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1. Introduction. A famous open problem in functional analysis is whether there
exists a Banach space X such that every (bounded linear) operator on X has the form
A + K where 1 is a scalar and K denotes a compact operator. This problem is usually
called the “scalar-plus-compact” problem [14]. One of the reasons this problem has
become so attractive is that by a result of N. Aronszajn and K. T. Smith [7], if a Banach
space X is a solution to the scalar-plus-compact problem then every operator on X
has a non-trivial invariant subspace and hence X provides a solution to the famous
invariant subspace problem. An important advancement in the construction of spaces
with “few” operators was made by W. T. Gowers and B. Maurey [16], [17]. The ground
breaking work [16] provides a construction of a space without any unconditional basic
sequence thus solving, in the negative, the long standing unconditional basic sequence
problem. The Banach space constructed in [16] is Hereditarily Indecomposable (HI),
which means that no (closed) infinite dimensional subspace can be decomposed into
a direct sum of two further infinite dimensional subspaces. It is proved in [16] that if
X is a complex HI space then every operator on X can be written as A + .S where A is
a scalar and S is strictly singular (i.e. the restriction of S on any infinite dimensional
subspace of X is not an isomorphism). It is also shown in [16] that the same property
remains true for the real HI space constructed in [16]. V. Ferenczi [10] proved that if
X is a complex HI space and Y is an infinite dimensional subspace of X then every
operator from Y to X can be written as Aiy + .S where iy : ¥ — X is the inclusion
map and S is strictly singular. It was proved in [17] that, roughly speaking, given an
algebra of operators satisfying certain conditions, there exists a Banach space X such
that for every infinite dimensional subspace Y, every operator from Y to X can be
written as a strictly singular perturbation of a restriction to Y of some element of the
algebra.

The construction of the first HI space prompted researchers to construct HI
spaces having additional nice properties. In other words people tried to “marry” the
exotic structure of the HI spaces to the nice structure of classical Banach spaces.

*The present paper is part of the Ph.D thesis of the second author which is prepared at the University of
South Carolina under the supervision of the first author.
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The reasons behind these efforts were twofold. First, by producing more examples
of HI spaces having additional well understood properties we can better understand
how the HI property effects other behaviors of the space. Second, there is hope that
endowing an HI space with additional nice properties could cause the strictly singular
and compact operators on the space to coincide giving a solution to the scalar-plus-
compact problem.

An open problem that has resisted the attempts of many experts is whether there
exists a weak Hilbert HI Banach space. Recall that an infinite dimensional Banach
space X is a weak Hilbert Banach space [19], [20] if there exist positive numbers §, C
such that every finite dimensional space E C X contains a subspace F C E such that
dim F > § dim E, the Banach-Mazur distance between F and Zgim F'is at most equal to
C and there is a projection P : X — F with || P|| < C, (¢; denotes the Hilbert space of
dimension 7). Operator theory on weak Hilbert spaces has been studied in [19], [20].
In particular, the Fredholm alternative has been established for weak Hilbert spaces.

Recall some standard notation: Given a Schauder basis (¢;) of a Banach space, a
sequence (x,) of non-zero vectors of Span(e;); is called a block basis of (¢;) if there exist
successive subsets F; < F> < --- of N, (where for E, F C N, E < F means max E <
min F), and a scalar sequence (¢;) so that x, =, F, di€i for every n € N. We write
X| < X3 < --- whenever (x,) is a block basis of (e;). If x =), a;e; € Span(e;); then
define the support of x by supp x = {i : a; # 0}, and the range of x, r(x), as the smallest
interval of integers containing supp x.

Some of the efforts that have been made in order to construct HI space possessing
additional nice properties are the following. Gowers [15] constructed an HI space
which has an asymptotically unconditional basis. A Schauder basis (e,) is called
asymptotically unconditional if there exist a constant C such that for any positive
integer m, and blocks (x;)12, of (¢;) with m < x; (i.e m < minsupp x) and for any signs
(&), C {£1} we have

m

E Xill -
i=1

<C

m
E EiXi
i=1

Maurey [18, pp. 141-142] asked whether there exists an asymptotic £, HI space
for 1 < p < oo and Gowers conjectured the existence of such spaces in [15, p. 112].
Recall that a Banach space X having a Schauder basis (e,) is called asymptotic ¢, if
there exists a constant C such that for every m € N and all blocks (x;)I, of (e,), with
m < x1; we have

1
< c(Z ||x,-||2> :
i=1

m
2
i=1

e :
- Z||x,-||2) <
C(i:l

In the present paper we construct an HI Banach space which is asymptotic £,. Our
approach closely uses the methods and techniques of the paper [12] of I. Gasparis. The
norm of our space X satisfies an upper ¢,-estimate for blocks (i.e. there exists a constant
C such that for all blocks (x;)”, of (e,), we have || Y 7" x|l < C(X 1, Ix:1%)7). In
particular our result strengthens a result of N. Dew [9] who constructed an HI space
which satisfies an upper £,-estimate (but not a lower estimate for blocks (x;)/L, with
m < Xxp).
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S. A. Argyros and 1. Deliyanni [2] constructed an HI space which is asymptotic
£1. Recall that a Banach space X having a Schauder basis (¢,) is called asymptotic ¢;
if there exists a positive constant C such that for every m € N and all blocks (x;)?2, of

(), with m < x; we have

m

2
i=1

m

>CY lxl.
i=1

Ferenczi [11] constructed a uniformly convex HI space. Argyros and V. Felouzis
[3] showed that for every p > 1 there exists an HI space X, such that ¢, (or ¢y when
p = 00) is isomorphic to a quotient of X),. In particular the dual space X, is not an HI
space since it contains an isomorph of ¢, (for 1/p 4+ 1/g = 1). Argyros and A. Tolias
[6] have constructed an HI space whose dual space is saturated with unconditional
sequences.

Finally we mention that a Banach space Y such that every operator on Y can be
written as A + S with S strictly singular, has to be indecomposable (i.e. the whole space
cannot be decomposable into the direct sum of two infinite dimensional subspaces)
but not HI. Indeed, Argyros and A. Manoussakis [4], [5] have constructed such spaces
Y not containing an HI subspace.

Note. After the submission of the current manuscript, the authors became aware of
an HI asymptotic £, Banach spaces (for 1 < p < oo) constructed independently by
Deliyanni and Manoussakis [8]. Their construction and methods are different from
ours. In particular the selection of special functionals in the two constructions is
different.

2. The construction of the space X. In this section we construct a Banach space
X. We shall prove in Section 3 that X is asymptotic £, and in Section 4 that X is HI.
The construction makes use of the Schreier families S; (for & < w) that are defined in
the following way, See [1]. Set Sp = {{n}} : n € N} U {#J}. After defining S; for £ < w,
set

Sg-t,-]:{ULlF,‘ZnGN,anl <"'<Fn,Fi€S§},

(here we assume that the empty set satisfies § < F and F' < ¢ for any set F). Important
properties of the Schreier families are that they are hereditary (i.cif F € Sgand G C F
then G € S;), spreading (i.e if (p;)._, € S¢ and p; < ¢, for all i < n then (¢;)_, € S¢),
and they have the convolution property (i.e. if /| < - -- < F,, are each members of S,
such that {min F; : i < n} belongs to Sg then U?_, F; belongs to S,4). For E; C N we
say (E;) is Sg-admissible if £} < E; < --- < E, and (min E;); € S¢.

Let [N] denote the collection of infinite sequences of positive integers and for
M € [N] let [M] denote the collection of infinite sequences of elements of M. Let ¢
denote the vector space of the finitely supported scalar sequences and (e,,) denote the
unit vector basis of c¢g.

Using Schreier families we define repeated hierarchy averages as in [12]. For & <
and M € [N], we define a sequence ([§]¥)>° |, of elements of ¢yp whose supports are
successive subsets of M, as follows.
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For £ =0, let [£]Y = ¢y, for all n € N, where M = (m,). Assume that ([]})>
has been defined for all M € [N]. Set

1 min M
e+ = = D[N
i=1

Suppose that [§ + 1]{” < -+ < [€ + 1] have been defined. Let
M, ={me M :m > maxsupp[£ + 1]}'} and k, = min M,

Set

k
| K
[+ b = - 21

"=l
For x € ¢op let (x(k))ren denote the coordinates of x with respect to (ex) (i.e. x =
> x(k)ex). For M € [N], & < w and n € N define ()M € coo by (£)M (k) = /[E]M (k)
for all k € N. It is proved in [13] that for every M € [N]and & < w, sup{}_, [} (k) :
F € 8¢} < &/ min M. From this it follows that

for every & < w and ¢ > 0 there exists n € N such that for all M € [N] with

n < min M we have that sup { (ZkeF ((é){”(k))z)j :Fe Sg_l} <e. (1)

DEFINITION 2.1. Let (u,), be a normalized block basis of (¢,),, ¢ > 0and 1 <& <
w. Set p, = minsupp u, for alln € Nand P = (p,).
(1) An (e, &) squared average of (u,), is any vector that can be written in the form
> 1 &R (puyuy, where R € [P]and sup{(Xy (E)f (k)7 : F € Se 1} <&
(2) A normalized (e, &) squared average of (u,), is any vector u of the form u =
v/||v]| where v is a (g, &) squared average of (u,),,. In the case where ||v|| > 1/2,
u is called a smoothly normalized (e, &) squared average of (uy,),.

