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Sobolev Extensions of Holder Continuous
and Characteristic Functions on
Metric Spaces

Anders Bjorn, Jana Bjorn and Nageswari Shanmugalingam

Abstract. 'We study when characteristic and Holder continuous functions are traces of Sobolev func-
tions on doubling metric measure spaces. We provide analytic and geometric conditions sufficient for
extending characteristic and Holder continuous functions into globally defined Sobolev functions.

1 Introduction

For Lipschitz domains in R", the trace space of the Sobolev space W2 (Q) is the
Slobodeckii space W'~'/P?(9Q, H,_,), where H,,_, is the (n—1)-dimensional Haus-
dorff measure, see [10], [25, Theorems 6.9.2, 8.3.13], [18, p. 212]. Similar results for
Sobolev spaces on Carnot—Carathéodory spaces have been obtained in [9]. A “nearly
sharp” description of traces on fractal subsets of R” has been given in [13].

In the last decade, there has been much development in the theory of Sobolev
spaces and p-harmonic functions on metric spaces, see [7,11,28]. In particular,
the Dirichlet problem for p-harmonic functions has been solved for Sobolev-type
boundary data [23,29]. The fact that Sobolev spaces are natural spaces for solving the
Dirichlet problem for p-harmonic functions is one of the motivations for studying
traces of Sobolev functions. Unlike in Euclidean and Carnot—Carathéodory spaces,
very little is known about traces of Sobolev functions in general metric spaces.

In this paper, we study the question when characteristic and Holder continuous
functions are traces of Sobolev functions on metric measure spaces. We provide an-
alytic and geometric conditions sufficient for extending characteristic and Holder
continuous functions into globally defined Sobolev functions. In particular, if X is a
doubling metric measure space, then we prove the following (see Theorems 4.9 and
5.4 below):

Theorem Let F C X be closed and linearly locally connected, E C F, and assume that
the upper Minkowski dimension of the relative boundary OgE is strictly less than Q — p,
where Q is the “dimension” of X. Then the characteristic function X is a restriction to
F of a globally defined Sobolev function.
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Theorem If Q) C X is open and satisfies the 3-shell condition with 3 > p(1 — k), then
every k-Holder continuous function on 0X) is a trace on OS2 of a k-Holder continuous
Sobolev function on ).

This makes it possible to solve the Dirichlet problem for such boundary data,
which in turn has applications for p-harmonic measures and boundary regularity
of p-harmonic functions.

2 Notation and Preliminaries

We assume throughout the paper that X = (X, d, i) is a metric space endowed with
a metric d and a doubling measure g, i.e., there exists a constant C > 0 such that for
all balls B = B(xy,7) := {x € X : d(x,xp) < r} in X (with the convention that balls
are nonempty and open), 0 < w(2B) < Cu(B) < oo, where AB = B(xy, Ar). We
emphasize that the o-algebra on which p is defined is obtained by the completion of
the Borel o-algebra. We also assume that 1 < p < oc.

Note that we do not assume that X is complete unless explicitly required. Since
w is doubling, X is proper (i.e., closed bounded sets are compact) if and only if it is
complete.

A curve is a continuous mapping from an interval. We will only consider curves
which are nonconstant, compact and rectifiable. A curve can thus be parameterized
by its arc length ds.

Definition 2.1 A nonnegative Borel function g on X is an upper gradient of an ex-
tended real-valued function f on X if for all curves y: [0,1,] — X,

(2.1) wa»—fw&nhz/g%

¥
)i

whenever both f(y(0)) and f(vy(l,)) are finite, and f gds = oo otherwise. If gisa
nonnegative measurable function on X and if (2.1) holds for p-almost every curve,
then g is a p-weak upper gradient of f.

By saying that (2.1) holds for p-almost every curve, we mean that it fails only for
a curve family with zero p-modulus, see [28, Definition 2.1]. It is implicitly assumed
that L g dsis defined (with a value in [0, co]) for p-almost every curve.

Ifg € LP(X) isa p-weak upper gradient of f, then one can find a sequence {g; }3°,
of upper gradients of f such that g; — g in L?(X); see [24, Lemma 2.4].
Following [28], we define a version of Sobolev spaces on the metric space X.

Definition 2.2 Whenever u € L?(X), let

. 1/p
oo = ([ ul”doint [ g )"
X 8 Jx

where the infimum is taken over all upper gradients of u. The Newtonian space on X
is the quotient space N'"?(X) = {u : |lu||xir(x) < 00}/~, where u ~ v if and only if
||Ll — V||N1.p(X) =0.
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The space N#(X) is a Banach space and a lattice; see [28].

Definition 2.3 The p-capacity of a set E C X is the number C,(E) = inf|\u||§,1,p(x),
where the infimum is taken over all u € NV?(X) such that u = 1 on E.

The capacity is countably subadditive. For this and other properties as well as
equivalent definitions of the capacity, we refer to [20-22].

The capacity is the correct gauge for distinguishing between two Newtonian func-
tions. If u € N'?(X) and v is a function on X, then u ~ v if and only if u = v outside
a set of capacity zero. Moreover, [28, Corollary 3.3] shows that if u, v € N'?(X) and
u = v p-a.e., then u ~ v. In particular, in the Buclidean setting, N'?(R") is the
refined Sobolev space of quasicontinuous functions as defined in [15, p. 96]; see [5].

