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THE CLASSIFICATION OF FACTORS IS NOT SMOOTH
E. J. WOODS

1. Introduction. There is a natural Borel structure on the set F of all
factors on a separable Hilbert space [3]. Let F denote the algebraic isomorphism
classes in F together with the quotient Borel structure. Now that various
non-denumerable families of mutually non-isomorphic factors are known to
exist [1; 6; 8; 10; 11; 12; 13], the most obvious question to be resolved is
whether or not F is smooth (i.e. is there a countable family of Borel sets
which separate points). We answer this question negatively by an explicit
construction. To each infinite sequence {a;} of zeroes and ones we associate
a factor M{a;} which is given as an infinite tensor product of type I, factors.
Using techniques given by Araki and Woods [1], we prove that M{a;} and
M{by} are isomorphic if and only if a; = by, except for at most a finite number
of indices k. It then follows from a straightforward Borel argument that F is
not smooth.

Section 2 contains some definitions and known properties of ITPFI factors
(factors constructible as infinite tensor products of type I factors). In Section 3
we prove our main result. Section 4 contains some concluding remarks.

We shall use the following notation. If H is a Hilbert space then B(H)
denotes the set of all bounded linear operators on H. The statement “a; = b;
(a.a.)” means that the equality holds except for at most a finite number of
indices k. If the von Neumann algebras M and NV are algebraically isomorphic
we write M ~ N. We assume that the reader is familiar with the standard
notation and terminology for von Neumann algebras.

Acknowledgement. 1 would like to thank O. A. Nielsen for some useful
discussions.

2. ITPFI factors. For the sake of completeness we recall some definitions
and results pertaining to ITPFI factors (see [1] for a more complete dis-
cussion). Let H = ®jp1 (Hq, 2,) be the infinite tensor product of the Hilbert
spaces H,, which contains the product vector ® Q,, @, € H,, 0 < II||Q,|| < «.
Let m, be the canonical mapping from B(H,) to B(H) defined by =,S =
(Pmzn 1) ® S where S € B(H,) and 1,, is the identity operator on H,,.
Given ®(H,, @,) and type I factors M, C B(H,) we define the factor

@(Mru Qn) = {WnMn; n = 1, 2, .o .}”

Any factor constructible in this manner is called an ITPFI factor. By the

Received November 22, 1971.
96

https://doi.org/10.4153/CJM-1973-008-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1973-008-7

CLASSIFICATION OF FACTORS 97

eigenvalue list of a vector Q relative to a type I factor M we mean the list
(M Ny, .. .) of eigenvalues of the nonnegative trace class operator p in M
defined by

Trace pd = (4Q,Q),4 € M

ordered such that \y = A = ... = 0. We denote it by Sp(@Q/M). Sp(Q/M)
gives a complete set of unitary invariants for the pair (M, Q).

In the remainder of this paper dim H, = 4 and M, is a type I, factor. Let
0<x=1, = (1+ x)".. We define factors R, = ®(M,, Q,) where
Sp(@./M,) = (\, 1 — \) independent of #n. For any factor M we define the
algebraic invariant p(M) as the set of all 0 < x < 1 such that R, ~ R, ® M.
For the examples we shall consider in Section 3 the following notation is

convenient.
Definition 2.1. Given 0 = I; < ly < ...,l; — o0, and nonnegative integers
N1, Nz, ey let

)\n=(1+e“’f)“1,N1+...—l—N,~_1<n§N1—|—...+N,~

We denote the factor ®(M,, 2,) where Sp(Q,/M,) = (\,, 1 —\,) by
M[ljv N]]

The proof of Theorem 3.3 is based on the following result [1, Lemma 11.7].

LEMMA 2.2. Let 0 < § < 0, M = M[l;, N,]. For each j choose an integer p;
such that |8;| is a minimum where

Il

5_7' pﬂ - lj.