In order to define the asymptotic £, HI space X we fix four sequences M = (m;),
L=(;), F=(f;) and N = (n;) of positive integers that are defined as follows. Let
M = (m;)ien € [N] be such that m; > 246 and m,2 < m;y for all i € N. Choose L =
(l})ien € [N] such that and 2% > m; for all i € N. Now choose an infinite sequences
N = (nj)ienvgoy and F = (fj)ien such that ng =0, [i(f;+1) <m; forallje N, fi =1
and forj > 2,

J; = max Z,ol-n,-:,o,-ENU{O},1_[r71{-”'<mj3 . 2)

l<i<j 1<i<j
We now define appropriate trees.

DEFINITION 2.2. A set 7 is called an appropriate tree if the following four conditions

hold:
(1) 7 is a finite set and each element of 7 (which is called a node of 7) is of the
form (¢, ..., t3;,) where n € N, #3,_, € M U {0} for 1 <i < n (these nodes are
called the M-entries of (¢1, ..., t3,)), 31 is a finite subset of N for 1 <i <n,

and t3; is a rational number of absolute value at most equalto 1 for 1 <i <n.
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(2) 7T is partially ordered with respect to the initial segment inclusion <, i.e. if
(t1, ..oy t30), (ST, ..., 83m) € T then (¢, ..., t3,) < (51, ...,83m)ifn <mand t; =
sifori=1,...,3n. Fora, B € 7 wealsowritex < Stodenotea < Bora = 8.
For @ € 7 the elements 8 € 7 satisfying 8 < « (respectively o < B) are called
the predecessors (resp. successors) of «. If (#1,..., t3,) € 7 then the length
of (t1, ..., t3,) is denoted by |(#1, ..., t3,)| and it is equal to 3n. There exists
a unique element of 7 which has length 3 and it is called the root of 7,
and it is the minimum element of 7 with respect to <. Every element « € 7
except the root of 7 has a unique immediate predecessor which is denoted by
a . Ifaistherootof 7 seta™ =0. If (¢t1,...,13,) € 7 then (¢, ...,13) € T
for all 1 < ¢ < n. The nodes of 7 without successors are called terminal. If
« 1s terminal o« = (¢, ..., t3,) then 13,_, =0 and 13, e M for 1 <i<n. If
B =(t1, ..., t3)is non-terminal then #3; , € M for1 <i < k.If o € T is non-
terminal, then the set of nodes 8 € 7 with & < 8 and || = || + 3 are called
immediate successors of «. Also D, denotes the set of immediate successors
of a.

(3) If @ € 7 then the last three entrees of o will be denoted by m,, I, and y,
respectively. If « is the root of 7 then m, (resp. 1) is called the weight of 7,
denoted by w(7), (resp. the support of 7 denoted by supp (7)). If o is a terminal
node of 7 then I, = {p,} for some p, € N. If @ is a non-terminal node of 7
then [, = U{lz : B € D} and for B, 8 € D, with B # § we have either Iz < I
or 15 < 1/3.

(4) If « €7 is non-terminal and m, = my; for some j, then (Ig)gep, i Sny-
admissible and Y5 ), yﬁz <1.

Now set
G = {7 : 7 is an appropriate tree}.

We make the convention that the empty tree belongs to G.

If 71,7, € G then we write 7) < 7, if supp (7)) < supp(72). If 7 € G and [ is
an interval of integers then we define the restriction of 7 on I, 7|;, to denote
the tree resulting from 7 by keeping only those « € 7 for which I, N1 # ¢ and
replacing I, by I, N I for all « € 7 such that I, N 1 # @. It is easy to see that 7|; € G.
ItaeTsetT,={B\a :BeT,axpB}(fora=(t1,....,13,) < B={(t1,..., t3n) let
B\a = (t3u+1, - - -, t3m)). Clearly 7, € G. For 7 € G and « the root of 7, define —7 by
changing 73 to —13 in every node (71, 2, 13, ... ) of 7 and keeping everything else in 7
unchanged.

Define an injection

o {(h<--<T):neN,TeGi<n}— {my:jeNj
such that o (71, -+ ,7,) > w(Z) forall1 <i<n.

DEFINITION 2.3.
(1) For jeN, a collection (7y);_, C G is called S; admissible if (suppZy)j_, is
Sj-admissible.
(2) A collection of S,,,,,-admissible trees (7;);_, C G is called S, -dependent if
w(7T;) = my;, for somej; >j+ land o(7q, -+, To1) = w(T;) forall2 < i < n.
(3) Let Go C G. A collection of S, -admissible trees (7;);_; C G is said to admit
an S, ,-dependent extension in Gy if there exist k e NU{0} , L € N and

n2j+1
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Ri <+ <Riy1 <+ < Riyn € Go, Spy,,-dependent where Ryiilir.) = Ti
foralll <i<n.

(4) We say that Gy C G is self dependent if for all j e N, 7 € Gy and @ € T is
non terminal such that m, = my; 1, the family {75 : B € D,} admits an S,,,,,, -
dependent extension in Gy.

A set Gy C G is symmetric if —7 € Gy whenever 7 € Gy; Gy is closed under
restriction to intervals if 7|; € Gy whenever 7 € Gy and J C N an interval.

DEFINITION 2.4, Let " be the maximal self-dependent, symmetric subset of G closed
under restrictions to intervals such that forevery 7 € I'and o € 7, withm, = my;; for
some j € N and D, = {f1, - -, B} the sequence (y,);_, is a non-increasing sequence
of positive rationals satisfying Y ., yﬁzi < 1. (Such a maximal set I" is obtained by
considering the union of all subsets of G satisfying the properties mentioned in this
definition.)

NOTATION 2.5.Let7 e Tanda € 7.
(1) Define the height of the tree 7 by o(7) = max{|8|: B € T}.
(2) Let m(a) = Mp<amp if || > 3, while m(a) = 1 if |o| = 3.
(3) If my = m; for somei € Nsetn, = n;. Also set n(a) = Zﬂ<a ng if || > 3, while
n(e) = 0if || = 3.
(4) Let y(o) = Hpg<qyp if || > 3, while y(a) = 1 if || = 3.

Let (e}), denote the biorthogonal functionals to the unit vector basis of cpo. Given
T €T, set

. y(@)Ya
Xk = e

=2, e
where max 7 is the set of terminal nodes of 7 and 1, = {p,} for o € max 7.

Let N ={x% : 7 €I'} and define X to be completion of c¢o under the norm
X[l = sup{|x*(x)| : x* € N}.

Note that for each 7 € I' there is a unique norming functional x% € N C {x* :
lx*]l < 1} thus set w(xk) = w(7) and supp (x%) = supp (7). We will often refer to the
range of x* € N, r(x*), which is the smallest interval containing supp (x*). If x* ¢ N/
and [ is an interval of integers, define the restriction of x* on 7, x*|;, by x*|;(e;) = x*(e;)
ifi € I and x*|;(e;) = 01if i ¢ I. It is then obvious that if 7 € I" and 7 is an interval of
integers then x%|; = x*Tll' ForjeNand 7q,---,7, € ' we say that (x%)’g:1 is Sy, -
dependent (or it admits an S, -dependent extension) if (7¢)7_, is Sy,,,,-dependent (or
admits an S, ,-dependent extension). Also, we say that a collection (x;){_; C cqo is S;
admissible if (supp x;)7_, is Sj-admissible.

The maximality of I' implies the following result.

REMARK 2.6.

(1) et e NforallneN.
(2) Foreach7 eTanda € 7 thetree 7, = {B\a” : B € 7T,a < B}isinT.
(3) For every x* € N with w(x*) = my; for a some j € N we can write

1
N
mzj 7
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for vy = v, g, Where «p is the initial node of the corresponding tree, B¢ € Dy,
Xp = X7, [Vpe> (vg,)e are rationals and in coo with 3, |y,]> < 1 and x} € N/
where (supp x7)¢ is Sp,-admissible.