Definition 2.4  We say that X supports a weak (1, q)-Poincaré inequality if there
exist constants C > 0 and A > 1 such that for all balls B C X, all measurable
functions f on X and all upper gradients g of f,

(2.2) ][B |f — fsl du < C diam(B) (]{B g du) W,

where fg := §, fdp = p(B)~" [, fdp.

In the definition of Poincaré inequality we can equivalently assume that g is a
q-weak upper gradient; see the comments above.

For some of the results in this paper we need to assume that X supports a
(1, p)-Poincaré inequality; this will always be mentioned explicitly when needed.

Unless otherwise stated, C denotes a positive constant whose value is unimpor-
tant, may vary with each appearance, and depends only on the fixed parameters.

3 The Geometry of Whitney Coverings

In this section we construct Whitney coverings of bounded open sets in X and prove
some of their properties. Whitney coverings in metric spaces were first constructed
by Coifman and Weiss [8]. We have chosen to provide complete proofs in order to
get the constants suitable for our purpose.

From now on, F always denotes a nonempty closed subset of X, R > 0 is a fixed
constant, and V = {x € X : 0 < dist(x, F) < 16R}. We also let W = {B; ;} bea
corresponding Whitney covering given by the following theorem.

Theorem 3.1  There exists a countable family of balls
W = {Bi,j = B(x,‘vj,r,‘) 11 E N,j S ],}
such that foralli € Nand j € J;,

i) Vc UaewB CX\F;
(i) r=2""R;
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(iii) 8r; < dist(x; ;, F) < 167y
(iv) the balls {1B : B € W} are pairwise disjoint.

Remark Note that if V is bounded, then all index sets J; are finite.

Proof Let Sy = {x € V : dist(x,F) > 8ry}. Using the Hausdorff maximality
principle, we find a maximal pairwise disjoint collection of balls B(xy ;, %ro) with
x0,j € So, j € Jo. The doubling property of the measure . implies that this collection
is at most countable, with the collection finite if V' is bounded. Let By ; = B(xo j, r9)
and Wy = {Byj : j € Jo}. Then S, C UBew0 B.

Next, we inductively construct families W; = {B;; : j € Ji}, i = 1,2,...,
and set W = U?jo W;. Assume that the families Wy, ..., W;_; have already been
constructed and let S; = {x € V : 8r; < dist(x, F) < 16ri}\UBeW,,1 B. Again, there
exists a maximal, at most countable, pairwise disjoint collection of balls B(x; ;, %ri)
with x; ; € S; when j € Ji. Let Bjj = B(x; j,r;) and W; = {B;; : j € Ji}. Then
S; C UBEW,v B.

It follows from the construction that the family W = Uzo W; satisfies (i)—(iii) in
the statement of the theorem. To complete the proof, it remains to verify property
(iv). By construction, the balls %B,-_’ jand %Bk,l are disjoint if i = k. If i > k, then
%ri + %rk < rp < d(x;j, k1), as x;, j ¢ By by the construction of S;. [ |

Remark Let Q2 be a bounded open set in X with nonempty boundary. By choosing
R = {- diam Q and F = 92 we obtain a Whitney covering of (2.

The following two lemmas give us simple estimates on the overlap of the Whitney
balls.

Lemma 3.2 Let A > 0. Then there is a constant M, depending only on \ and the
doubling constant of p, such that for each B; ; € W,

#{l : /\Bw' N /\Bi71 =+ @} < M.
Proof Without loss of generality we may assume that A > 1. If AB; ; N AB;; # &,
then 1B;; C 3AB; ;. The pairwise disjointness of the balls {1B : B € W} and the

doubling property of x4 then give a bound on the number of such balls B; ;. ]

Lemma 3.3 Let0 < A < 8. Then there exists a constant M > 0, depending only on
A and the doubling constant of i, such that we have the following.

(i) IfAB;j N ABy) # @, thenr; < (16 + A\)ry /(8 — ) and hence

i—logz(%) <k<i+log2(%).

(ii) IfBij € W, then #{B € W : AB; j N AB # @} < M, and hence for each x € X,
ZBEW X)\B(x) <M.
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Proof (i) We have
167, > dist(xy, F) > dist(x; j, F) — d(xx1,%i,;) > 8r; — Ak + 1),

from which the result follows.

(ii) For each of the balls By such that AB; j N ABy; # @, we have r;/C < ;. < Cr;
by (i). Hence d(xi;,x;;) < Ar; + 1) < Cry, ie, %Bk_l C C’'B;jj. By the dou-
bling property, 11(3Bk;) > u(C’B;j)/C. Thus the pairwise disjointness of the balls
{1B: B € W} gives the desired bound. ]

Theorem 3.4  There exists a partition of unity ® = {¢; j : i € N, j € J;} subordinate
to the collection {2B : B € W} and satisfying, for alli € Nand all j € J;,

() X =1onUpewB;

(i) 0<3 pij<lonX;

(iii) supp ¥i,j C 2B j;

(iv) i j is a nonnegative C /ri-Lipschitz function.

