
RINGS OF QUOTIENTS OF 
RINGS OF DERIVATIONS 

I s r a e l Kle ine r 

( rece ived D e c e m b e r 19, 1967) 

The concept of a r a t i ona l ex tens ion of a Lie module is defined as 
in the a s s o c i a t i v e ca se [ l , p p . 81 and 79] . It then follows f rom 
[3 , T h e o r e m 2.3] that any Lie modu le p o s s e s s e s a m a x i m a l r a t i o n a l 
ex tens ion (a r a t i o n a l complet ion) , unique up to i s o m o r p h i s m . If now 
L and K a r e Lie r i n g s with L C K, we ca l l K a (Lie) r ing of 
quot ients of L if K, cons ide red as a Lie module over L, i s a 
r a t i o n a l ex tens ion of the Lie module L . Although we do not know if 

L 
for e v e r y Lie r ing L i ts r a t i ona l comple t ion can be given a Lie r ing 
s t r u c t u r e extending that of L (as i s the ca se for a s soc i a t i ve r ings ) , 
th is is so, in any c a s e , for abe l ian Lie r i ngs (P ropos i t i ons 2 and 4) . 

Le t R be an a s s o c i a t i v e r ing , Q(R) i t s comple te (maximal ) r ing 
of quo t i en t s . T e w a r i has shown [5, p . 53] that eve ry de r iva t ion of R 
has a unique ex tens ion to a de r iva t ion of Q(R). This i m p l i e s that the 
Lie r ing D(R) of a l l de r iva t i ons of R can be faithfully embedded in 
the Lie r ing D(Q(R)) of a l l de r iva t i ons of Q(R). Since Q(R) is a r ing 
of quot ients of R, one m a y ask if D(Q(R)) is a (Lie) r ing of quot ients 
of D(R). Though this is the case for c e r t a i n r i ngs (e . g. R = Z[x , . . . , x ]), 

it is p robab ly too m u c h to expect in g e n e r a l . However , we show 
( T h e o r e m 3) that under c e r t a i n condit ions ( e . g . when R is an i n t e g r a l 
domain) , the subr ing of D(Q(R)) of a l l " s p e c i a l " de r iva t i ons is a (Lie) 
r ing of quot ients of D(R). (A de r iva t ion d of Q(R) is said to be 
spec i a l if d = q d j + . . . + q d , for some q, € Q(R), d. e D(Q(R)), _j ^ 1 1 n n i l 

w h e r e the r e s t r i c t i o n s of the d. to R a r e de r iva t ions of R. ) Another 

r e s u l t in this d i r e c t i o n i s T h e o r e m 2, w h e r e we pick out, for each 
in t ege r n > l , sub r ings D (R) and D (Q(R)) of D(R) and D(Q(R)) 

~~ n n 

r e s p e c t i v e l y (see p . 8 ), such that D (Q(R)) is a (Lie) r ing of quot ients 

of D (R) (under condit ions s i m i l a r to those in T h e o r e m 3). 
n 

Canad. Math . Bul l . vo l . 11 , no . 3, 1968 

383 

https://doi.org/10.4153/CMB-1968-044-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-044-5


1 
1. Le t A , B be Lie L - m o d u l e s with A C. B . B is said to 

L L L L L 
be a r a t i o n a l ex tens ion of A if given any p a r t i a l L - h o m o m o r p h i s m 

L 
f :B -> B such that A C_ k e r f, then i m f = 0. We w r i t e A < B 

L L L L 
(or A <_ B if t h e r e is no ambigu i ty ) . (For the ana logous defini t ion 
in the a s s o c i a t i v e c a s e see [ l , pp . 81 and 79) . ] 

The c a t e g o r y of Lie L - m o d u l e s is i s o m o r p h i c to the c a t e g o r y of 
2 

a s s o c i a t i v e W(L) -modu les , w h e r e W(L) i s the u n i v e r s a l enveloping 
r ing of L [3 , T h e o r e m 2 .3 J . F r o m this and the wel l known r e s u l t 
in the a s s o c i a t i v e c a s e [ l , p p . 83 , 157, 158] we now get 

PROPOSITION 1. E v e r y Lie L - m o d u l e M p o s s e s s e s a 

m a x i m a l r a t i o n a l ex tens ion N . M o r e o v e r , any r a t i o n a l ex tens ion of 
L 

M is i s o m o r p h i c to exac t ly one submodule of N . Thus a m a x i m a l 
L L 

r a t i o n a l ex tens ion of a Lie modu le is unique (up to i s o m o r p h i s m ) . 