(4) For every x* € N with w(x*) = my;4; for some j € N we can write

for y¢ = v,y Where « is the initial node of the corresponding tree, B, €
D,, x; = x*% /vg, and (yg, ), are positive non-increasing rational scalars in coo
with ), yfi < 1. Furthermore there exists k e NU{0},L e N and y7 < --- <
Vig1 <+ < Yy, where (y})e is Spy,,-dependent and y;_liL.) = x; for all
i<t

Observe that the converses of (3) and (4) also hold. To see this for (3), let
(x})¢ be S,, admissible and let scalars (y;), such that ), lye|> <1 then we have

1/my )y, x; e N.

3. Preliminary estimates. In this section we make some estimates similar to those
in [12] that will be important in the proof that X is H.I. First we show that X is
asymptotic £,. Obviously (e,), is a bimonotone unit vector basis for X since the linear
span of (e,), is dense in X and for finite intervals 7, J of integers with / C J and scalars
(@n)n we have || Y, ; anenll < |1 D_,c; anenll (this follows from the fact that I is closed
under restrictions to intervals).

We now introduce a short remark.

REMARK 3.1. Let i € N and x € Span(e,),. Let (x7); € N be S,,-admissible if i
is even and admit S, -dependent extension if 7 is odd, and (y;) € ¢y be positive and
non-increasing if i is odd. Define J = {j : r(x]) N r(x) # @} then

1
— > p@| <l I
T

jeJ

Proof. Indeed there exists arbitrarily small (1;);, n > 0 such that,

1

2
(Z |Vm|2> +ne @ and Vi —+ nj € Q.

meJ

Forj € Jlet B; = (v; + 1)/ (X ey lYml?)? + 1) € Qsuch that (Y, #7)> < 1.1f iis odd
then we have that (B;); are non-increasing and positive (since (y;); are) and (x7)jes
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has a §,, dependent extension (since J is an interval). Thus 1/m; Zje 1 Bix; € N,

hence
1
1 2
ED ST | Dot IR IS SPAvTey
e jeJ Tjes
%
(D] +nfixl
jeJ
Since n > 0 is arbitrary, the result follows. Il

The next proposition shows that the norm of X satisfies an upper ¢,-estimate for
blocks.

PROPOSITION 3.2. If (x;)1L, is a normalized block basis of X then for any sequence of
scalars (a;); the following holds:

1

<x/_<Z|a, )2.

i=1

E aXxi

Proof. For the purposes of this proposition define I', = {7 € " : o(7) < 3n} and
N, ={x%: T eT,}. For x € ¢y define || x|/, = sup{x*(x) : x* € N,}. Notice that the
norm || - || of X satisfies lim,,_, o || x|, = ||x]|. We will use induction on 7 to verify that
|l - I, satisfies the statement of the proposition.

Forn=1,N, ={ye},:y € Q,|y| <1, m € N}, and so the claim is trivial.

For the inductive step, let x* = 1/my Zj VX; € Nup1 (where (x7); C N, is S,
admissible and ), ly;1> < 1) and let

O(1) = {1 <i < m: thereis exactly one j such that r(xj) N r(x;) # 0},

and Q(2) = {1, ..., m}\Q(1). Now apply the functional x* to >/, a;x; to obtain

ZV/ (Za,x,) SmLkZI){;I XY ax Zyj > ax
j

ieQ(1) i€Q(2)
N0

1

2

V3 5 1
< P E E la;|” | + E lail o E VX (xi)|,
J icQ(1) i€Q(2) J
N4

3)
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by applying the induction hypothesis for ) (€0 )r(x)r(x) 20y 4iXi- The above estimate
N
continues as follows,

A

;ijl ooaq| +| D4 o> P

icQ(l) i€0(2) i€0(2) (j:r(xH (x40}
HxX)Nr(x;)#9

1

2
1 1 1

vt [ v el+(x e e §ﬁ<z|a,~|2),
J J

J ieQ(l) i€0(2) i
HX)Nr(x;)#D

ol
oI—

IA

4)

where for the first inequality of (4) we used that /3 < m;, Remark 3.1 and applied
the Cauchy-Schwarz inequality. For the second inequality of (4) we used the fact that
for each j there are at most two values of i € Q(2) such that r(x7) N r(x;) # @. For the
third inequality of (4) we used ), | | < 1. Combine (3) and (4) to finish the inductive
step. ]

COROLLARY 3.3. Let (x;)]_, be a block basis of X withn < x1. Then for any sequence
of scalars (a;);, we have

1
1 n 2
ol DL =
m \'o

Proof. Let (x;)7_; be a normalized block sequence of (e,) such that n < x; and
scalars (g;)!_,. The upper inequality follows from Proposition 3.2. Note that, (x;)\_, is
S; admissible hence S, admissible. Find norm one functionals (x)”_, € N such that
r(x¥) C r(x;) and xj(x;) = 1 for all i < n. To establish the lower inequality apply the
functional

< ﬁ(imz)z.

n
E a;xi
i=1

(by approximation by rationals the norm of the above is at most one) to Y i, a;x;. U

The next lemma is a variation of the decomposition lemma found in [12] and will
be used in the proof of Lemma 3.12 and Proposition 4.1

LEMMA 3.4. (Decomposition Lemma) Let x* € N. Let j € N be such that w(x*) < m;.
Then there exists an Sg-admissible collection (X},)ser and a sequence of scalars (Ay)ueL
such that L = U?:lLi and:

) x* =3, kalxz. 1

@ (X, 1al?)? = 7 (Euer 1) = 7

3) w(x}) = mj fora € L.

(4) For a € Lj there exists |yy| < 1 and p, € N such that x}; = Ya€),-
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Proof. Since x* € N there exists 7 € I such that x* = x%. Define three pairwise
disjoint sets L, Ly, L3 of nodes of 7 such that for every branch 5 of 7 (i.e. a maximal
subset of 7 which is totally ordered with respect to <) there is a unique o € B with
a € UL L;. For every branch B of 7 choose a node o € B which is maximal with
respect to < such that m(a) < m]2 and all M-entries of ™ are less than m;. If & is non-
terminal and m, < m; thena™ € L;, where o™ is the unique <-immediate successor of
o in B. Thus for ™ € L; we have m,2 <m(at) < ml3 If o is non-terminal and m, > m;

then o € L,. If « is terminal then ac L3 Let L :U?ZlLi. For o € Llet

Since m; < m(a) for a € Ly we have

2 _ ly (o) : <L 2 %<L
() -t 4z -4

ael; ael
where the last inequality follows from Definition 2.2 (4) and Definition 2.4 (3). If
o € Ly then w(7,) > m;. If o € Ly then x7. = yue;, . Finally, since m(a) > w(x*) for all
a € L we have,

(Z |M|2>; = (Z ('}’;EZ;')z); < - i*)

acl acl

o=
o=

=

1
2 <
(;wn ) < 5

By applying the following Remark 3.5 (which also appears in [12]) to the set {/, : « € L}
we conclude that (x})secz is Sp-admissible where p = max{n(a) : @ € L} < f; by (1).
Thus (x})aer 1s Sy; admissible.

REMARK 3.5.Let 7 € I'. Let F be asubset of 7 consisting of pairwise incomparable
nodes. Then {/, : a € F} is S,-admissible, where p = max{n(«) : « € F}.

Proof. Proceed by induction on o(7"). For o(7") = 3 the assertion is trivial. Assume
the claim for all 7 € T" such that o(7) < 3n. Let 7 such that o(7) = 3nand w(7) = m;.
If |F| = 1 the assertion is trivial, thus assume |F| > 1. Let g be the root of 7. Thus
for all B € Dy, the claim holds for 7g. For each B € D,, define, Fg = {a\ap : & € F,
B < a} C 7. We know that for every g € D,, we have that {I, :a € Fg} is S,
admissible where pg = max{ng(e) : « € Fg} and for every « € 7T,

ng(a) = Z ny, = Z ng —n; = n(a) — n;.

yely yeT,y<a
y<a\op

Thus {l, : « € Fg} is Sy@)—», admissible for all B € D,,. Also {Ig: B € Dg,} is Sy,
admissible so we use the convolution property of Schreier families to conclude that
{I, : @ € F}is S, admissible. O

LEMMA 3.6. Let (uy,) be a normalized block basis of (e,). Let j € 2N and let y be an
(e, f; + 1) squared average of (u,) with ¢ < 1/m;. Let (x}), € N be Sg-admissible, & < f;
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and (y;)e in coo. Then,

<5 Yoo b

(N 0)

> rxi)
£

Proof. Let p, = minsuppu,, R € [(p,)] and y = Y, (f; + DX(p,)uy. Define

Q(1) = {n : there is exactly one ¢ such that r(x}) N r(u,) # @} and
0(2) = {n : there are at least two £’s such that r(x}) N r(u,) # 0}.
(Z nx}f) STUGHDfEu || =X Il | DY i+ D@
¢ ¢

neQ(l) neQ(l)
HO)N )0

ol—
2=

IA

S w3 YD Wi+ Dfe | =v3L Y. Il .

