof. This follows directly from Proposition 3.2 and Theorem 3.1. U

Remark 3.4. If we take F' = K in Proposition 3.2, then it is easy to check that ex € A(K% ). We
therefore see from Proposition 3.2(a) and Corollary 3.3 that the element Hx € A(KY) fixed in §2
is a characteristic power series of Xy« (K%, W™).

DEFINITION 3.5. For any finite extension F'/K and any prime q of K we define

I1(F)yel(q) = Ker [Hl(F, E) — [ H'(F.. B)
ofg ’

and we set

E14(F) == Ker [E(F) ®ox Oxa— || E(Fv)_ .
vlq

LEMMA 3.6. Let F/K be any finite extension, and let q € {p,p*}. Then %(F,Ty) is a free Ok 4-
module.

Proof. Tt follows from the definitions that f]q(F Ty )tors Sél(F ,Ty). The desired result now follows
from the fact that the restriction of the localisation map

Sel(F, Ty) — [ [ E(Fy) ®ox Ok.q
vlq

to Sel(F, Ty )tors is injective. O
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4. The p-adic height pairing on restricted Selmer groups

In this section we shall explain how the methods described by Perrin-Riou in [Per83, Per84] may
be used to construct a p-adic height pairing

[ 5 ]F7p* N Zp(F7 T) X Ep* (F, T*) — 0K7p*.
We begin by describing the p-adic Leopoldt hypotheses with which we shall work.

DEFINITION 4.1. Let M/K be any finite extension, and consider the diagonal injection

iM:O]T/[HHO]@v.
vlp

Let in(Ojy) denote the p-adic closure of in(Oy;) in [],, Oxy,,. and set

(M) :=rkz(03,) — tkg, (inr (01))-

The weak p-adic Leopoldt hypothesis for F asserts that the numbers §(L') are bounded as L’ runs
through all finite extensions of F' contained in FZ . The strong p-adic Leopoldt hypothesis for F
asserts that the numbers §(L') are all equal to zero.

We remark that the strong Leopoldt hypothesis is known to hold for all abelian extensions of K
(see [Bru67]).

Recall that B(FJ ) denotes the maximal abelian pro-p extension of FZ which is unramified
away from p and totally split at all places above p*, and that Y(FZ%) = Gal(B(FZL)/FZL ). The main
ingredient in the construction of [, |pp+ is the following result.

THEOREM 4.2. If the weak p-adic Leopoldt hypothesis holds for I’ then there is a natural isomor-
phism
Up: S,(F,T) = Hom(T™, Y(F2,)) Fl(Fs/E),
The proof of this theorem is very similar to that of [Per83, Théoreme 3.2]. We shall therefore

just describe the main outlines of the proof and we refer the reader to [Per83] for some of the details
which we omit.

In order to describe the proof of Theorem 4.2, we require a number of intermediary results.
LEMMA 4.3. There is an isomorphism of Gal(F;/F)-modules
HY(F}, Egn) = Hom(Egen, FiX JFXP"): fs f. (4.1)
For each place v of F}, there is also a corresponding local isomorphism
HY(Fp: o, Exn) = Hom(Egen, Fp 5 [ FriP").

Proof. See [Per83, Lemme 3.8]. The isomorphism (4.1) is defined as follows. Let f € HY(F}, Exn),
and write

Wy, Eﬂ-n X Eﬂ-*n — an

for the Weil pairing. We identify FiXJF " with HY(F}, ppn) via Kummer theory. If u € Egpen,
then f(u) € H'(F}, ppn) is defined to be the element represented by the cocycle

o — wy(f(o),u)

for all o € Gal(F/F}). O
LEMMA 4.4. For each place v of F}' with vt p*, there is an isomorphism

E(F},)/m"E(FL,) = Hom(Empm, OF. JOR).
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Proof. See [Per83, Lemme 3.11]. O

COROLLARY 4.5. Suppose that h € H'(F},Exn). Then h € Xy(F;, Exn) if and only if, for each
u € E.n, the following local conditions are satisfied:

(a) h(u) € Fiil" for all v | p;
(b) p" | vrs (h(u)) for all v p*.
(Note that we impose no local conditions at places lying above p*.)

Proof. This follows directly from Lemmas 4.3 and 4.4. U

In what follows, we set G, := Gal(F}:/F) and write J,, for the group of finite ideles of F;;. We
let V,, denote the subgroup of J,, consisting of those elements whose components are equal to 1 at
all places dividing p and are units at all places not dividing p*. We set

Cri= Jn Va3, Q= 1o (Fr ),
vlp
and we note that the order of €),, is bounded as n varies.
PROPOSITION 4.6. There is an exact sequence

Hom(Eyen, 2,)" — Hom(Egen, Cp,)¢" 1% Sy (F, Egn) — 0.