Proof Let ¢; ; be a nonnegative 2/r;-Lipschitz function with supp @; ; C 2B;,j such
that ¢; ; < 1withp; ; = 1on B; j, e.g., let

©i,j(y) = max{0, min{3 — 2d(y, x; ;) /ri, 1}}.
Seth:= 3} . i;. By Lemma 3.3, it follows that 1 < h < M on (Jcy B, and that h

is CM /r;-Lipschitz in 2B; ;. Thus also 1/ max{1, h} is CM /r;-Lipschitz in 2B; j, and
it follows that ¢; ; := @; j/ max{1, h} satisfies the requirements. [ |

If F C X is bounded, then the number of balls in each generation W; of the
Whitney covering W is related to the upper Minkowski dimension of F. Thus, the
Whitney covering plays a crucial role in the geometry of subsets of X.

Definition 3.5 Let A C X be bounded and let P(A, €) be the maximal number of
pairwise disjoint balls with centers in A and radius e. The upper Minkowski dimension

of A is the nonnegative number

(3.1) dimy A := inf{s > 0 : limsup P(A, €)' = 0}.

e—0+

Note that P(A,e) < P(A,e/2) and hence dimy A = dimy A. For more on
Minkowski dimensions, see [27, §5.3-5.12].

Lemma 3.6 Let A C X be bounded and «, 3 > 0. Then for eachi € N,
#{] : OéB,‘_j NA# @} < MP(A, Br;),

where M depends only on o, 3, and the doubling constant of p.
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Proof Let {Bn}fjg’ﬂr”) be a maximal pairwise disjoint collection of balls with cen-
ters in A and radii Br;. Then A C Ui(:Afﬂ i) 2By, i.e., each ball aB; ; intersecting A
intersects at least one ball 2B,,.

On the other hand, if both aB; j and aB;; intersect the same ball 2B,,, then

(a+28)B;; N (a+20)Bi; # &,

and Lemma 3.2 gives a bound on the number of balls aB; ; intersecting each 2B,.
|

To prove the extension theorems of this note we shall need a projection map
m: X — F such that d(x,7(x)) < 2dist(x,F). In the case when X is complete,
we could have replaced the constant 2 by 1, but in the noncomplete case such a pro-
jection would not always exist. Note also that there is no uniqueness for 7 (not even
in the case when X is complete and we require that d(x, 7(x)) = dist(x, F).)

Lemma 3.7 Let C = {x;;:B;j € W}. Then 7|e is a 65-Lipschitz map. Moreover, if
0<a<8xcabBjandy € F, then

d(m(xij),y) < 3d(xij,y) and d(m(x),x;) < (32+3a)r;.

Proof This is an easy exercise in triangle inequalities. If x; ;,xx; € C, then by the
fact that %Bi’j N %Bl’k is empty, we have d(x; ;, xx1) > %(ri + 17), and hence

d(m(xi j), m(xe1)) < d(m(xi ), xi ;) + d(xi j, i) + d i, m(ox )
< 327 +d(x; j, xx1) + 321 < 65d(x; , Xk 1),
i.e., 7| e is a 65-Lipschitz map. Next,
d(m(x; ;),y) < d(m(x;j), xi;) +d(x j, y) < 2dist(x; j, F) + d(x;,j, y) < 3d(xij, ).
Finally,

d(m(x), %) < d(m(x),x) + d(x, % ;) < 2dist(x, F) + d(x, x; ;)
< 2dist(x; j, F) + 3d(x, x;, ;) < 32r; + 3aur;. [ |

4 Extending Characteristic Functions

In this section we give sufficient conditions for extending characteristic functions of
bounded sets to obtain Newtonian functions on X. As a corollary, we generalize some
results about p-harmonic measures from [4] to metric spaces.

Let {¢; j} be the partition of unity associated with the Whitney covering W given
by Theorem 3.4, and fix a projection map 7: X — F such that d(x,7(x)) <
2 dist(x, F).
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Given a function f: F — R, wedefine Ef: X — Rby

Ef(x) = {Zi,j f(m(xi ;)i j(x) %fx ¢ F,
f(x) ifx e F.

The following lemma shows that the extension € f behaves well in a neighbour-
hood of F. Here OpE = E N F \ E is the boundary of E in the relative topology of F.

Lemma4.1 LetY := FUJpcyy B. For xo € F we have

sup  |Ef(x) — f(x)| < sup |f(y) — f(x0)]-

XEYNB(x,0) yEFNB(xy,40)

In particular, if E C F and xy € F\ OpE, then € xg is constant in a neighbourhood of x,.
Proof Letx € Y N B(xy,d) be arbitrary. If x € F, then

[Ef(x) — f(x0)| = |f() — fx0)| < sup  |f(y) — f(x0)].

yEFNB(xy,45)

Assume therefore that x ¢ F. As x € [ g,y B, we get that Zi,j @i j(x) = 1. Then

(4.1) E£(x) = flxo)| <) If (i) — flx0)|spij (),

ij

where it suffices to sum only over those i and j for which x € 2B; ;. For such i and j,
we have

8r; < dist(x;;, F) < d(x;j,%) < d(xij,x) +d(x,x) <2r; +6,
ie,r; < éé. It follows from Lemma 3.7 that
d(m(x; j), %) < 3d(x;j, x0) < 3(2r; +0) < 40.