{er(xp)Nr(y)#90} neQ(1) {e:r(xp)Nr(y)#0}
r(xp)Nr(uy)#£9

)

where for the second inequality we used Proposition 3.2 and for the third inequality
we used the Cauchy-Schwarz inequality. For n in Q(2),

1
Yovei | 2 G DT e || < DG+ DIe) | — D0 wexi)|my
¢ neQ(2) neQ(2) T er (e (u,)£0)

1

2

< Y+ D) Yool m

neQ(2) {r(e)Nr(uy )0}

)=
ol—

| X Ww+oten] [ X X P om

neQ(2) neQ(2) (E:r(x})Nr(u,) 0}

ol—

<212 > W] . ©)

(NI #0)

where for the second inequality we used Remark 3.1 and that j is even. For the third
inequality we used the fact that (p,).co) € 2S¢ (i.e. the union of two sets each which
belongs to S¢), £ <f;, ¢ < 1/m; and the fact that for every £ there are at most two
values of n € Q(2) such that r(x}) N r(u,) # ¥. Combining (5) and (6) we obtain the

desired result since 2+/2 + +/3 < 5. O

LEMMA 3.7. Let (u,) be a normalized block basis of (e,). Let ¢ > 0 and j be an even
integer. Then there exists a smoothly normalized (e, f; + 1) squared average of (u,).
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Proof. Let P = (p,) such that p, = minsuppu, for all n € N. By (1) assume
without loss of generality that for all R € [P], sup{Y_;.-((f; + DR(K)?)? : F € S;} < e.
Suppose that the claim is false. For 1 < r < /; construct normalized block bases (i]);
of (u,) as follows. Set

ul = Z(ﬁ + DE (o).

It must be the case that ||lu} || < 1/2 for alli € N. Now for each 1 < r < [, if (u;"!), has
been defined let p/~! = minsupp /!, P,_; = (p~') and

= X 0 ) e

Forall rand i, ||lu}|| < 1/2. Write ull’ = Y ,.cF (ntty for some finite set F C Nand a, > 0

with (u,)ner being S(s41y, -admissible and (3 a?): = 2i=' Forn e Fletu: € N,
lu |l = u(u,) = 1 and suppu’ C r(u,). Set

v = e/ (Zai)é 0.

J neF melF

neF a,

Since (f; + 1)/; < n; and j is even, we have by rational approximation that [x*|| < 1.

Thus

1 I A 1 2] -1

o == 3 () = 2

2 m/ neF (ZmeF m); nekl j
contradicting that m; < 20 O

LeEmMMA 3.8. Let (1), be a normalized block basis of (e,), and jy € N. Suppose
that (yi)i is a block basis of (u,), so that yi is a smoothly normalized (e, f2;, + 1)
squared average of (uy), with ex < 1/myj, and jo < 2ji < 2j < ---. Let (x};) C N be
St admissible, & < nj, and (V) m, (B € coo. Then

1
2
(Z |ﬁk|2>
k

o=

> Y, (Z ﬂkyk> <22 (; |ym|2>

m

Proof. Define the following two sets,

O(1) = {k : there is exactly one m such that »(x},) N r(yx) # @},
0(2) = {k : there are at least two m’s such that r(x},) N r(yr) # 9}.

https://doi.org/10.1017/50017089506003193 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089506003193

AN ASYMPTOTIC ¢, BANACH SPACE 515

Zymx;; Z By || + Zymxf; Z Bryk
m m

{kee QD) (x5 )Nr(yi)#0} keQ(2)

ol—

<Y lymlV3 > B+ Y 1A S ymx )
m (ke Q(1):r(x )Nr(yi) A4} keQ(2) {mar(s )Nr(yi ) #0}

1
2

<2 <Z |ym|2)é > > 1Bl

m (ke Q():r(x)Nr(ve)£0)
1

+10 Y |Bd Yool _52(;|ym|2);(2kj|ﬁk|2)%

keQ(2) (mer (e )Nr(ve)#0)
1 1 1
2 2 2
+20<Z|ym|2> (Zmﬁ) szz(DﬁkP) (zw) :
m k k m

For the first inequality we used Proposition 3.2. For the second inequality we applied
the Cauchy-Schwarz inequality in the first term of the sum and in the second term of
the sum we used the fact that £ < nj, < f5;, for all k to apply Lemma 3.6. The “10”
in the second part of the second inequality comes from the fact that y; is smoothly
normalized. For the third inequality we used the Cauchy-Schwarz inequality. The “20”
after the third inequality comes from the fact that for every m there are at most two
values of k € Q(2) such that r(x}) N r(yx) # 9. O

2

LEMMA 3.9. Let (uy), be a normalized block basis of (en),. Suppose that (y)); is a
block basis of (uy), so that y; is a smoothly normalized (g}, f>; + 1) squared average of (uy,),
with e; < 1/my;. Then there exists a subsequence (y;)jer of (v)); such that for every jo € N,
Jisj2s - € Iwith jo < 2jy < 2jp < ..., x* € N with w(x*) > mj, and scalars (B;); € coo
we have that:

(1) If w(x*) < myj, then

<mi o kP

¢\ ter(ennr(y )20)

“(x)

where m, = mj, if w(x*) = mj, and m, = mlzo if w(x*) > my,.
(2) If my;, < w(x*) < my;,,, for some s > 1 then

ol—

AT o)< X s

s Joo \ tktsr(e)ne(y;, )#0}

Proof. Lemma 3.7 assures the existence the block sequence (y;); such that each
yj is a smoothly normalized (g;, f; + 1) squared average of (u,),. Let T = (1,),
where 7, = minsupp u,. Choose I = (ji)x € [N] such that, /| is an arbitrary integer,
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2 _ 2
ik < & and

1
2
myj,
<§ :nyj,zn%l) <=k ()

i<k g/

Letjo € N, ji, /o, ... € Iwithjy < 2j; < 2jp < ...,(Br) € coo and x* € N such that
mj, <w(x*)=m; < my;,. By definition y;, = v;, /||v;|I, where v;, = 3", (5 + DI (t)u,
and Ry € [(#,)] is chosen as in Definition 2.1. Let x* = 1/m; ), v¢x} for some i where
Do lyel> < 1, (x7)e¢ 18 S, admissible and i < 2j;. Define the following two sets,

O(1) = {n : there is exactly one £ such that r(x}) N r(u,) # @},
0(2) = {n : there are at least two £’s such that r(x}) N r(u,) # ?}.

We proceed with the case n € Q(1).

1 k
w(x*) ; Vexe ; ﬁ.k Z (f2i + l)f (tn)utn

01 e ottty

2
S reap L1l I DR D DR R R R (O
V4

(e A8} {ne Q)N #0)

=

< x*)Zw 3 3 Bl (i + 1) (1)
{k:r(xp)Nr(yy )70} {ne Q(1):r(xy)Nir(uy ) #0}
1 i !
4 : i
sw(x*)<;m|2) D - <w(x*) ) -

& {ker(xp)Nr(vy, )#9) o Aker(en)nr(y, )20}
®)

where for the first and second inequalities we used the fact that ||v; || < 1/2 and
Proposition 3.2. For the third inequality we used that 2+/3 < 4 and the Cauchy-
Schwarz inequality. Notice if w(x*) > mj, by the choice of M we have 4/w(x*) < 4/ mjz0
For n € Q(2) we have,

Ry
Ly Dol

Al

<2 Y 1B Y (B D)) |

{k:r(x*)0r(y;, ) #0} neQ(2)

<2 Y s Y (B D)) > P

1
> vexi ()
mi =

{ker(x*)Nr(yy, ) #9} neQ(2) {€: r(xp)Nr(u,)#0}
5 5
R 2
<2 I DD (i + 1)) Yoo .
{kear(x)ni(y;, )70} neQ(2) neQ(2) (€& r(xp)Nr(un)#0}
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where for the first inequality we used that ||v, || > 1/2, for the second inequality we
used Remark 3.1 and for the third inequality we used the Cauchy-Schwarz inequality.
Note that (¢,),c0(2) is 2S5, admissible (i.e. it can be written as a union of two sets each
of which is S, admissible) and n; < f»;,. Also note that for every £ there are at most
two values of n € Q(2) such that r(x}) N r(u,) # @, to continue (9) as follows:

=
(ST

<4 > |ﬂk|8jk<Z|W|2> <4 ool [ Dle
4

{ler(e)Or(y ) 24) ey )#90) k=1
! )
. ;
<8¢, > AP =— DR T (10)
(e )N ) 7#9) A\ fler(e)n () 70)