Proof. The proof of this proposition is identical, mutatis mutandis, to that of [Per83, Proposi-
tion 3.13]. O

Now let 1], be the map obtained from 7, via passage to the quotient by the kernel of 7, and
write Cy,(p) for the p-primary part of C),. Then it may be shown exactly as in [Per83, pp. 387-389]
that passing to inverse limits over the maps 1/, ! yields an isomorphism

Ep : im 5, (F, Epn) = Yy (F, T) = Hom(T*, lim C,, (p)) 4!/ 5.

(Here the inverse limit lim Cy,(p) is taken with respect to the norm maps F;* — F*,.)

The proof of Theorem 4.2 is completed by the following result.
PROPOSITION 4.7. If the weak p-adic Leopoldt hypothesis holds for F', then there is an isomorphism
Hom(T*, liglcn(p))gal(]:;"/m ~ Hom(T™, y(}—;o))Gal(}'go/F).
Proof. This may be shown in the same way as [Per83, Lemme 3.18]. ]
We now explain how the isomorphism ¥z may be used to construct a p-adic height pairing
[, Irps : Sp(F,T) % Sps (F, T*) — Ok =
We first recall (see Proposition 3.2(b)) that the restriction map
V- (F, W) — B (Fo, W) (4.2)
is injective, and that there is a natural isomorphism (see Theorem 3.1)
Sp (Fiag, W) = Hom (X (FL), W). (4.3)

It follows from the local conditions defining the restricted Selmer group 3y« (F, W*) that (4.2) and
(4.3) induce an injection

Ep (F,W*) — Hom(Y(FL), W™), (4.4)
and taking Pontryagin duals yields a surjection
Hom(T™, V(F5,)) — Xp=(F,W7). (4.5)
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Composing this with the natural surjection
Ko (F,W7) = [Spe (F, W )ai]"
and taking Gal(FZ /F)-invariants yields a homomorphism
Br + Hom (T, Y(F5) =) — [Spe (F, W) ]
Next, we observe that we have a canonical isomorphism
[Spe (B, W) giy] " Homo, . (Tp+ (Zp(F, W")aiv), Ok p)
= Homo, .. (Ty (Zp+(F, W7)), Ok p+),
where the last equality holds because
T (B (B, W) diy = T (B (F, WF)).
Also, for each n > 1, we have a surjective map
Eps (F, Eren ) — Bps (F, W™) in
with finite kernel. Via passage to inverse limits, these yield a map
Ype (F, T*) — Tpe (Sp (F, W*))
which is an isomorphism because Sy« (F,T*) is O p+-free (see Lemma 3.6).
It follows from the above discussion that we may view Or as a homomorphism
B+ Hom(T*, Y(F%,)) /) — Homo, . (Sp+ (F, T*), O pe).
We thus obtain a map
Br oV : %y (F,T) — Homo, . (Sp+(F,T*), Ok ),
and this yields the desired pairing
[ g o Sp(F,T) X e (F,T*) — Ok =

It is natural to conjecture that this pairing is always non-degenerate (see Remark 6.6).

If 1,...,2 is an O p-basis of ¥,(F,T) (respectively if y1,...,¥m is an Of p-basis of
Y+ (F,T*)), then we define the regulator R+ associated to [, |Fp+ by
Ry := det([zi, yj]pp+)- (4.6)

5. The leading term

We retain the notation of the previous section. Write I'p := Gal(F /F), fix a topological generator
vr of I'p, and identify A(FJ) with the power series ring Zp[[t]] via the map yp — t + 1. Let
Hp € A(F}) be a characteristic power series of Xy« (FZ, W*). In this section we shall calculate
the leading coefficient of Hp, assuming that the strong Leopoldt hypothesis holds for F' and that
[, |Fp is non-degenerate.

PROPOSITION 5.1. Suppose that F satisfies the strong p-adic Leopoldt hypothesis. Then the A(FZ)-
module Xy« (F,, W*) has no finite, non-trivial submodules.

Proof. Tt is straightforward to show that a slight modification of the arguments given in [Gre78, §4]
establishes the fact that if F satisfies the strong p-adic Leopoldt hypothesis, then the A(FZ )-module
X (FZ) has no finite, non-trivial submodules. For brevity, we omit the details. The desired result
now follows from Proposition 3.2 and Theorem 3.1. U
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THEOREM 5.2. Let Hp € A(FZ) be a characteristic power series of Xp«(F3 ,W™). Assume that
the strong p-adic Leopoldt hypothesis holds for F' and that [, |pp+ Is non-degenerate. Set
m :=r1ko, . (Ep«(F,T")). Then ord;—o Hr = m and

Hp

tm

~ |ZP*(F7 W*)/div| : RF,p*' (51)
t=0

Proof. We begin by noting that there is a surjective homomorphism

Xp* (F;ov W*) - [Zp* (Fv W*)div]/\-
This implies that Hp is divisible by ¢"". If we write Z,, for the kernel of this map, then the Snake
lemma yields the following exact sequence:

0= (Zo)"" = X (Bl WH'F 5 [ Sy (B, W]
- (ZOO)FF - XIJ*(Fo*ov W*)FF - [Ep*(Fv VV*)diV]A — 0.
The kernel of the last map
Ko (Fo W), = [Sp (F, W )aiw]”

is dual to the cokernel of the map

S (B, WH)aiy — Sp (F, WHFF,
Since Sy« (F, W*) ~ Sy« (F, W*)I'F (via Proposition 3.2(b)), it follows that this cokernel is isomor-

phic to Xy« (F, W) /giv, which is finite.
We therefore deduce that the multiplicity of ¢ in Hp is equal to m if and only if (Z)r,. is finite,
which in turn is the case if and only if the cokernel of {f is finite. Recall (see Theorem 3.1) that
Xy (Fig, W' = Hom (T, X (Fy,)) S F/T),
and that the homomorphism £ may be written as the following composition of maps
Hom(T™, X(F%,)) %%/ — Hom(T*, Y(F5,)) /) — 5y (F, W) — [T (F, W) i)
(see (4.4), (4.5)). Hence, the cokernel of £ is finite if and only if the p-adic height pairing [, |f -
is non-degenerate.
We now see that if [, |pp+ is non-degenerate, then (Zoo)r, is finite. This implies that (Z)'F is
also finite, whence it follows via Proposition 5.1 that (Zoo)F F = (. Hence, we have
Hp

tm

~|(Zoo)rp | ~ [Ep=(F, W) jaiv| - |Coker (Er)].
t=0

Now
|Coker(€p)| = [(Zpe (F, W*)aiv)" : Ep(Xpe (F, WHTF)]
= [Ty (S (F, W) - (5 (F, T))]
= Ripe - [Ker(Sp (F, T*) — Ty (T (F, W)
= ,R’pr*'
Hence,

Hr

tm

~ | Zp (B, W) aiv| - REpe
t=0
as claimed. O
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6. Restricted Selmer groups over K

In this section we shall analyse various properties of restricted Selmer groups over K. The main
tool for doing this is the Poitou-Tate exact sequence (see, e.g., [CS00, Theorem 1.5] or [Per92,
Proposition 4.1.1]).

We write Sr for the set of places of F' lying above p and G s, for the Galois group over I’ of
the maximal abelian extension of F' that is unramified away from all places in Sp.

PROPOSITION 6.1. There are isomorphisms
Selg, (F, T*) ~ H*(Grs,, W)", Selg(F,T) ~ H*(Grs,, W*)".
Proof. The middle of the Poitou—Tate exact sequence yields
0 — Selgiy(F, Exen)" — H*(Gp,5p, Exn) — € H*(Fy, Egn).
vESE

Dualising, and using the fact that, via Tate local duality, we have H?(F,, Exn)" ~ HO(F,, Ey) for
each place v of F' gives

P HO(F,, Exn) — H*(Grsp, Exn)" — Selgr(F, Egen) — 0.
vESE
By passing to limits we obtain
P HU(F,, T%) — H*(Gps,, W)" — Sely(F,T%) — 0,
vESE

and this establishes the first isomorphism, because the first term of this last sequence is equal to
Z€ro.

The second isomorphism may be proved in a similar manner. ]

Recall that r = rko, (E(K)).

PROPOSITION 6.2. Suppose that r > 1. Then

rkojc e (Selstr (K, T%)) = 1ko, . (Selgpr(pe) (K, TF))

= rko, - (Sel(K,T™)) — 1.
Proof. Since r > 1, the image of the localisation map
Sel(K,T") — E(Ky+) @ O p=
is infinite. The result now follows from the fact that
rko o [E(Kp+) ® Ok pe] = tko, . [H E(K,) ® oK,p*} = 1. O
vlp

LEMMA 6.3. (a) The cohomology group H}(Kp*,T) is finite, and

[H (K T)| ~ [ By (ke )| ~ 1= 90 (p")

in Zy.
(b) We have
H}(Kp* ) T) = Hl (Kp* ) T)tors;
and Hl(Kp*,T)/H}(Kp*,T) is Ok p+-free of rank one.
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Proof. Part (a) follows directly from [Coa83, Lemma 1].

To prove part (b), we observe that, via Tate local duality, the dual of Hl(Kp*,T)/H}(Kp*,T)
is equal to E(Kp+) ® Dy+, and this last group is divisible of O p=-corank one. O

PROPOSITION 6.4. (a) Suppose that r > 1. Then
ko, . (Selel (K, T*)) = tko, . (Sel(K, T™)),

and

[Sele (K, T%) : Sel(K, T*)] ~ | Ep« (ky+)|-
(b) Suppose that r = 0. Then
rko,c - (Selyel (K, T)) = 1.
Proof. The Poitou—Tate exact sequence yields
HY(K,,T")

) * ) x| &
0— Sel(K,T ) — Selrel(K,T ) — @m

v|p

— Sel(K, W), (6.1)

The cokernel of « is the Pontryagin dual of the image of the localisation map

Sel(K, W) — €P H} (K, W),
vlp

and so has O p«-rank one if > 1 and rank zero if r = 0. As

rkoy.,- [@(HI(KU,T*)/H}(KU,T*))] =1,

vlp

we therefore deduce that rko, . (Selyal (K, T%)) is equal to rko Ko (Sel(K, T*)) if r > 1, and is equal
to one if r = 0. In particular, we have that Sel.e (K, T™)/Sel(K,T™) is finite if r > 1.