Inserting this into (4.1) we find that

£ () = flxo)| < Y 1f(m(xi ) = fx0)] pij(x)
i

yEFNB(x0,40)

<( sup |f) = f)l) Y i)
i

= sup |f(y) — f(xo)l- [ ]
yEFNB(x0,40)
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Lemma 4.2 Let E C F and let W, be the collection of all balls B € W for which w(5B)
intersects both E and F \ E. Furthermore, let g be defined by

1/dist(x, F) ifx € B,
o(x) = / dist(x, F) ifx UBEWE
0 otherwise.
Then Cg is an upper gradient in V of Exg, where X is the characteristic function of E
and the constant C is independent of E.

Note that 7(5B) C 47B, by Lemma 3.7. Hence, the set 7(5B) in the definition
of Wg can be replaced by 47B and the resulting function Cg will still be an upper
gradient for u.

Proof Lety bea curve connecting x and y in V. By cutting ~y into small segments if
necessary, we may assume that y C By for some k and . Let u := Ex. We have

(4.2) u(x) —u(y) = Z Xe(m(xi,1)) (@i, (x) — i i(y)

i.j

= Z(XE(W(xi,j)) — xe(m(xe)) (@i, (x) — @i j ().

ij

The term ¢; ;(x) — ; j(y) is nonzero only if at least one of x and y is in 2B; ;, and
hence we only need to sum over those i and j for which 2B; ; N By; # @. For such i,
we have by Lemma 3.3(i) that %rk < 1 < 3rpand thusas rp = 2 ¥Rand r; = 2R,
we have %rk < r; < 2. Hence, d(xig,%;,j) < 1+ 2r; < 51y, Le, X;; € 5B
Therefore, if 7(5By ;) intersects only one of the sets E and F \ E, then each term in the
sum on the right-hand side in (4.2) is zero.

So, let us consider the case when By; € Wg. In this case,

lu(x) — u(y)| < Z i () — @i ()]

{(i,j):2B; jNB#2}

By Lemma 3.3(ii), there are at most M balls B; ; such that 2B; ;N By is nonempty, and
i i(x) — @i j(y)| < Cd(x,y)/ri < Cd(x,y)/r forsuchiand j. As dist(z, F) < 17rg
for all z € By, we see that

ds
- <CMd <C | —F——
|u(x) — u(y)| < (6, ) /e < // FTRTENIE
which completes the proof. ]
Definition 4.3 The measure p is said to have a Q-upper mass bound if there is a
constant C > 0 such that for all x € X and for all r > 0 we have u(B(x, r)) < Cr<.

If r'?/C < u(B(x,r)) < CrQforall x € X and for all r > 0, then X is Ahlfors
Q-regular.
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For our purpose it is enough to know that for every ball B’ C X there is a constant
Cp such that u(B(x, r)) < Cy:r? for all balls B(x, r) C B’. It is known that doubling
measures on uniformly perfect metric spaces have such a local version of a Q-upper
mass bound for some Q; see the exercises in [14, Ch. 13].

Theorem 4.4  Assume that p has a Q-upper mass bound, and let E be a bounded subset
of F. Suppose that there exists a nonempty bounded subset Ey of F with dimy Ey < Q—p
and that there exist constants r > 0 and X > 1 such that for all x € F \ E with
dist(x,E) <,

(4.3) dist(x, Ey) < Adist(x, E).

Then u := Exg € NY(V). If moreover C,(OpE) = 0, then xg is the restriction to F of
a function in NV#(X).

Proof Clearly, 0 < u < land u(x) # Oforx ¢ Fonlyifx € 2B; ; for some
B;; € Wwith m(x; ;) € E. For such x we have

dist(x, E) < d(x, x,;,j) + d(x,‘,j,ﬂ'(x@j)) < 34r; < 34R.

As E is bounded, we see that u € LP(X). Let Wg and g be as in Lemma 4.2. By
Lemma 4.2, the function Cg is an upper gradient of u in V. We shall show that
geLP(V).

It is clear that when computing the LP-norm of g it suffices to consider only those
balls B; ; for which B; ; lies in Wg. For such balls we have

1

Cu(B; ; _
(44) / gp du S ‘LL(le) S CT’Q p'
B, r

i.j i

For large i, we shall estimate the number of such balls B; ;. Let i be large enough
so that 94r; < r. Since 7(5B; ) intersects both E and F \ E, we can find x, y € 5B, ;
such that 7(x) € Eand w(y) € F \ E. By Lemma 3.7,

d(m(x), m(y)) < d(m(x),x; ;) +d(xi j, m(y)) < 94r; <r.

By the assumption (4.3), dist(7(y), Ey) < Ad(mw(x), 7(y)) < 94Ar;, and thus there
exists z € Ey such that d(7(y),z) < 95Ar;. Hence

d(xij,z) < d(x;j,m(y)) +d(m(y),z) < 47r; + 95Ar; < 142)r;,
i.e, Ey N 142)B; ; is nonempty. Lemma 3.6 implies that for each i, there are at most

MP(Ey, r;) such balls B; ;. As dimy Ey < Q — p, there exists s < Q — p such that
P(Ey, i) < Cr; * for sufficiently large i. Hence, using (4.4),

/gpdu <C+ Z CriQ_p < C+ZCMriQ_p_5 < 00,
%

{i,j: 142AB; jNE #2 } i=0
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ie,g € LP(V),and hence u € N'2(V).