We sha l l ca l l the m a x i m a l r a t i o n a l ex tens ion of M i t s r a t i o n a l 
L 

comple t ion . 

R e m a r k . The proof of the above p r o p o s i t i o n could have been 
obtained d i r ec t l y , without invoking the c o r r e s p o n d i n g r e s u l t in the 
a s s o c i a t i v e c a s e and the i s o m o r p h i s m of the c a t e g o r i e s . 

If R is an a s s o c i a t i v e r ing , the r a t i o n a l comple t ion of R can 
R 

be given a r ing s t r u c t u r e faithfully extending tha t of R [ 1, p . 160] . 
We ca l l this r ing the c o m p l e t e o r m a x i m a l r ing of ( r ight) quot ien ts of 
R, and denote i t by Q(R). F o r Lie r i n g s we have only a p a r t i a l 
r e s u l t in this d i r e c t i o n . F i r s t we p rove 

LEMMA 1. Let L be an abe l i an Lie r ing (ab = 0 for a l l 
a, b € L), M a t r i v i a l Lie L - m o d u l e (xa = 0 for a l l x e M, a e L) . 

L 
Then N i s a t r i v i a l Lie L - m o d u l e for any r a t i o n a l ex tens ion N of 

L L 

1. F o r the defini t ions of the b a s i c concep ts of " L i e m o d u l e " , Lie 
h o m o m o r p h i s m " , e t c . s ee [2] or [ 3 ] , 

2 . To d i s t i n g u i s h be tween the Lie and a s s o c i a t i v e c a s e s , we ca l l 
a modu le M over th( 

R 
an a s s o c i a t i v e m o d u l e . 

a modu le M over the a s s o c i a t i v e r ing R (in the u s u a l s ense ) 
R 
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Proof . Le t a be a fixed e l e m e n t of L and define a mapping 
f:N - N L by se t t ing f( y) = ya (y e N). Then f (y 1 +y 2 ) = Hj±) + Uy^ 

(y , y € N), and f(yb) = (yb)a = (ya)b - y(ab) (by the condi t ion for 

a Lie module) = (ya)b (s ince L is abel ian) = f(a)b (y € N, b e L ) . 
Thus f is an L - h o m o m o r p h i s m . Also f(x) = x.a = 0 for al l x e M, 
hence M C k e r f. Since M < N , it follows that im f = 0. That i s , 

L L 
ya = 0 for a l l y e N. Since a € L is a r b i t r a r y , the r e s u l t fo l lows . 

PROPOSITION 2 . Jf_ L is an abe l ian Lie r ing , the r a t iona l 
comple t ion N of L m a y be given a Lie r ing s t r u c t u r e faithfully 

L L 
extending that of L. 

Proof . By the L e m m a , the mul t ip l i ca t ion in N is t r i v i a l . We 

m a y thus extend the mul t ip l i ca t ion N X L -* {0} to N X N - > { 0 } , 
C lea r ly N then b e c o m e s a Lie r ing faithfully extending L . 

We sha l l denote by Q(L) the r a t i ona l comple t ion of L (even 
L 

if L is not abe l i an ) . 

Con jec tu re . P r o p o s i t i o n 2 i s not t r u e for a r b i t r a r y Lie r i n g s . 
That i s , t h e r e ex i s t s a Lie r ing L for which Q(L) cannot be given a 
Lie r ing s t r u c t u r e faithfully extending that of L. 

The concept of a r ing of quot ients , however , can a lways be 
defined. Thus if L and K a r e Lie r i ngs with L C_ K, then K i s 
said to be a (r ight) r ing of quot ients of L if K is a r a t i o n a l 

L 
ex tens ion of L . Thus , if L is abel ian , Q(L) is a r ing of quot ients 

L 
of L, cal led the m a x i m a l or comple te r ing of (r ight) quot ients of L . 

As a fol low-up to the above con jec tu re , one m a y ask if the 
s i tua t ion cannot be sa lvaged, in the following s e n s e : does L a lways 
p o s s e s s a " m a x i m a l " r ing of quot ients K, which m a y be s m a l l e r than 
the r a t i o n a l comple t ion of L, but which is such that any r ing of 
quot ients of L i s i s o m o r p h i c to a unique subr ing of K ? 

R e m a r k . Any r igh t r ing of quot ients of L is a l so a left r ing of 
quot ients of L and c o n v e r s e l y . This follows f rom the o b s e r v a t i o n that 
for Lie modu le s M and N we have M <c N if and only if 

L L L L 
M <C N ( the r igh t module M m a y be cons ide red as a left module 

L L L 
M by defining ax = -xa , x e M, a € L, and any L - h o m o m o r p h i s m 

L 
f:M -*• N i s a l so an L - h o m o m o r p h i s m : M -*• N, and conve r se ly , 

L L L L 
s ince f(ax) = f(-xa) = -f(xa) = -f(x)a = af(x)). 