Obviously (8), (9) and (10) finish the proof of part (1). Assume fors > 1, my;, < w(x*) <
my;,,,. Estimate x*(3_,_ Bry;,) as in (8),(9) and (10) to obtain the same estimate with
my;, replaced by my;,, . Estimate x*(3 ", _, Bry;.) as follows:

l >k
W) XZ: Vexi Yy By = >

k<s {k<sr(x*)0r(y;, )#0}

1 3k
ﬂkm XZ: vex; (Vi)

1 .
< > 1Bel—— i, (smce > ovex; sl)
{(k<s:r(x)NH(y;, )20} w(x*) ¢ o
Tk
1 1
3 2
1
= D D 1 S L
{le<s:r(x*)Nr(y;, )#0) {k<sir(x*)Nr(y;, )79}
T | 3
my;.
< > AP % < D

w(x*) myj_, N myj_,

{k<s:r(x*)ﬂr(y,k )#£D} {k<s:r(x*)ﬂr(y,k )#£D}

where the third inequality comes from equation (7). This finishes the proof of part
2). ]

REMARK 3.10. Lemma 3.9 will be used several times as follows: Given a normalized
block sequence (u,) of (e¢,), Lemma 3.7 will guarantee the existence of a block sequence
() of (e,) such that each y; is a smoothly normalized (g;, f2; 4+ 1) squared average of
() and &; < 1/my; for all j € N. Choose a subsequence (y;);er of (3); to satisfy the
conclusion of Lemma 3.9. Let j, € N and ji, j», ... € I with jo < 2j; < 2j» <.... Let
pr = minsupp (y;) forallk e N, R € [(p)],

y= Z(njo){e(pk)yjk and g = ”i_”
k

be a normalized (1/ mfo, n;,) squared average of (y;);e;. Then the conclusion of Lemma
3.9 will be valid for “Bc”= (n,)R(px) and for all x* € N with w(x*) > m;,.

LEMMA 3.11. Let (y))jer. jo € 2N and a normalized (l/mjzo, n;,) squared average g
of ())jer be chosen as in Remark 3.10. Then for any Sg admissible family (x}), C N,
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& < nj, where w(x}) > my, for all £ and (y;), € coo, we have

2

< :77 > lyel’| +6 > lyel®

Jo {&: wxp)>mjy, r(x;)Nr(g)#0} (€ wxp)=mjy, r(x;)Nr(g)#0}

l—

Z vexe(g)
£
(1D

Proof. Let g=y/|lyl and note that since jo is even, |yl = 1/m; where
v =Y, (m)R(pr)yj, for px = minsupp y;, for all k € N and R € [(px)]. Thus

> vxi(@)
14

Let B = {¢ : w(x}) > mj,} and E = {£ : w(x}) = m;,}. Define,

<mj, ) vl ). (12)
¢

O(1) = {k : there is exactly one £ such that r(x7) N r(y;) # 9},
0(2) = {k : there are at least two £’s such that r(x}) N r(y;,) # 7}.

For k in Q(2) we have,

mj, Z lyel | X7 Z (nj())f(pk)yjk
Jé

keQ(2)
<mp, Y (m)i@eo Y. Inllxi()|
keQ(2) {L:r(xp)Nr(y;, )70}
:
<m, Y (m)feoto| Y P . (13)
keQ(2) {er(xp)nr(y;, )#0}

where for the second inequality we used that y;,’s are smoothly normalized, and applied
Lemma 3.6 since (x}), are S; admissible with & < nj, < f3;, for all k. By applying the
Cauchy-Schwarz inequality the estimate (13) continues as follows:

=
¥

<10m, | S (m)fe) | [ X 3wl
keQ(2) keQ(2) (€:r(xH)Nr(y;, )0}

2

IA

2
1 Omjo ? 2 Z | Ve |2
Jo {&r(x))Nr(g)#0}

ol—
9

4—9 > P+ oo P (14)

mjy {€€B:r(x)Nr(g)£0) {LeEr(xH)Nr(g)# A}

IA

For the second inequality we used the fact that (p)ieg() is 2S¢ admissible, £ < n;;, and
that for every £ there are at most two values of k € Q(2) such that r(x}) Nr(y;) # 9.
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For each ¢ let s, be the integer s such that my;, < w(x}) < my;,,, and r(x}) N r(y;,) #
¢ if such s exists (obviously, no such s exists if £ € E i.e. it is defined for certain values
of £ € B). For k’s in Q(1),

miy Yol | [ Y (m) T o
£

keQ(1)

<mjy | Y lvel |5 > ()} PR +Z|Vz|‘ﬁ(("jo)f(l’u)ij)‘ - (15)
14 4

(ke Q(1):k#se}
For the first term of the sum,

mj, Z el |x7 ( Z (n./o)f(pk)yjk)
4

(ke Q():k#sc}

<sm |l Y )i ]| > () e )

S (ke O(1):kse) teE ke O(1):ksse)

5 2 5 2
< my, Zl)’dﬁ Z ((njg)f(l’k)) +Z|Vz|; Z ((njo)f(Pk))
LeB Jo \ keQ(l)ksts, LeE SN keQ(1), ks,
()N, )#D H)NF(yy )#0
S ! !
< (zw) +5<Zm|2> : (16)
My \ e teE

For the second inequality of (16) we applied Lemma 3.9. Notice that the s, were picked
to coincide with part (2) of Lemma 3.9. The final inequality of (16) followed from the
Cauchy-Schwarz inequality.

For the second part of the right hand side of (15) notice that the only ¢ that appear
are the ones for which s, is defined. Also recall that if s, is defined then w(x}) > my;,
hence ¢ € B. Thus the second part of the right hand side of (15) can be estimated as
follows:

m, Z [Vel )X? ((”Jb)f(psc)ij)‘ = mj, Z |7/Z|(”jo)f(l7w)

{€: sy is defined} {€: sy is defined}
1 L
2 2
2 R 2
= mj, Z |vel Z ((”1'0)1 (ps))
{€: s is defined} {€: s is defined}

19l—

<= Yoo ol (17)

o {€: s is defined}

where for the second inequality we applied the Cauchy-Schwarz inequality and
for the third inequality we used that (xj), is S; admissible for & < m;; hence
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{(ps,) : s¢ is defined} € 2S¢. The result follows by combining the estimates (12),
(13),(14),(15),(16), and (17). O

LEMMA 3.12. Let (yj)jer. jo € 2N and a normalized (l/mjzo, nj,) squared average g of
(vj)jer chosen as in Remark 3.10. Then for any S,, admissible family (x}), C N, i < jo
and (y;)e € coo, we have

ol—
ol

<2 > vel*| +6 > el | .

m
¢ {Cw(x))F#my, r(xp)Nr(g)#0} {w(x))=my 1 (x;)Nr(g)#0}
(18)

> yixi()
4

where m, = ming{w(x7}), mj, }.

Proof. Let g=y/lyll and since jo is even note that |yl > 1/m; where
y =Y, (m)R(pr)y;, for px = minsuppy; for all k € N and R € [(px)]. Let S={¢:
w(xy) < mp}, E={£: w(x})=m;}and B = {£: w(x}) > m;}. Using Lemma 3.4 for
£ € S we write

* *
Xy = E )\Z,mxg'my

melL,

where L, = UleLg,[ and the following are satisfied:

3 1
1 S
™ el 5—2,(2w,m|2) S (19)
meLy, m, meLy w(x?)

w(xy,,) = my form € Ly, x7,, = yg,me;m forme L3, |Yem| < 1andpy,, € N. Now
we have

< Yo w Y ¥l @+ D vexi(@)

{eeSr(xp)Nr(g)#M}  meLy LgS

> vexi(@)
¢

< Z Ve Z )\E,mxzm(g) + Z Ve Z )‘E,mxzm(g)

{LeS:r(x))Nr(g)#0} meLg > {€eS:r(x))Nr(g)#0} meLy )
1
2

47
+— > ml] +6 ol (20)

Mo\ (eeBr(xnre120) {CeEr(x?)Nr(g)#)

ol—

For the second inequality we applied Lemma 3.11. Now since (x7,)m 18 Sy,
admissible and (x}), is S,;, admissible we can use the convolution property of Schreier
families to conclude that (x7 ,,)ees,mer, 18 Sy, +n, and hence Sy, admissible. Thus for
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“£” = 2f;, < n;, apply Lemma 3.11 to the second term of the sum to obtain,

Z Ve Z }"@.mxz.m(g)

{eeSr(xp)Nr(g)£0y  meLen

o=

47 2 2 2 2
<— Sl DD | +6 Yo P DD el
J0\ (eeS:r(xp)Nr(g)£0) meLy {LeS:r(x})Nr(g)#0} meLy
w(xg,,)>mj, w(xg,,)=mj,
1 1
2 2
47 o 1Y (1Y
== X mn (w(x*)) 6l X () | ey
T\ (ees:rxp)n(g)£0) ¢ {LeS:H(x))Ni(g)£0)} ¢
1 1
47 ’ 6 “
S o 0 [ e B AE
X * *
mj, ming{w(xy)} {eST(x)Nr(g)#0) mine {w(xy)} {eST(x)Nr(g)#0)
1
53 ) i
< = . 21
< o @1