Now assume that C,(JrE) = 0. We shall show that g is a p-weak upper gradient
of uin VUF. Let~v: [0,L] — V U F be a curve which does not intersect OgE. As
C,(0rE) = 0, p-almost every curve in X has this property. If v does not intersect F,
then we already know that |u(y(0)) — u(y(L))| < L/ gds. Assume therefore that
intersects F, and let

a=inf{r € [0,L] : v(¥) € F} and b =sup{r € [0,L]:~(t) € F}.
As F is a closed set, 7y(a) and y(b) belong to F, and Lemma 4.1 yields
(4.5) [u(v(0)) — u((L))]
< [u(y(0)) — u(y(a@)] + [u(y(a) — u(y(0))] + |u((b)) — u((L))]

< / gds+ |u(y(a)) — u(y(b))| +/ g ds,
" 0

where v, and ~; are the restrictions of y to the intervals [0, a] and [b, L], respectively.
If u(y(a)) = u(y(b)), then by (4.5), [u(y(0)) — u(v(L))| < [, g ds. Assume there-
fore that y(a) € Eand y(b) € F\ E, and let

a' =sup{t € [0,L] : y(t) € E}, b =inf{t € [a’,L]:~(t) € F\ E}.

Note that y(a’) € E and v(b’) € F\ E. Moreover, as v N JrE is empty, we have
actually y(a’) € E\ OgE, y(b’) € F\ Eand a’ < b’. Lemma 4.1 then implies that
there exist a’’, b"’ such thata’ < a’’ < b” < b/,

u(y(@") = u(y(a")) =1=u(y(a)), u(y(b"))=u(y(b") =0=u(?)),

and the restriction v’ of 7y to the interval [a’’, b"'] lies in V. Hence,

[u(v(a)) — u(y())| = 1 = |u(y(a")) — u(v(b"))| < / g ds.
,y/
Inserting this into (4.5) gives |u(y(0)) — u(y(L))] < fwgds, which shows that
u€ NYP(VUF).
To complete the proof, let ) be a Lipschitz function with bounded supportin VUF
such that 7 = 1 on E. Then g is the restriction to F of the function nu € N“*(X).
|

In the proof of Theorem 4.4, it is essential to have C,(0rE) = 0. On the other
hand, [17, Example 3] shows that there exist Cantor sets E C R"~! with positive
(n — 1)-dimensional Hausdorff measure (and hence C, (0«1 E) is positive for all
p > 1), such that xz is the restriction to R"~! of a function from N'#(R") for all
I<p<2

In our next theorems, we shall give some more explicit conditions under which
the assumptions of Theorem 4.4 are satisfied. A crucial role will be played by the
relative boundary O¢E = ENF \ E of E with respect to F and by the following relative
r-boundary. As far as we are aware, the notion of relative r-boundary is new. It is
useful for us when X is complete.
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Definition 4.5 Given r > 0, the relative r-boundary of E C F is the set
Op,E = {x € E: d(y,x) = dist(y,E) < r forsome y € F \ E}.

The following proposition clarifies the relationship between the relative boundary
OrE and the relative r-boundary O, E.

Proposition 4.6 Let E C Fandr > 0. Then

(4.6) OpE = ) Op,E.

r>0

Moreover, if X is complete, then O, E is closed and

8F,‘rE = m 8F,PE

p>r

Proof Ifx € OpE,thenx € EN F\—E, and d(x, x) = dist(x, E) = 0, so x € Og,E.

Conversely, if x € Og,E for all r > 0, then there exist y; € F\ E such that
d(yj,x) = dist(y;,E) < 1/j, j=1,2,.... Thereforelim; .o, y; = xand x € F\E.
On the other hand, as x € Jg,E, we see that x € E and hence x € OgE and (4.6) is
proved.

Next let x; € Op,E with x; — x € E and assume that X is complete (and thus
proper). Then there exist points y; € F \ E such that d(yj,xj) = dist(y;, E) < r. As
X is proper, the sequence {y;}7°, has a subsequence, also denoted {y;}$2,, converg-

ing to some yy € F \ E. Then

d(y0,x9) = lim d(yj,x;) = lim dist(y;, E) = dist(y,,E) <,
J‘}OO ]*M)O

i.e, xo € Op,E and thus O,E is closed.
Finally, if x € (., Or,E, then for each j € N we consider y; € F\ E such that
d(yj,x) = dist(y;,E) < r+1/j. Again we extract a convergent subsequence, also

denoted {y;}?°,, converging to a point yy € F \ E, and note that

d(y9,x) = lim d(y;,x) = lim dist(y;, E) = dist(y,,E) <,
J]—00 J]—00

and hence x € Op,E. As Op,E C Og,E for every p > r, we have the desired equality.
|

Note also that if Og,E # OpE, then O, E # Op,(F \ E). It is also possible to have
8FJE = 8FE 7é (’“)E,(F \ E), let

F=[-33P\{(xy):0<y<2V1-x2} CR,

and E = {(x,y) € F: y > 0}. Then OgE = Op,E = {(x,0) : 1 < |x| < 3} and
Op(F\E) = {(x,0): 1 — /T — 2/4 < |x| < 3}.

Following [16], we consider the following definition.
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Definition 4.7 Given two sets A C D C X, we say that A is linearly locally connected
in D if there are constants C > 1 and r; > 0, such that whenever x, y € A and
d(x,y) < r < rg, there is a curve in B(x, Cr) N D connecting x and y.