Now suppose that r > 1. As Hl(Kp,T*)/H}(Kp,T*) is Ok p+-free of rank one (Lemma 6.3(b))
and Sel, (K, T*)/Sel(K,T*) is finite, (6.1) implies that there is an exact sequence

Selyl(K,T*)  HY(Kp,T")
— — — —

Sel(K,T*) H(Ky», T%)
Since E(Kp+) ® Dy = 0, it follows that o is the zero map. The dual of Hl(Kp*,T*)/H}(Kp*,T*) is

isomorphic to H} (Ky+,T), and Lemma 6.3(a) implies that
|H} (K, T)| ~ | Ep= (Kpe)
Hence, [Sel,oi(K,T*) : Sel(K,T*)] ~ |Eys (kp+)
PROPOSITION 6.5. Suppose that r > 1. Then
S (K, T*) = Selgy(p) (K, T%).

2 Sel(K, W)

, as claimed. O

In particular, we have
rko, . (S (K, T%)) = rko, . (Sel(K, T*)) — 1.
Proof. From Proposition 6.4(a), we have
rko, . (Selel (K, T*)) = tko, . (Sel(K, T*)).
This implies that
rkO o (Sp+ (K, T*)) = tko,. . (Selgty(pe) (K, T*))
= rko, . (Sel(K,T7)) — 1. (6.2)
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It follows from the definitions of Yy«(K,T*) and Sélstr(p*)(K ,T*) that we have the following
exact sequence

- * - o B H' Ky, TY)
0 — Selggy(p) (K, T7) — Xp+ (K, T7) — m — Coker(3) — 0,
where 3 is induced by the obvious localisation map. From (6.2), we see that
S (K, T*) /Selgiype) (K, T™)
is finite. Hence, as H' (K, T*)/H}(Kp, T*) is Ok p=-free of rank one (see Lemma 6.3(b)), it follows
that (8 is the zero map. This implies that
S (K, T*) = Selgy(pe) (K, T%)
as claimed.
The final assertion of the proposition is a direct consequence of Proposition 6.2. ]
Remark 6.6. Suppose that » > 1. Then it follows from Proposition 6.5, together with the definition
of [, |k p+ that the pairing [, |k p+ is simply the restriction of Perrin-Riou’s algebraic p-adic height

pairing {, }x p+ to Sélstr(p*)(K, T%) x Sélstr(p)(K, T). Hence, if r > 1 and {, }x p+ is non-degenerate,
then so is [, |k p+. We conjecture that the pairing [, |k p+ is also non-degenerate when r = 0.

PROPOSITION 6.7. Suppose that r = 0. Then
ko, . (Spe (K, T%)) = 1.
Proof. We have an injection
0 — Xy« (K, T*) — Sely (K, T),
and we know that rkoK’p*(Sélrel(K, T*)) = 1 (Proposition 6.4(b)). Hence, rkoKyp*(flp*(K, T%)) is
either zero or one.

Suppose that rkoKyp*(flp*(K, T*)) = 0. Then the proof of Theorem 5.2 shows that the char-
acteristic power series Hx € A(K3)) of Xp«(K,W™) does not vanish at ¢ = 0. This implies that
ords=1 Ly(s) = 0 (see (2.6)). On the other hand, it follows from the functional equation satisfied
by the two-variable p-adic L-function L, (see [deS87, ch. II, §6]) that the orders of the zeros at
s =1of Ly(s) and L;(s) have opposite parity. Since 7 = 0, the order of IT[(K') is known to be finite
(see [Rub87]), and so

ords—1 Ly(s) = 1ko, . (Sel(K,T™)) = 0.

This implies that ords—1 L;(s) > 1, which is a contradiction.

It therefore follows that rko,. . (3p«(K,T™)) = 1 as claimed. O
COROLLARY 6.8. Assume that [, |x p+ is non-degenerate.
(a) Ifr > 1 and WI(K)(p*) is finite, then

ords=1 Ly(s) =7 —1.
(b) Ifr =0, then
ords=1 Ly(s) = 1.