{LeSr(xy)Nr(g)#0}

Now separate the first term of (20) into two terms. Recall g = y/|Iyll, Iyl = 1/mj,,
(X7 ees.mer, 18 SZ/;-O admissible, and apply Lemma 3.8 for “£”= 2f; < n,,

113 * *
§ yn1xm” = E Ve E )"Z,mx(,m
m

{LeSr(xp)Nr(g)#0}  meLea
and “Y", Bxyi = y to conclude that,

Z Ye Z AenXy n(8)

{LeS:r(x})Nr(g)#0} meLy»

=< Z Ye Z MemXy (&)

{LeS:r(x))Nr(g)#B}  meLy,

+mj, Z Ve Z )\Z,mVZ.me;(z,m) Z (njo)f([’k)yjk

{LeSr(x;)Nr(g)#8)  meLys k
>
< 22m;, Do P DD el
{LeS:r(xy)Nr(g)#0} meLy
R
+my, Z Ve Z )&Lmye,m(njo)l (pk((i,m)) s (22)

{LeS:r(x))Nr(g)#£0} meLgs

where for every £ € S and m € L, 3, k(¢, m) is the unique integer k (if any) such that
e;wm)(yj,c) # 0.If no such k exists then the corresponding term is absent from the second
part of the sum. Now (22) continues by applying (19), the Cauchy-Schwarz inequality
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and the facts |y, | < 1 and (k(€, m))¢es meL, ; € Sn,.+fjo - Sszo where 2f;, < nj,:

1
2

22m;
<=2 >l

n, {LeS:r(x})Nr(g)#8}

o=
o=

> | Y |xe,m|2_ > ((m)y (prem)’

{€eS:r(xy)Nr(g)#0} mely 3 meLy 3
} ;
22 2 m; 2 “
= e Z [vel + Wuj(x*)} Z [vel
10\ feeS:r(xn)nr(g)#0} ¢ ¢

{LeS:r(x7)Nr(g)#0}
1 1

x > > ((m), Pkwm)))2 52—? > lyel?

(LS ()N L mi, e
)NH(g)#£M) mELy s {eS:r(x))Nr(g)#0}
1 : 23 :
. ming{w(x)) Z v’ ] < — Z vel”] . (23)
s ¢ ¢ {eS:r(xH)Nr(g)£4) T\ {eeS:r(x;)Nr(g) £}
The result follows by combining (20), (21), (22) and (23). O

COROLLARY 3.13. Let (¥)jer. jo € 2N and a normalized (l/m , j,) Squared average
g of (¥j)jer chosen as in Remark 3.10. Then for any x* € N such that [x*(g)| > 1/2 we
have that w(x*) = mj,.

Proof. Let x* € N. Assume w(x*) # my;,. Apply Lemma 3.12 for i = 0, for (recall
that ny = 0) the S,,, admissible family (x}), being the singleton {x*} and y; =1, to

obtain that
123 123 1
Ix"(g)l < <— <z, (24)
m, m 2
(where m, = min(m;,, w(x*))), since m; > 246. O

4. X is a hereditarily indecomposable Banach space. We now show that X is
HI. We proceed by fixing j € N and by defining vectors (g,)’,’ , and (z,)7_,, functionals
(x3)7_, € NV, positive integers (j;);_, and R = (¢;) € N which will be fixed throughout the
section and shall be referred to in the results of the section. By using standard arguments
we can assume that any two subspaces, in our case with trivial intersection, are spanned
by normalized block bases of (e,). Let (1,) and (v,) be two such normalized block
bases of (¢,) and fix j € N. Set P = (p,,) and Q = (g,) where p, = minsupp u, and ¢, =
min supp v, for all n € N. By passing to subsequences of (p,) and (g,) and relabeling,
assume by (1) that if R € [P U Q] then for & < nyjy1, sup{(zkeF((nsz))f(k))z)% :Fe
Se} < l/mgﬂ_l. By Lemma 3.7 let (y;)icon—1 (resp. (¥i)iean) be a block sequence of (uy,),,
(resp. (vy,),) such that y; is a smoothly normalized (1/my;, f>; + 1) squared average of
(up), (resp. (vy)n). Apply Lemma 3.9 to (3;)icon—1 and (;);ean to obtain I € 2N — 1]
and I, € [2N]such that (y,);e;, and (3;);es, satisty the statement of Lemma 3.9. For j; €
N, 2j; > 2j+ 1 let g; be a normalized (1/’”%]1 , myj,) squared average of (y;)jer, - Let x] €
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N with xj(g1) > 1/2 and r(x}) C r(g1). By Corollary 3.13 we have that w(x}) = my;,.

Let my;, = a(xl) Let g5 be a normalized (1/ m2 , myj,) squared average of (y;)jer, with
g1 < &. Let x} € N with x3(g2) > 1/2 and r(xz) C r(g»). By Corollary 3.13 we have
that w(x3) = myj,. Let my;, = o(x7, x3). Let g3 be a normalized (l/mzj nyj,) squared
average of (y))jer, With g1 < g» < g3. Let x§ € N with x3(g3) > 1/2 and r(x}) C r(g3).

By Corollary 3.13 we have that w(x}) = my;,. Continue similarly to obtain (g;);_; and
(x1)._, C N such that:

(a) g;is anormalized (1/ m%j," nyj,) squared average of (y;);er, for 7 odd (resp. (y))jer,

for i even).
(b) w(x}) = my;, r(x}) C r(g;) and x7(g;) > 1/2.
(© o(xy, -, x ) =wk))forall2 <i<p.

(d) {g;:i < p}is maximally S,, , admissible.

2j+1

Letz; = gi/(x}(gi)). Let t; = min supp z; and R = (¢;);. The fact that X is HI will follow
from the next proposition.

PROPOSITION 4.1. For all x* € N there exist intervals J| < --- < J; C {1,---, p}
such that,

(D) {zming,, = m < s} € So + 3Sp,,, (i.e it can be written as a union of four sets: one
is a singleton and three which belong to Sy, ).
(2) There exists (by)),_, C R such that

1

Z(_l)i(n2j+l)f(li)zi < (m540){ (tmin 1, Yom and (Z bfn) <6.

i€Jm

3)
; 505
x* > (Dmyfwz || < 5—.
{1, P, i UGTAS|

Before presenting the proof of Proposition 4.1 we show that it implies that X is
HI. First we find a lower estimate for || Z (o )Rzl

v

1 () f @)zl

Z(mm (1) (Z(nz,m (t; )zl>

{1 =

m2j+1

2j+1
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Now we find an upper estimate for || Y7, (—1)(ny41)R(#))z]|. Let x* € NV and find
J1 < Jy < -+ < Jj to satisfy Proposition 4.1,

x* (Z(—l)i(flzjﬂ)f(li)zl‘)

< DD EDeyf@z ||+ [ YD D )Rz
ieU; _Jm €U 1Im
. , 505
<Y oD Rz | | + =
m=1 i€ty Mjt1
s
505
< Z(”Zj+l)f(tminjm)bm + —
m=1 2j+1
' ! 1
s N 2 505
< (Z((i’lzj‘ﬂ)f(lmmJ,ﬂ))z) (Z bi) + =
ms.
m=1 m=1 2j+1

LAY s0s s
4 ( 2 ) 6+ ——=—
i My My

where the numbers “4” and “6” after the last inequality are justified by parts (1) and
(2) of Proposition 4.1 respectively. Combining the two estimates we have that,

517 || X 2. X
> )Rtz =2 S— = | D (= D) R (1)zi)
dean 2j+1 i=1
for any j and thus X is HI.

The remainder of the paper will be devoted to proving Proposition 4.1. The
following three lemmas will be needed in the proof.