A set is linearly locally connected if it is linearly locally connected in itself.

Connected components of boundaries of bounded Lipschitz domains in R” are
linearly locally connected. Boundaries of domains in R" with cusps usually are lin-
early locally connected if n > 3, but not if n = 2. It was shown in [12, Proposi-
tion 4.5] that Ahlfors Q-regular metric measure spaces, Q > 1, supporting a weak
(1, Q)-Poincaré inequality are linearly locally connected. In general, it is not clear
when the boundary of a domain is linearly locally connected.

Theorem 4.8  Assume that 1 has a Q-upper mass bound. Let E C F be bounded and
assume that one of the following conditions is satisfied:

(i)  dist(E, F \ E) > O (this does not require a Q-upper mass bound);
(i) dimyE < Q— p;

(iii) dimg(F\ E) < Q— p.

Then X is the restriction to F of a function from NP (X).

Proof (i) In this case we can find a Lipschitz function 7 with bounded support such
that | = 1 and |p g = 0.

(ii) Since the Hausdorff dimension dimy JgE < dimy; OgE < Q — p, it follows
that C,(OrE) = 0. Setting Ey = E we obtain the desired result by Theorem 4.4. (In
the case when E = @& we cannot apply Theorem 4.4, since Ej needs to be nonempty,
but in this case the conclusion is trivial.)

(iii) Since dimy(F \ E) < Q — p, F must be bounded. Hence by (ii), xp\g is
the restriction to F of a function v € N'?(X). Now let 1 be a Lipschitz function
with bounded support such that 7 = 1 on F. Then xg is the restriction to F of
n(l —v) € NYP(X). ]

In the case when X is complete, we can say more.

Theorem 4.9  Assume that X is complete and that 1 has a Q-upper mass bound. Let
E C F be bounded, r > 0 and assume that one of the following conditions is satisfied:
(i)  OrE = @ (this does not require a Q-upper mass bound);

(i) dimy (9E,E <Q- 2

(iii) dimy O (F\ E) < Q — p;

(iv) F is linearly locally connected and dimy OprE < Q — p;

(v)  OprEVU Og,(F \ E) is linearly locally connected in F and dimy OpE < Q — p.

Then g is the restriction to F of a function from N'F(X).

Proof (i) As X is proper, dist(E,F \ E) > 0 (or E = @), and we can thus apply
Theorem 4.8.

(ii) Set Ey = Og,E. Note that as dimy OpE < dimy OpE < dimy OpE < Q — p,
it follows that C,(0rE) = 0. To see that condition (4.3) is satisfied, let x € F \ E be
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such that dist(x, E) < r. Find y € E such that d(x, y) = dist(x, E). Such a point y
exists because X is proper. Then y € O, E and hence

dist(x, Og,E) < d(x, y) = dist(x, E) <,

i.e., (4.3) holds with A\ = 1. Now the desired result follows from Theorem 4.4.

(iii) Let F = {x € F : dist(x,E) < r}, which is a closed bounded set. Then
GFJ(I? \E) = Op,(F\E), and therefore, by (ii), XE\E is the restriction to F of a function
v € N'(X). Now let 1 be a Lipschitz function with bounded support such that
n=1lonEandn = 0on F\ﬁ Then Y is the restriction to F of (1 —v) € NM?(X).

(iv) This follows from (v).

(v) We shall show that E, = OgE satisfies condition (4.3). Let x € F \ E be
such that dist(x,E) < r, and find y € E such that d(x, y) = dist(x, E). Choose
z € F\ E satisfying d(y,z) = dist(y,F \ E) < d(y,x) < r. Note that y € Og,E
and z € Og,(F \ E). As Og,E U Og,(F \ E) is linearly locally connected in F, there
exists a curve -y connecting y and z in B(y, Cd(y,z)) N F. We observe that v N OgE is
nonempty. Let xo € v N OgE. Thus,

dist(x, OpE) < d(x,%0) < d(x,y) +d(y,x0) < d(x,y) +Cd(y,z)
<1 +QC)d(x,y) = (1+C)dist(x, E),

i.e., OpE satisfies (4.3) with A = 1 4 C. Finally, as dimy OrE < dimy OrE < Q — p, it
follows that C,(9rE) = 0, and we can apply Theorem 4.4. [ |

We shall now demonstrate how Theorems 4.4, 4.8 and 4.9 enable us to generalize
some results from [4] to metric measure spaces.

Definition 4.10 Assume that X is complete and supports a weak (1, p)-Poincaré
inequality. Let  C X be a nonempty bounded open set such that C,,(X\2) > 0. The
upper and lower p-harmonic measure of E C 0€) evaluated at x € () are, respectively,

Wy p(E) := Pxg(x) and w, ,(E) := Pxg(x),

where Pf and Pf are the upper and the lower Perron solutions of the Dirichlet prob-
lem for p-harmonic functions in {2 with the boundary data f.

For the definition of Perron solutions on metric spaces, see [3]. (Note that the
results in [3] are stated for bounded domains, but the proofs and results hold for
nonempty bounded open sets.) If W, ,(E) = gx’p(E), then we call wy ,(E) := Wy, (E)
the p-harmonic measure of E. Note that despite its name, the p-harmonic measure is
not a measure in general, merely a nonlinear analogue of the harmonic measure.
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Corollary 4.11  Assume that X is complete and that p has a Q-upper mass bound.
Assume further that X supports a weak (1, p)-Poincaré inequality for some 1 < p < Q.
Let Q C X be a nonempty bounded open set such that C,(X \ Q) > 0. IfE C F := 02
satisfy at least one of the conditions in Theorems 4.4, 4.8 or 4.9, then w, ,(E) = wy ,(E)
forallx € Q.