Proof. This follows directly from Propositions 6.5 and 6.7, and (2.6). O

Remark 6.9. Corollary 6.8(b) confirms the expectation expressed in [Rub94, Remark, p. 74] (see also
[Rub92a, § 11, Remarks (2)]). It would be interesting to know wether there is any way of showing
that ko, . (3p<(K,T")) = 1 when r = 0 without appealing to the functional equation satisfied
by L.
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PRrROPOSITION 6.10. (a) Suppose that r > 1, and assume that II(K)(p*) is finite. Then
[T,e1p) (K) (p*) is also finite, and we have
M1y () (p7) | = [HI(K) (p)] - [E(Kyp) @ Ok p + locy(Sel(K, T)].
(b) Suppose that r = 0. Then I, (K )(p*) has O p+-corank one.
Proof. (a) For each n > 1, we define B,, via exactness of the sequence

0 — II(K)gen — H' (K, E)gon — [[ H'(Ky, E)zsn — Bn — 0.

v

Then there exists a map h,, : H 1(Kp, E);«n — By, and the sequence

0 — TI(K)gen — Merp) (K )pen — H'(Kp, E)en 2 B, (6.3)

is exact. Passing to direct limits over n in (6.3) yields the sequence

0 — () (5") — Mgy (K) () — H(Ky, E)(p") s lim B (6.4)

It follows from a theorem of Cassels (see [Cas65, p. 198]) that the dual of B, is isomorphic
to Sel(K, Exn). Tate local duality implies that the dual of H!(Kj, E)g is isomorphic to
E(Ky)/m"E(Ky) and that the kernel of lim A, is isomorphic to the dual of the cokernel of the
localisation map

locy : Sel(K,T) — E(K,) ® Ok .
If » > 1, then this cokernel is finite, and we therefore deduce that
(M e1 ) (B) (p) = TH(E) (p7)] = [B(J) © Ofe,p = locy (Sel(K, T))]-
Hence, we have
M e1 ) (B (p*)| = [TI(E) (p7)] - [E(Kyp) © Ok p = locy(Sel(K, T)))]
as claimed.
(b) If r = 0, then Sel(K,T) is trivial, because III(K) is known to be finite, and E(K)(p) = 0.

This implies that Coker(locy) = E(K,) ® Ok p is Ok p-free of rank one. It now follows from (6.4)
that T,y (K)(p*) has O p+-corank one. O

PROPOSITION 6.11. Suppose that r > 1, and assume that III(K)(p*) is finite. Then
|+ (K W) fai] = (M) (B) (p)| - [E(Kp+) @0y Oxcp- = locp(Sel(K, T™))].
Proof. Let wyi,...,yr—1 be an Og p«-basis of FEjp«(K), and extend it to an Of p+-basis
Yty Yr—1, Yp* of E(K) @0, Ofx p+. There is an exact sequence
0= Ok p - yp» = E(Kp+) ®0y Ok pr — U — 0,
with
Ul = [E(Ky+) @0 Ok p- : locp+ (E(K) @0y Or p+)]

= [E(Ky+) ®0y Ok p+ : locy=(Sel(K, T*))].

Tensoring this sequence with D+ yields an exact sequence
0=V = (Okp - yp=) ®0x Dy = E(Kypr) @0y Dy — 0,

with [U] = |V]. As

E(K) ®o Ok p+ = E1p+(K) © (O p~ - yp+),
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it follows that the kernel of the localisation map
E(K) ®0y Dy — E(Kyp+) @0y Dy+

is isomorphic to (E p=(K) ®0, Dp=) & V.
Define

(K)o o= Kex | 1. ) — [T 1 (5, )
vip
then we have an exact sequence

0 — E(K) ® Dy — Selyel (K, W") — MLl (K)(p") — 0.

Now consider the following commutative diagram, in which the vertical arrows are the obvious
localisation maps.

00— E(K) ® Dpr — Selye) (K, W) ——— ILe (K) (p*) — 0
l | |
0 —— E(Kp+) © Dpr — H'(Kp+, W*) — H'(Kp, E)(p*) —>0
Applying the Snake lemma to this diagram yields the exact sequence
0= (Evps(K) © Dye) ®V = B (K, W) — Ty (K) (p7) — 0.
As I, (K)(p*) is finite (see Proposition 6.10) and E y+(K) ®o, Dy~ is divisible, it follows that
Ep- (W) jaiv = [Met (K) (p7)] - [V]
= [Myeip) (K) (p)| - [E(Kp+) @0, Oxcp- : locy= (Sel (K, T))],

as asserted. O

7. Proof of Theorem A

PRroOPOSITION 7.1. Suppose that r = 0. Then

|IH(K)rel(p)(p*)/div|
Kp«, T) s locp (3,(K,T))]

|Zp*(K7 W*)/div| ~ (1 - ¢(P*)) ’ [Hl(

Proof. Consider the following diagram in which all columns are exact and fi, fo are the obvious
localisation maps.