Then e=® € p(M) if and only if
E 1, Nje_ lj6j2 < 00.
=

3. A family of factors. Let G denote the Borel space of all sequences
a = {a}, axy = 0,1 with the product Borel structure, A the Borel subset of
sequences ¢ such that a; = 0(a.a.). Using the binary decimal expansion we
can identify G with the unit interval on the real line with the usual Borel
structure, and A with the binary rationals. G is a compact group under addition
mod 1. We define an equivalence relation on G by ¢ ~b if and only if
a—b € A(e.,a = by(a.a.)). Wegive G = G/A the quotient Borel structure.
By Theorem 7.2 of [7], G is not countably separated. We will construct a
Borel map M from G into F such that M (a) ~ M (b) if and only if ¢ ~ b, and
which is a Borel isomorphism of G onto MG. It will then follow that there is a
one-to-one Borel map M from G into F, which implies that F is not countably
separated.
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Definition 3.1. For each ¢ € G we define a factor M (a) as follows. We define
a sequence of integers my, Ny Let my; = 3. Given my, choose Ny, m4+1 such

that
(3.1) Np = (my + 1)2e™ > N, — 1
(3.2) (M + D> [(mg + 1)1P
and myyy is odd. Let H = ®(H,, 2,) where dim H, = 4. We define \,,
n=1,2,...as follows:
Let

r—1 &
(3.3) Z i< mn < Nj

j=1 j=1
and let

A+ et fa =1

(3.4) M = {1 if 4 = 0.

Choose a type I, factor M,(e) on each H, such that Sp(Q,/M,(a)) =
Ay 1 — N\,). We now define

(3.5) M(a) = @My(a), ).

We remark that M (a) is type I, if @ € A, otherwise M (a) is type III (see
[1, Lemma 2.14]).

LEmMA 3.2. The map M s Borel.
Proof. By the Corollary to Theorem 2 of [3] it is sufficient to show that
there is a sequence of operators T (a) € M (a) such that
{Ty(a); B =1,2,...}" = M(a)

for each @, and the maps ¢ — (x, 7% (a)y) are Borel for all & = 1,2,... and
all x, ¥y € H. Note that any type I, factor is generated by 4 partial isometries,
and that each M, (¢) depends on only one coordinate a; where k is determined
by (3.3). Thus each M, () is generated by 4 operators T, (ax), m = 1, 2, 3, 4.
Clearly the maps

a— Qg — (x) Tnm(ak)y)y m = 11 2y 3) 4
are Borel for all x,y € H. Since T}, (a) for all n, m generate M (a), the map M
is Borel.

THEOREM 3.3. M (a) ~ M (D) #f and only if a ~ b.

Proof. 1f ay = by(a.a.) then Sp(Q.,/M,(a)) = Sp(Q,/M,())(a.a.) and
M(a) ~ M(®) (use Lemma 2.13 of [1]).

If @ ~ b then there is a sequence k; < ky < ... such that either a;; = 0,
bi; = 1 or az; = 1, by; = 0 for all j. Without loss of generality we can take
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ag; = 0,0, =1,7=1,2,... . Let
(3.6) 0 = m 1_11 (1 — (y/np)]™
pis
where
It follows from (3.2) that the infinite product in (3.6) converges. For any
ji=12,... we have
3.8) 0 =n,Q;7 (1 + ¢;)
where
Q=1

j—1
(3.9) Qs = II [(res/ns) = 11,5 = 2,3,
(3.10) 14¢ = H [1—- (ns/ns+1)]_1-

s=j

We will use Lemma 2.2 to prove that e~ € p(M(a)), e ® ¢ p(M(D)). In order
to do this we note that by construction we can write

M(a) = Mm!, axNi] ® P(a), M(b) = M[my!, bxNi] @ P (b)

where P (a), P (b) are tensor products of type I, factors where the eigenvalue
lists are all (1, 0), and hence P(a), P (b) are type I (use Lemma 2.14 of [1]).
It follows from Lemmas 11.4 and 11.5 of [1] that o’ (M (a)) = o' (M[m:!, axNy]),
o' (M (D)) = o’ (M[my!, byNy]) where o' (M) = p(M) M [0, 1). Thus we need
estimates on

(3.11) 8, = inf |p8 — m;!|

P

where the infimum is taken over integers p.
Case 1.k ¢ (ky, k2, ...), B > ky: Such a k need not exist but if it does there
is an integer s such that

(3.12) ks <k < kg
Let
(3.13) P = Qomy!/(my, + 1)L

Note that p is an integer. Equations (3.7), (3.8) with 7 = s and equations
(3.11), (3.13) give

We now derive an estimate on ¢, It follows from the power series for
log(1 + x) thatif 0 < x < % we have