Proof Note that by [19], X supports a weak (1, q)-Poincaré inequality for some
q € [1, p), which was earlier a standard assumption. By Theorems 4.4, 4.8 or 4.9,
the characteristic function Y is the restriction to 9 of a function u € N“*(X).
By [3, Theorem 5.1], u is resolutive and wy, ,(E) = Pxg(x) = Hu(x), where Hu is the
p-harmonic extension of u to €2, i.e., Hu is p-harmonic in €2 and

Hu—ueNy?(Q) :=={flo: f e N"’(X)and f =0on X \ Q}.

Now, let 7i(x) = 1 if x € E and #i(x) = u(x) otherwise. As C,(0agnE) = 0, 7 belongs
to the same equivalence class in NV?(X) as u and Hu(x) = Hii(x) = wx,p(E). [ |

Example 4.12 Let p: [0,1] — R be a positive increasing continuous function such
that

lim @ =0 and lim —99(1) — -1 < 00

t—0+ t—0+ t

and let 2 C R? be the cuspidal domain
Q={(x,%) ER?:0<x; <1and 0 < x, < p(x)}.

Let0 < r < land E = {(x1,x) € R? : 0 < x; < landx, = ¢(x;)}. Then
090.-(0Q \ E) contains the interval [0, ¢~!(r)] C R and has dimension one. On the
other hand, the countable set

EO = {(ti,jao) : la] € N} U {(17@(1))}

with ¢y = © 1 (27r) and tij=tio— 277 jr > 0 satisfies (4.3) for some \.

We shall estimate dimy Ep. Let ¢ = 27%r. For i < k, we can place at most
¢~ 1(27"r) /27 'r pairwise disjoint balls with radius ¢ and centers in the points (£; ;, 0),
j € N. Along the interval [0, tx o] C R we can put at most t;o/c = <p_1(2_kr)/2_kr
such balls. Hence

ko 1(y—i
2
P(E(),E)S1+ E %
'r
i=0

If p(t) > Ct® with a > 1, then P(Ey,¢) < Ce'/*!and dimy Ey < 1 — 1/c. It
follows that for p < 1 + 1/a, the characteristic function of E is the restriction to
09 of a function from N'#(R?) and the p-harmonic measure of E with respect to
equals the p-harmonic measure of E.
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5 Extending Holder Continuous Functions

In this section we study when Hoélder continuous functions on the boundary of an
open set £ C X can be extended as Newtonian functions in N'#({2) that are Holder
continuous on 2.

Definition 5.1 Let A C Xand f: A — R. For 0 < < 1, the k-Holder norm of f

is given by
_ |f(x) — f(y)]
| flls.a = xs,ffA da)r +i161§ | f(x)].

Under this norm, the vector space of all xk-Hoélder continuous functions on A is a
Banach space.

Definition 5.2 We say that {2 C X satisfies a 3-shell condition with 3 > 0 if for
all sufficiently small ¢+ > 0, the shell S, = {x € Q : dist(x,00) < t} satisfies
() < Ct.

It is clear that if ) satisfies a 3;-shell condition and 0 < 3, < (31, then (2 satisfies a
(B2-shell condition as well. The following simple proposition shows a connection be-
tween the 3-shell conditions and the upper Minkowski dimension in Ahlfors regular
spaces. In particular, this generates many nontrivial examples in Carnot groups. For
a similar result in Euclidean spaces and for related notions, see [26].

Proposition 5.3 Let K be a nonempty compact subset of an Ahlfors Q-regular metric
measure space X such that u(K) = 0. Then

dimy K = inf{s : X \ K satisfies a (Q — s)-shell condition}.

In particular, a bounded open set ) C X satisfies a B-shell condition for all B <

Proof Lets > dimyK, p > 0 and {B,}.** be a maximal pairwise disjoint col-
lection of balls with centers in K and radii p. Then K C Ul:(fl”’ '2B, and hence
Sy, = {x € X\ K:dist(x,K) < p} C Ui(j’p) 3B,,, which in turn yields

1(S,) < CP(K, p)p® = CP(K, p)p’p?* < Cp?,

where the last inequality follows from (3.1).

Conversely, lets < s’ < dimy K. By the definition of Minkowski dimension, there
exists 0 > 0 and a sequence p; — 0+ such that P(K, p;)p; > dforall j=1,2....1t
follows that 1(S,) > P(K, pj)p? > 6/)?75;);_5/ and letting j — oo shows that X \ K
does not satisfy the (Q — s)-shell condition. [ |

If X is a geodesic metric space and y is doubling, then there exists 3, > 0 such
that balls in X satisfy a 3-shell condition for every 8 < G; see [6, (1.1)].
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It is easily verified that bounded Lipschitz domains in Euclidean spaces satisfy
a 1-shell condition, while it follows from [26, Theorem 4.22] that complements of
many self-similar fractals in R” (including the von Koch snowflake domain in R?)
satisfy an (n — «)-shell condition, where « is the dimension of the fractal.