Zp* (K, W*) — I-Hrel(p)([() (p*)

0 — E(K) ® Dy = 0 — Selyo1 (K, W*) —— Il (K ) (p*) — 0
fi fo
Hl(Klﬂ*ﬂ W*) - Hl(Kp*,E)(p*) —0

0——> E(Ky) ® Dy

E(Ky+) ® Dy-

Coker( f;) ——— Coker(f2)
Applying the Snake lemma to this diagram yields an exact sequence

0 — By (K, W¥) — ) (K) (p*) — E(Kp+) ® Dy — Coker(f1) — Coker(fz) — 0. (7.1)
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Let us first determine Coker(f;). The Poitou-Tate exact sequence gives
0 — Sy (K, W*) — Seleat(K, W*) L H' (Ko, W*) — Sy(K, T)" — H*(Gr50, W),

where G s, denotes the Galois group over K of the maximal extension of K that is unramified
away from p. Since r = 0, Propositions 6.1 and 6.2 imply that H?(G s, W*) = 0, and so we have

Coker(f1) ~ S, (K, T)". (7.2)
In particular, it follows from Lemma 3.6 and Proposition 6.7 that Coker(fi) is divisible of O p«-
corank one.

In order to determine Coker( f2), we observe that E(Kp+)® Dy~ is divisible of O p«-corank one,
and the kernel of the map

E(Kyp+) @ Dy« — Coker(f1)

in (7.1) is isomorphic to Ml (K)(p*)/Xp- (K, W*). This last group is finite, because both
[T,e1p) (K) (p*) and X« (K, W) have Of p+-corank one (see Propositions 6.10(b) and 6.7). It there-
fore follows that Coker(f2) = 0.

From (7.1) and (7.2), we obtain the sequence

IHrel(p) (K)(p*) =
BN E(Ky+) ® Dps — 5y(K, T)" — 0. (7.3)
Dualising this sequence yields

0 Sp(K’ T) . Hl(Kp*,T) . |:I—Hrel(p)(K)(p*):|/\ 0.

H}(Kp*,T) Zp*(K, W*)

We therefore have

er _ | Mrei (F)(37)
Y+ (K, W) S (K, W)
_ mrel(p)(K)(p*)/div

EP*(Ka I/I/v*)/div
= [H'(Ky,T) : locy- (Sp (K, T))] - [H (Ko, T)| 7,

which in turn implies that

* |IHrel (K)(p*) div|
[Spr (B, W) g = o a0 H} (K, T)).
[H (K-, T) : locy-(Xp (K, T))]
Since
[H (K, T)| ~ 1= (p")
(see Lemma 6.3), we finally obtain
[T K ) el (p) (D7) / div]

[ Ep (K, W7) ygiv| ~ (1= 9(p™)) - [HY(Kp+,T) : locy(Zp (K, T))]’

as claimed. O

Proof of Theorem A. We first note that, as [, |+ is non-degenerate (by hypothesis), we have
ords=1 Ly(s) = 1 (Corollary 6.8(b)). Hence, from (5.1), (2.7), Proposition 7.1 and Remark 3.4,
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we have
Li(s) H
i 220 sy . FE
lim === ~log, (¥7(7)) - = »
~log, (¥*(7)) - [Zp= (K, W) aiv| - R p
* * |I-Hrel(p) (K)(p*)/dlv|
This completes the proof of Theorem A. ]

8. Proof of Theorem B

Suppose now that » > 1. Then E(K) ® Ok p+ is a free Ok p=-module of rank r. Proposition 6.2
implies that the kernel of the localisation map

IOCp* . E(K) ®OK OK’p* — E(Kp*) ® 0K7p*

has O p+-rank r—1. Let y1,...,y,—1 be an Ok p+-basis of this kernel, and extend it to an O p+-basis
Yiy- - ayr—hyp* of E(K) ® OK,}J*'

ProrosiTioN 8.1. With the above assumptions and notation, we have
[E(Kp*) ®OK OK,]S* : IOC}J* (E(K) ®OK OK,}J*)] ~ p_l IOgE‘,p*(yp*)a
where logp, ,« denotes the p*-adic logarithm associated to E. Similarly, we also have
[E(Kp) ®0, Okp : locy(E(K) @0y Ok p)] ~ p~ ' logg ,(yp),
when y, € E(K,) ®o, Ok, is defined analogously to yy=.

Proof. We give the proof of the first assertion; that of the second is of course essentially identical.
We first observe that, from the definitions, we have
[E(Kp+) ®0y Ok pr < locy: (E(K) ®0y Ok p)] = [E(Kp+) ® Of p= 2 locp+ (O p+ - yp+ ).
Let Ey denote the kernel of reduction modulo p* of E, so we have an exact sequence
0 — Eo(Kp) = E(Kp) — Ep(kp-) — 0.
Set
Z = Ok p - Yp=, Zo:=locy«(Z) N Ey(Ky+), C :=locy=(Z)/Z.

Write Ay« for the restriction of locy« to Z. We have the following commutative diagram.