LEMMA 4.2. Let x* € N with w(x*) > myq1. Let V C {1, ..., p} such that w(x*) ¢
{myj, : i € V). Then for any scalars («;)icy we have,

x* ( E a,-z,-)
ieV

Proof. Let x* = ﬁZe veyi where Y, ly|?> <1 and (y}), is appropriately
admissible. Define,

496
<— ool

m2j+1 {ie Vr(x*)Nr(z;)#9}

Q(1) = {i € V : there is exactly one £ such that r(y}) N r(z;) # 7},
0(2) = {i € V : there is at least two £’s such that r(y}) N r(z;) # 7).
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Foriin Q(1),

>‘<*

]
8
5
[

l *k
M Xe: Yede Z oiZj

ieQ(1) {ieQ(1):r(y)Nr(zi)#0}
1
| 3
= 265 > Inl2v3 > e
¢ {ie Q():r(yy)Nr(z))#0}
1
2 2
23/3 4
< D 7 = > el
w(x*) ! m2,
(e Vr(x*)Ni(z;)#0} 2j+1 \ e Var(x:)Ni(z:) 20}
(25)

where for the first inequality we used Proposition 3.2 and the fact that x7(g;) > 1/2,
for the second inequality we applied the Cauchy-Schwarz inequality and for the last
inequality we used the fact that mgj 11 = w(x¥). For the Q(2) case, w(x*) # my;, for all
i € V notice that

x* Z oz
(i€ Q2):r(x*)Nr(z;)#0}
: 1
2
< > lev| Yoo P 4w o) Yo Buwi)
i€ Q2):r(x*)Nr(z;)#A0} {er(yp)Nr(zi)#9} {&r(yy)Nr(zi)#0}

(26)

where B¢ = v/ ((Z{m:r(y* Vi) Iymlz)% + n;) where n; is arbitrarily small and such
that

Yo vl +meq.

{mer(ys)Nr(z)#0}

Now apply Lemma 3.12 for “g”= g;, “jo”’= 2j;, “i”’=0, “y;”= 1 and

X{'= ﬁ D (eronnnen PieVi € N to continue (26) as follows:

1

2

< > e STl 4 2129

min{w(x*), my, }

(i€ Q(2):r(yy)Nr(zi)#0} {Ler(x*)Nir(z;)#0}
!
2(246) i
<=3 N 7 o (27)

UGTS| {ieVr(y5)Nr(z;)#0}

where the last inequality is obtained by applying the Cauchy-Schwarz inequality and
the constants n; were forgotten since they were arbitrarily small and the constant “123”

https://doi.org/10.1017/50017089506003193 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089506003193

526 G. ANDROULAKIS AND K. BEANLAND

that appears in the statement of Lemma 3.12 is multiplied by 2 since z; = g;/x}(g;),
x¥(gi) > 1/2 and by another factor 2 since for each ¢ there are at most two values
of i € O(2) such that r(y;) Nr(z;) # @. The result follows by combining (25), (26)
and (27). O

LEMMA 4.3. Let x* € N' with w(x*) = my;1. Thus x* = #MZ@ vey; where

> lyel> < 1, Vi €N, and (y}) has Shy,i -dependent extension. Let V C{l <i<p:
my;, # w(yy) for all £} and (a;); € coo. Then

(o) <2

Proof. For i € I define Q(1) and Q(2) as in Lemma 4.2. For i € Q(1), use Lemma
4.2 for “x*”= y; for each ¢ to obtain,

<

2
> il

m2]+1 {ie Vir(x*)Nir(z;)#0}

x* Z o;Z; = Z)/(Zyg Z o;zj

ico(l) Mj+1 ieQ(1)
3 3
1 496 1
s—> Il Yoo | — == o el .
T+l (i Vr(y)Nr(z)#0) Myt Moyt \ fievareonnnzen

(28)

where for the last inequality we used the Cauchy Schwarz inequality and the fact that
mpji| = m3 = m‘f > 496. Fori e Q(2),

Z o] ZV@J’?(ZJ

Z aizi || = m21‘+1 ZV@)/? Z aizi || =

M1

i€0(2) ¢ i€0(2) i€0(2) ¢
1
2(123)
> el > | — @O0, 7]
M+ icop) (ErNrz)0) awlye), maj;
z z
4(123 ) 1 “
D T P )
m;. ms.
2+l \ ie Vir(x*)ni(z:)£0} 2+1 \ e Vir(x*)ni(z:) 20}
Recall that (y7), is Sy,,,,, admissible and 2/ + 1 < 2j; for all i. Thus the second inequality

follows from applying Lemma 3.12 for “x}”= y}, “i"=2j + 1, “jy"= 2j;, “g”= g; and
observing that z; = g;/x}(g;), x*(g;) > 1/2 and {w(ye) )N {my;, :ie V) =0. The
third inequality follows from applying the Cauchy-Schwarz inequality and observing
that for every £ there are at most two values of i € Q(2) such that r(y}) Nr(z;) # 9
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and min; {w(y}), my;,} > m%j ,1- The fourth inequality follows since my;y1 > m3 >
m‘l‘ > 492. The result follows by combining (28) and (29). ]

LEMMA 4.4. For x* € N, w(x*) =myjy there exist Jy < Jo < J3 subsets of
{1, ..., p} (some of which are possibly empty) such that

(1) Forme{l,2,3},

XY D )@z || < 200 (tins,,) -

iedy

() x* =L vy with Y 1ve> <1, yi € N, (v))e has a Sy,,.,-dependent

mjt1
extension and {w(y}) : 1 <€ <n}N{my, :ie{l,....p\U_ J.} = 0.
(3) Also,
X Yoo D eyR@z || < =
ie(l, PAUS_ T 2j+1
Moreover, for any interval Q C {1, ..., p} there exist Jy < Jy < J3 subsets of Q (some

of which are possibly empty) such that conditions (1), (2) and (3) are satisfied with
the exception that in conditions (2) and (3) the set {1, ..., p}\ Ufn:l Jm is replaced by

O\U: _ Jn.

Proof. Suppose x* € N with w(x*) = myj1. Then x* = 1/moji1 Y y_y vey; with
Y lvel* <1, yf € N and (3));_, has a S,,, -dependent extension. Thus there exists
d, L € Nand an S, -dependent family (¥} fj’_l such that o (37, ..., ¥)) = w(y,)
for1 <€ <d+n—1and y}|L ) =yz7(u,71) fore=d,...,d+n—1.

Recall the definition of (x}) from the beginning of this section. By injectivity of o,
theset {k € {1,...,p}: w(x}) € {w(}) : d <€ <d+n— 1}}is aninterval of integers
(possibly empty). Let ko be the largest integer k such that w(x}) € {w(j7) :d <i <
d +n— 1} and kg = 0 if no such k exists.

Ifkg =0(.e w(xp) #w(y))foralll <€ <n,1 <k <p)thenletJ; =/ =J3=0
and conditions (1) and (2) are trivial. To verify condition (3) apply Lemma 4.3 for
“V7= (k1 <k < p) and “a;”= (= 1)/(my )E(0).

Ifko = 1 (i.e. w(x}) = w(y;) forsome i € {1,...,n}and w(xy) & {w(yy): 1 <€ <
n} for 1 < k < p) then set J; = {1}, Jo = J3 = ¥ and since ||z || = |lg1/x](g)|l < 2itis
easy to check that conditions (1) and (2) hold. To check condition (3) apply Lemma
4.3 for “V7=1{2,3,...,p} and “a;”= (— 1) (ngs-)R(1).

If ko > 1and w(x} ) = w(¥;) then by the injectivity of o, w(x}) & {w(y}): 1 < £ <
n}fork e {1, ..., pI\{ko}. Thus set J; = {k¢}, J» = J3 = ¥ and easily verify conditions
(1) and (2) as above. To check condition (3) apply Lemma 4.3 for “V”= {1, ..., p}\{ko}.
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Finally, if k9 > 1 and w(x,to) = w(yy,) for some £y > d by the injectivity of o
it must be the case that £y = ko, w(J}) = w(x}) for all i <ky and y7 = x} for all
i <ko.LetJ, ={d}, J» = (d, ko) NN, J3 = {ko}. By the choice of J;, J;, J3 we have that
w(xp) €{w(y): 1 <L<nyke{l,...,p)\ Ule Jin so condition (2) holds. If J, # ¢
then xj = j; = y;_,,, fori € J,. Apply Lemma 4.3 for “V”= {1, ..., p}\ U _, Jand
“a;”= (—1)(ny;+1){(1;) to satisfy conditions.

To verify condition (1) for J; and Js, since they are singletons, simply observe
that |x*(z)| < llzill = llgi/x} (gl < 2. To verify conditions (1) for J, (if it is non-
empty),

. 1 .
x* Z(_l)l(anH)f(li)Zi i Zyif(dfl)y;l(dfl) Z(—l)l(”lzj'ﬂ)f(li)zi

iels S e, ics
1 )
R
= —— > vy | D i)z
2J+1 fEJz iEJz
1

= D Vi@ (=D )R (1)

Moj+1 |3 -

- [Vimin Jo—(d—1)]

(M2741) R (tmin 1) < (12j 1)K (tmin 1), (30)
mMyjt1

where the first two equalities follow from the fact that x} =y} , |, for i € J5; the
third equality follows from the fact that x(z;) = x}(g;/x}(g;)) = 1; the first inequality
follows from the fact that ((2+1)R(#;)); is non-increasing and non-negative, y; = y %
where |y| < 1 and (y;); are non-increasing non-negative (see Remark 2.6 (4)) and J; is
an interval.