Note that it is possible to have 8 > 1. The domain 2 = R" \ I, where I C Ris an
interval, satisfies the (n—1)-shell condition. For an example with a bounded domain,
let @ = [0, 1]"\{(0,...,0)}and X = QU{(x;,...,x,) ER":x; < 0,j=1,...,n}.

Theorem 5.4  Let Q) be a bounded open set in X with nonempty boundary. Assume
that §) satisfies a [3-shell condition for some 8 > 0, and let max{0,1— 3/p} < x < 1.
Then there exists C > 0 such that every k-Hélder continuous function f: 0 — R
has a k-Holder continuous extension & f: Q — Rwith ||Ef||nurq) < C|f|lr.o0 and

”8th§ < C”f”/s:.,i)&l-

Proof LetF = 0}, R = % diam 2 and the notation be as in the previous sections.
As 0 is bounded, so is supp € f, and thus ||€ f||r(x) < C|| fl|x.00. We will show that
€ f has an L?-integrable upper gradientin Q = Q NV C (Jgcyy B. Let y be a curve
in €2 connecting x and y. By splitting 7 into segments if necessary, we may assume
that v C 2By, for some k and .

As in (4.2), we have

(5.1) E£(x) = EfON] <D 1f (i) — Flran))] - i j(x) — i ()],

i.j

where we only need to sum over those i and j for which 2B; ; N 2By; # @. Note that
by Lemma 3.3, there are at most M such balls B; ; and that r; < 27y for such i. Hence,

d(m(x; j), m(xxg)) < d(m(xi ), xi5) + d(xij, x1) + Ao, T )

< 34(r; + 1) < 1021
and it follows that
|[f(m(xi ;) — f(m(xe)| < C|lfllno0d(m(xi ), 7)) < C|| flln00ri-

Inserting this into (5.1), together with the estimate |¢; j(x) — i j(y)| < Cd(x, y)/ri,
implies

(52) [Ef()—Ef ()| < CM||fllxo0ry'd(x, y) < C||f||,{,ag/dist(~,8§2)"_1ds,

b

i.e., the function g(x) = C||f||x.00 dist(x,dQ)"~! is an upper gradient for £ f in Q.
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Hence, by the Cavalieri principle,
[ & dn < CUFIL o [ st 0007
Q o

16R
< C|\f\|§m/ tPmD=l({x € Q - dist(x, 0Q) < t}) dt
' 0

16R
< CHng,aQ/ tPUm D= gy
0

< CIfIIE g0
and thus [[€ f]|x1r@) < C|| fllx.00- _
We now show that € f is k-Holder continuous on 2. Observe that by Lemma 4.1,
[Ef(x) = Ef (] < Cllflln.o0d(x, )"
forallx € 9Q and y € Q.
Let x € Byj. Assume first that y € 2By ;. Then by (5.2),

Ef(x) = Ef(| < Cllfllwoarg ™ d(x, y) < C|fllso0d(x, y)*.

Assume next that y ¢ 2By, but y € B;; for some i and j. Without loss of
generality we can assume that k < i. Then

d(x,’iT(X)) S 347‘](, d(yaﬂ—()/)) S 347’,‘ < 347'](, d(xvy) 2 Ty
d(m(x), m(y)) < d(x, y) + 68r.

Hence by Lemma 4.1,

IEf(x) = Ef(Y) < [Ef (%) — f(me)| + [f(m(x)) — f(m(¥)] + | f(7(y)) — Ef ()
< C|fllroa(d(x, y) + )" < Cll f]n.00d(x, )" u

Remark The assumption that 2 is bounded in Theorem 5.4 is no restriction in gen-
eral. Indeed, if €2 is unbounded with bounded boundary, then we can apply Theo-
rem 5.4 to the open set N B for some large ball B (letting f = 0 on dB). Multiplying
the obtained extension by a Lipschitz continuous cut-off function 1 with compact
support in Band 7 = 1 in a neighbourhood of 0f2 produces the desired extension.

Corollary 5.5 Assume that X is complete and supports a weak (1, p)-Poincaré in-
equality. Let Q0 C X be a nonempty bounded open set such that C,(X\ Q) > 0. Suppose
that Q satisfies a 3-shell condition for some 3 > 0, and let max{0,1 — 3/p} < k < 1.
If f is a k-Holder continuous function on 0S), then Pf € NY“P(Q), where Pf is the
Perron solution of the Dirichlet problem for p-harmonic functions in Q with boundary
data f.
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Proof Note that by [19], X supports a weak (1, q)-Poincaré inequality for some g €
[1, p). Let € f be the xk-Holder continuous extension of f to €2, as in Theorem 5.4, and
let u be the p-harmonic extension of € f to §2, i.e., u is p-harmonicin Qand u—Ef €
NS’P (£2); see [23, Theorem 3.2], for the existence and uniqueness of the p-harmonic
extension in this case. Then [1, Theorem 5.1] shows that limqs, ., u(y) = f(x) for
all regular boundary points x € 2. By the Kellogg property [2, Theorem 3.9], the
set of irregular boundary points has p-capacity zero. Now [3, Corollary 6.2] implies
that u = Pf. ]
Acknowledgements We thank Juha Heinonen and Robert Kaufman for conversa-
tions which led us to the study resulting in this note.
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