0 ZO A C®0K OK’p*

; - :
00— EO(KS) X0 OK,P* - E(Klﬂ*) ®ok OK,P* - Ep* (kp*) RO OK,p* —0
Observe that p is injective since Ay« is injective, and that Ep*(kp*) ®ox Ok p+ = 0 because

Ep(ky)(p) = By (kp-)(p) (see, e.g., [Per84, p. 28]). Applying the Snake lemma to the diagram
yields the exact sequence

0 — Ker(p") — Coker(p) — Coker(Ap+) — 0,

and so we have
|Coker(Ap+)| = |C @0, Ok p+| " - |Coker(p)|.

1393

https://doi.org/10.1112/50010437X07002904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002904

A. AGBOOLA

Set k = [Z : Zy] = |C @ Ogp+|; then kyy« is an O p+-generator of Zy. Since there is an
isomorphism

].OgE’p* . EO(Kp*) i) p*OKm*,
it follows that we have
|Coker(p)| ~ pt logE,p*(k:yp*) = kp ! logE,p*(yp*).

Therefore,

|Coker(Aps)| ~ p! log g = (Yp+),
and this establishes the desired result. O

COROLLARY 8.2. Suppose that r > 1 and assume that II(K)(p*) is finite. Then
[y (K) ()| = p ™" - [IL(K) (p%)] - log g  (p)-
Proof. This follows directly from Propositions 6.10(a) and 8.1. O

Proof of Theorem B. By hypothesis, [, |k p+ is non-degenerate, r > 1, and II(K)(p) is finite; hence
we have that ords—1 Ly(s) = r —1 (Corollary 6.8(a)). Proposition 6.11 and Corollary 8.2 imply that

S+ (K, W) jaiv | = Wiy (K) (p7)] - [E(Ep+) @0, Ok e+ locys (Sel(K, T7))]
~p 2 [HI(E) (p)| - log g e (yp+) - 10 (3)-
We therefore deduce from (5.1), (2.7) and Remark 3.4 that

L¥(s
lim L)) ~ log, (" (1))

i p7 % LK) (p7)] log g - (Yp+) - log g » (Yp) - R p+,

as asserted.
This completes the proof of Theorem B. U

9. Canonical elements in restricted Selmer groups

The goal of this section is to explain how the methods of [Rub92a] may be used to produce an
exact formula for lims_.1 Lj(s)/(s — 1) when r = 0 (see Theorem 9.5). The arguments involved are
quite similar to those of [Rub92a], and so, in what follows, we assume that the reader has a copy of
[Rub92a] and is willing to refer to it from time to time for some of the details we omit.

We begin by introducing the following notation (some of which differs from that of [Rub92a):

Un,p := units in [C;, p congruent to 1 modulo p;
Up,p+ := units in KCp, p» congruent to 1 modulo p*;
Uoovp = liin Un7p7 UOO,p* = liin Un7p*;
U;;p := units in IC:;p congruent to 1 modulo p;
U, p+ += units in K} . congruent to 1 modulo p*;
Ukp =1mUy, . Ul pe = lm U pr,

where all inverse limits are taken with respect to norm maps. We also set

Epn 1= global units of IC,,, &, := global units of K ;

&, := the closure of the projection of &, into Un p;
& := the closure of the projection of £ into Up p+;
Eoo 1= @?n, &= @EZ

1394

https://doi.org/10.1112/50010437X07002904 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002904

BIRCH AND SWINNERTON-DYER CONJECTURE

Remark 9.1. Note that since the strong Leopoldt conjecture holds for all abelian extensions of K
(see [Bru67]), we have that

En =&, 022y, &, ~E, 7Ly,
and so we may also view £ as being a submodule of Uso p+ and Z; as being a submodule of qup

We do this without further comment several times in what follows.

ProproSITION 9.2. There are natural injections
p: Hom(T™, (U%, , @ Q) /€)1 /1) s S (K, T),
p*: Hom(T, (Usop ® Q) /€0l Kee/K) S (K, T).

Proof. The proof of this result is essentially the same, mutatis mutandis, as that of [Rub92a, Propo-
sition 2.4]. The map p is defined as follows.

For any f € Hom(T*, (U, ® Q)/E.)GAUKL/E) and any integer n > 1, we define f, €
Hom(Em, £ /&P )GalKee /K) t6 he the image of f under the following composition of maps:
HOIH(T* ( ®Q)/E )Gal (Kt /K) —>HOIH(T* ( ®@)/5 )Gal(lC */K)
—>H0m( o 5 /g*p )Gal(lCOO/K)

where the first arrow is the map induced by the natural projection UL , — Uy , and the second
arrow is induced by raising to the p"th power in Uy ,

Recall that, for each n > 1, there is an 1som0rphlsm
n: HY(K, Exn) S Hom(Eyen, KC2¥ /12" Gal 05/ K)
(see, e.g., [Rub92a, Lemma 2.1] or [Per83, Lemme 12]). We define
p(f) = 1p = (@) p (fu)] € lim H' (K, Exn).