The proof of the moreover part is identical to the above with the only exception
that the sets Ji, J, J3 chosen above are replaced by QN Jy, QN J,, QN J3. Notice it
was important in the proof of (30) that J, was an interval. This remains true if J; is
replaced by J, N QO since Q was assumed to be an interval. ]

113

Proof of Proposition 4.1 Suppose w(x*) > my;;1, apply Lemma 4.2 for “o;”=
(—1)/(n2+1)R(;). The conclusion of Proposition 4.1 is satisfied with s = 1 and J; = {g}
if w(x*) = my;, or J; = Pif w(x*) & {my;, : 1 <i < p}.

If w(x*) = my;4; the proposition follows directly from Lemma 4.4 with b; = b, =
by =2.

Assume w(x*) < myj1. Write x* =", Ay} where (), (A¢)¢ and L =L U
L, U Lj satisfy the conclusions of Lemma 3.4 for “j”= 2j + 1. Let L, = L}, U L where
L) ={leLy: wQy;)=myp}and L) = {€ € L, : w(y}) > myj1}. Define,

O(1) = {1 <i < p: thereis exactly one ¢ € L with r(y) Nr(z;) # B},

0(2) = {1 <i < p: there are at least two £ in L with r(y}) N r(z;) # @}.
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For iin Q(2),

(ZM}’?) Z (—1)i(n2i+1)f(fi)2i < Z (”2j+1)f(li) ZM}’Z‘(L‘)

Lel i€Q(2) i€Q(2) Lel
<2 Z (o )F (1) ZM)’?(&')
i€0(2) el
%

<2(7) ) (ny)f () oo P

i€Q(2) {LeL:r(yy)Nr(z)#0}

2 2

<14 > (yfey | | D ol

i€0(2) i€Q(2) {Le Lir(yp)Nr(zi)7#0}

2 2 1

<14

: (1)

2 =5
my g wxX*) T omy

where for the second inequality we used the definition of z;. For the third inequality we
applied Lemma 3.12 for “jo "= 2j; and “g”= g; for each i using the fact that (y}), is Sy, ,,
admissible, 5741 < nj41 and 2j 4+ 1 < 2j; and noticing that the right hand side of (18)
is at most equal to 7(2 £HONHE)A D) [Vel )2 since 123/m, < 1. For the fourth inequality
we used the Cauchy- Schwarz inequality. For the fifth inequality we used that (#;)ico()
is 25, admissible, condition (2) of Lemma 3.4, and the fact that for every ¢ € L there
are at most two values of i € Q(2) such that r(y}) N r(z;) # @. Now for £ in L; and i in

o),

(Z My’z) Z (=D (1) (t1)z:i

tel, ic0(1)
rGNAz) A
2|(zoot)| T vt
el i€Q(1)
r(y)Nr(zi)#0
3
4
<2V3Y | YD (@) | = ——, (32)
Lel, ieQ(1) M1

r(yN(zi) A0

where Proposition 3.2 was used in the second inequality and for the last inequality we
used the Cauchy-Schwarz inequality and condition (2) of Lemma 3.4. For £ € Lj there
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is at most one value of i (call it i(€)) such that r(y}) N r(z;) # @. Thus

> ey Yo Dy )f @z || < D kel ()R ()2
tels {ieQ(L):r(yH)Nr(z;)#B} Lel;
2
<. (33)
M1

where for the first inequality we used that [yj(z;)| < ||lz;| <2 and for the second
inequality we applied the Cauchy-Schwarz inequality and used that (Zie))ecr is Sy,
admissible and f5;41 < najq1. For £ € LY, set Jp = @ if w(y},) & {my;, : 1 <i < p}and
Jor = {q} if w(y},) = my;, forsome g € {1, ..., pyand r(y;,) N r(z,) # @. Notice that for
0" e LY if Jo = {q} # ¥ then we have,

Y (D )Rz || < ()R ()X ()]

ieJy
= (n2j+1) (U heryin(2y)]
< (mj+1)f(t)IAe |2 (since ||zgl <2).  (34)

For ¢’ € L), apply the moreover part of Lemma 4.4 for “x*”= y}, and “Q”= Qp = {i €
0@) : r(z;) Nr(y}) # B} to obtain intervals Jp 1 < Jp» < Jp 3 C Qp (possibly empty)
such that

Vi [ Y2 DRz || < 2000 (tming,,). me (1,23 (39)

iEJ{/Ym
and

* 1 * : 2 * * :
Vo = o 2k YekVpg With 3 vi e < Ly € N (v )k admits a

Suy., dependent extension and {w(yz’k) ckyN{myy, tie Op\ U,3n:1 Jom}=9. (36)

Thus for ¢ € L, and m € {1, 2,3} apply the fact Jy,, C Qv :={i € O(1):r(z;) N
r(y;) # ¥} and (35) to obtain

O D Rz || < el | | YD (D e R ()

i€ty i€Je.m
=< (n2j+1 )f(tminl,{/_,,,)p\f’ |2 (37)

Thusfor¢” € L] if Jp # 9, set byr = 2|Aer| andfor €' € L, andm € {1, 2, 3}if Jp p # 9
set by = 2|1 |. Hence,

> B+ > biw< D Akl

(€7 €Ly Jp#0) (el me(1,2,3}:y #0) (€7 eLy:J £}
4
+ 4nel> <4 Inl? < <1, 38
2 reP =43 Il = o (38)
{(e'ely,me{l1,2,3}:0y 40} teL
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where the third inequality was obtained from condition (2) of Lemma 3.4. Index the
by (for £ € L with Jy» # @) and by ,,, (for € € L, and m € {1, 2, 3} with Jy ,, # @) as
(b)), the non-empty Jp» (¢ € LY)and Jp ,, (¢ € L), m € {1, 2, 3}) as (J,,));,_, and we
can see that (34), (37) and (38) imply that condition (2) of Proposition 4.1 is satisfied.
Condition (1) of Proposition 4.1 follows from the facts that (y7)ecr is Sp,;,, admissible,
forevery £” e L7 for which Jy» = {q} # @wehaver(z,) N r(y}) # Pandforevery £’ € L)
and m € {1, 2, 3} such that Jy ,, # ¢ we have Jp ,, C {k € O(1) : r(z;) N r(y}) # 9} (for
m =1, 2, 3). The next Lemma 4.5 implies that

. 498
(Zmzﬁ) Y D mpfE) || = —— (39)

tel, iU I M1

Indeed apply Lemma 4.5 for “E”=L,, B=L), “V’= 0\ _, Jn, “o;’=
(=1) (nzj+1)R(t /). Note that condition (1) of Lemma 4.5 is satisfied by (36). Condition
(2) of Lemma 4.5 is satisfied by the definitions of L] and J;» for £’ € L. Condition
(3) of Lemma 4.5 is satisfied since V' C Q(1). Thus equations (31), (32),(33) and (39)
imply condition (3) and finish the proof of Proposition 4.1. |

LEMMA 4.5. Let E and B be two finite index sets, V C {1, ..., p}, (V§)eeceup C N,
(Mo)ecrup be scalars with Y, p g rs < 1 and (a))icy be scalars with Y., o < 1 such
that,

(1) Forevery £ € E, y; can be written as

= Zw I

m2/+1 =1

withy; . € N, (v; ),—, admitting a S,
Sfl’(}ﬂ{ﬂ’lzﬁlie Vi=20.

(2) Forevery £ € B, w(yy) > moj1 and w(yy) & {myj, 1i € V).

(3) Forevery k € V there is a unique £ € EU B such that r(y;) N r(z;) # 9.

Then,
()5
LeEUB eV

Proof. Let E, B, (A¢)eceus, (Vi)eceup and V be given as in the hypothesis. Using
the triangle inequality we separate into the cases £ € Band ¢ € E. For £’sin B,

-dependent extension and {w(y; ) : 1 <

2j+1

498

mz,+1

[SE

(Z )\.[J/?) Z a;izi || < Z 1A¢] 496 Z aiz

teB {ieVr(yH)Nr(z:)#%) teB 21+1 (i€ V:r(y5)Nr(z)#0}
496

— 2 b
My
13

where for the first inequality we used Lemma 4.2 for “x*”= yj, noting that its
hypothesis is satisfied by our assumption (2) and for the second inequality we used the
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Cauchy-Schwarz inequality. For £ in E,

=

A

(zmz) )T | B Yoo«

teE {ieVir(y)Nr(z;)#%) teE M1 {ieVr(yH)Nr(z:)#0}
2

IA

—
My

where the first inequality follows by applying Lemma 4.3 for each i with “x*’= y¥,
noting that its hypothesis is satisfied by our assumption (1), and for the second
inequality we used the Cauchy-Schwarz inequality. 0
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