(3.15) —3x <log(l —x) < —x
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and
(3.16) 3x <log(l 4+ x) < x.
Equations (3.10) and (3.15) give

log(1 + &) = = 3 log[l — (n,/n)]

3.17)

<3 ]zz n;/Mn1.
Equations (3.2), (3.7), (3.12) give
(3.18) ns/nerr < [(my + 1)172
and for ¢ > 0,
(3.19) Moo/ Msrirr < [(Mger, + 1)1]72

< 27 (my + 1)1
From (3.17)-(3.19) we have

(3.20) log (1 + ¢) < #[(ms + 1)1 ,f% 27t < 3imy],
and from (3.16) and (3.20) it follows that

(3.21) e < 4[mil]2.

By (3.14), (3.21)

(3.22) 8 < 4/my),

and from (3.1), (3.22) we obtain

(3.23) Nyem™',2 < 16[ (my + 1)2 4 e [m, 1] 2.

Equations (3.2) and (3.23) yield

Nie™%5.> < 0.
kg (k1 k2 ,ene)
It follows that

(3.24) > N ™', < o

and thus e~ € p(M[m;!, axN;]) by Lemma 2.2.
Case 2. k = k; for some j: Let

(3.25) r = Qy/(mp + 1).

By construction my + 1 is even. It follows from (3.2), (3.7) and (3.9) that
ns+1/ms is always even and thus Q; is always odd. Hence 7 is not an integer,
and the integer p giving the infimum for §, satisfies

(3.26) b=l z (m+ 1)
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Equations (3.7), (3.8), (3.25) give

(3.27) |70 — mi!| = myle;.

The same argument used to derive (3.21) yields that
(3.28) €5 < 4[m; 1]

Equations (3.11), (3.26-28) give

(3.29) 0 = [P0 — mil] = [(p — 7)0] — [r8 — my!

> 00my + 1) — 4/my!,
and from (3.1) and (3.29) we obtain
(3.30) Npem™#5,2 > 62 — 80(my + 1)/ms! + 16 (my + 1)2(my!)~2.

Since m; — © (see (3.2)) it follows that

(3.31) b ™5, = Nie™%,.2 = 0
g i J

and thus e=® ¢ p(M[my;!, byN;]) by Lemma 2.2. Since p is an algebraic
invariant we have M (a) ~ M (b).

THEOREM 3.4. F is not countably separated.

Proof. Let Il g, Il » be the quotient maps from G — G, F— F. Since M is a
one-to-one Borel function from the standard Borel space G into the standard
Borel space F, its range MG is a Borel subset of Fand M is a Borel isomorphism
of G onto MG [7, Theorem 3.2]. Since M respects the equivalence relations
(Theorem 3.3), it defines a map M from G into F such that M1, = I .M.
We now prove that /7 is a Borel map from G onto MG with its relative Borel
structure in F. A Borel set in MG is of the form X M MG where X is Borel
in F. Then Mz~1(X) N MG is Borel in MG, and M—1(II;~1(X) N MG) is
Borel in G. But M—1(X N\ MG) = MM~ (Iz~1(X) N MG)) which is Borel
in G. Thus M is Borel. Now F countably separated would imply that MG is
countably separated which would imply that G is countably separated (since
I is Borel). But since G is not countably separated [7, Theorem 7.2], the
theorem follows.

4. Concluding remarks. Our result is analogous to the fact, first proved by
Glimm [5], that a separable locally compact group is type [ if and only if it
has a smooth dual. Actually Glimm proved the stronger result that the dual is
not metrically smooth (i.e. not metrically countably separated) if the group
is not type I. (A Borel space X is called metrically countably separated if,
given any finite Borel measure u, there is a p-null Borel set N such that
X — N is countably separated.) Since our method of proof involves an explicit
construction quite similar to that used by Glimm, one might expect that it
could be used to show that F is not metrically countably separated. In fact,
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Nielsen [9] has extended the argument of Theorem 3.4 to yield the existence
of a von Neumann algebra which is not ‘“‘centrally smooth” (see [4]). This
implies that F is not metrically countably separated.

Of course we have only shown that the classification of ITPFI factors is
not smooth. It remains open whether the classification of type II factors,
non-hyperfinite type I1I factors etc. is smooth or not. While present techniques
seem inadequate to decide this, it seems likely that the answer is no.
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