It is not hard to check from the definition that p is injective. It follows from Theorem 3.1, Propo-
sition 3.2, and Corollary 3.3 that p,1(f,) € Ey(K, Exn) if and only if the restriction of p,'(f,) to
H' (8R4, Eyn) is unramified outside p*. It may be shown via an argument very similar to that given
in [Rub92a, Lemmas 2.1 and 2.3] that this in fact the case. O

We now explain how elliptic units may be used (following [Rub92a]) to construct canonical
elements

s € By(K,T), s\ € Sp (K, T*)
when 7 = 0. These are the analogues in the present situation of the elements :1:5,1) € Sel(K,T) and
:L“fal*) € Sel(K, T*) constructed in [Rub92a] when r = 1.
Let Cx C &4 and C;o_ C & (ienote the norm-coherent systems of elliptic units constructed in
[Rub92a, § 3], and write C, and C; for the closure of C in €& and CX, in EX, respectively. Set
T =Ker(v* : AKY) = Zp), T :=Ker(v: ANKs) — Zyp),

and let ¥* be the generator of J* fixed in [Rub92a, §6] (so ¥* = y*(y~!) — 1, where v is any
topological generator of Gal(K%,/K) satisfying log,(/*(v)) = p). Write § € O for the conductor
of the Grossencharacter associated to E, and let N(f) denote the norm of this ideal. Fix B €
E;/ Gal(K/K), and generators w of T and w* of T* according to the recipe described in [Rub92a,
§6]. Let

0p(N(f)tw*) € Coy CUL,®Q
denote the elliptic unit constructed in [Rub92a, § 3].
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Suppose that ¢ is a positive integer such that
Coo CT'E,CUL,®Q and Co, CI'UL,®Q).
PROPOSITION 9.3. There exists a unique homomorphism algt) € Hom(7T™, (U%, ®@)/5 )Gal(kee/K)
such that
t * *t _ *

oy (w")”" = O (-N(f) ')
in&_|THE,
Proof. Theorem 7.2(i) of [Rub92a] implies that UZ, , contains no ¥/*-torsion elements. The existence

(t)

of a7 therefore follows via an argument very similar to that of [Rub92a, Theorem 4.2]. O

We set

(t)

of CNERC!

=p(oy)), s\ = pt(a)),
where of course the definition Jlgt*) € Hom(T, (Usopr ® Q)/E00)C2MKe/K) s the same, mutatis
(t)

mutandis, as that of oy
Remark 9.4. In fact the only non-zero values of s,(f) and sl(f*) occur when r = 0 and ¢t = 1, as we now
shall demonstrate.

(a) Suppose that 7 = 0. Then Ly(1) # 0, and so we have (via [Rub92a, Theorem 7.2(i)], for
example) that

Coo C €0 CUnp ®Q and Coo € I(Unep ® Q).

In particular, we have that Coo € T C Uso » ®Q. Similar remarks also imply that E; 7T *E; -
Ul p+ ® Q. Applying Remark 9.1, we deduce that

Coo L TEL, CUL - ®Q, (9.1)

Now suppose in addition that [, |k p+ is non-degenerate. Then Theorem A implies that ords—; L;(s)
=1, and so from [Rub92a, Theorem 7.2(i)], we have

C. CIUxL op ® Q). (9.2)

We now deduce from (9.1) and (9.2) and the definition of p that s,(Jl) # 0.

A similar argument also shows that 8‘(39 # 0.

(b) Suppose now that r > 1. Assume that III(K)(p) is finite, and that the height pairing [, | =
is non-degenerate. Then Theorem B (or [Rub92a, Corollary 11.3]) implies that ords—y Ly(s) = r—1,
and so it follows from [Rub92a, Theorem 7.2(i)] that

Coo ST UL, ®Q). (9.3)
On the other hand, [Rub92a, Theorem 4.2 and Proposition 4.4] imply that
Coo CT7 €L, CUL,®Q, Co LI"E, CUL,®Q,
and so applying Remark 9.1, we deduce that
Co CTEL,CUL,®Q, Co LI"ELCUL,®Q. (9.4)
It now follows from (9.3) and (9.4) that sgt) =0for 1 <t <r—2and that sgt) is not defined for
t>r—1.
(c) Suppose that r = 0, but that ords—; Li(s) > 1 (so, in particular, the pairing [, |k p+ is

degenerate, which we expect never to happen). Then an argument similar to that given in part (b)
above shows that sgl) = 0, and that sét) is not defined for ¢ > 1.
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THEOREM 9.5. Suppose that r = 0 and that [, |k p+ is non-degenerate, so ords—1 Ly(s) = 1. Then

Li(s) ¥ (p)

im =2 N (p — - i (1) (%

lim ——— =N(f)""(p 1)<1 ) >nlggo log, (op,n(w")).

Proof. This may be shown in exactly the same way as [Rub92a, Proposition 9.4(ii)]. O

Remark 9.6. The precise relationship between Theorem A and Theorem 9.5 is not clear, and it
would be interesting to obtain a better understanding of this.
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