We sha l l now show that to d e t e r m i n e the m a x i m a l r ing of quot ients 
Q(L) of an abe l ian Lie r ing L, i t suffices to d e t e r m i n e the m a x i m a l 
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rational extension of the additive group of L. To make this precise , 
let A be an abelian group (written additively). If we define 
multiplication in A by: xy = 0 for all x, y € A, then A becomes an 
abel ian Lie r i n g . Denote this r ing by L (A). If B is ano the r abe l i an 
group and f:A-*-B a h o m o m o r p h i s m , then f can a l so be r e g a r d e d as 
a Lie r ing h o m o m o r p h i s m : L (A)-*-L (B), s ince f(xy) = f(0) = 0 = f(x)f(y) 

(x, y e L (A)) . Thus , we have a mapping F f rom the c a t e g o r y CL 

of abe l ian g roups to the c a t e g o r y J^ of abe l ian Lie r i n g s (F(A) = L (A), 

F(f) = f), which i s e a s i l y s een to be a func to r . Conve r se ly , if L is 
an abe l i an Lie r ing , le t (L, +) denote i t s addi t ive g r o u p . If K is 
ano ther abe l i an Lie r ing and g:L-»*K a Lie r ing h o m o m o r p h i s m , then 
g is a l so (by r e s t r i c t i o n ) a g roup h o m o m o r p h i s m : (L, +)~>(K, +). The 
mapping G: ẑf -* 6L (G(L) = (L, +), G(g) = g) i s a l so a func to r . 
M o r e o v e r , FG(L) = F ( L , +) = L (L, +) = L and GF(A) = G(L (A)) = 

(L (A), +) = A. Also c l e a r l y FG(g) = g, GF(f) = f. We thus have the 

following 

PROPOSITION 3 . The c a t e g o r y of abe l i an Lie r i n g s i s i s o m o r p h i c 
to the c a t e g o r y of abe l i an g r o u p s . 

An abe l ian group m a y be cons ide red as an ( a s soc i a t ive ) modu le 
o v e r the r ing Z of i n t e g e r s . Thus , if A and B a r e abe l i an g r o u p s , 
i t is meaningful to speak of B being a r a t i o n a l ex t ens ion of A. 
S imi l a r ly , if L and K a r e Lie r i n g s , we say that K is a r a t i o n a l 
ex tens ion of L if L < K . We now show that in this s e n s e r a t i o n a l 

ex tens ions a r e p r e s e r v e d under the above i s o m o r p h i s m of the c a t e g o r i e s . 

LEMMA 2. If A, B e ÛL with B a r a t i o n a l exten s ion of A, 
then F(B) is a r a t i o n a l ex tens ion of F(A) . Conve r se ly , if L, K e ^T 
with K a r a t i o n a l ex tens ion of L, then G(K) i s a r a t i o n a l ex tens ion 
of G(L) . 

P roof . We note f i r s t that A C_ B i m p l i e s F(A) C. F (B) , and 
L C_ K i m p l i e s G ( L ) ( l G ( K ) . Le t now A < B ^ . We wish to show 

t h a t L ( A ) < L, (B) . . . . Thus , let M b e a n L. (A) - submodule of 
0 L (A) 0 

L (B) with L (A) C_ M, and let f:M-**L (B) be an L ( A ) - h o m o m o r p h i s m 

such that L (A) C ke r f. Then (L (A), +) CI (M, +) C (L (B), +). That 

i s , A £ ( M , + ) C I B ((L (A), +) = (F(A), +) = GF(A) = A). Also 

f:(M, +)-*-B is c l e a r l y a Z - h o m o m o r p h i s m with f(A) = 0. Since 
A < B , hence f(M, f) = f(M) = 0, and L (A) < L. (B) . The proof 

z— z o — o ^ 
that L _< K i m p l i e s G(L) <^ G(K) is s i m i l a r . 

PROPOSITION 4 . Q(F(A)) = F(Q(A)) ^nd Q(G(L)) = G(Q(L)) 
(A e d , L € £ ). That i s , Q(L (A)) = L (Q(A)) ^nd Q(L, +) = 

(Q(L) ,+) . 

386 

https://doi.org/10.4153/CMB-1968-044-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-044-5


Proof . Since Q(A) is a r a t i o n a l ex tens ion of A, F(Q(A)) i s a 
r a t i o n a l ex tens ion of F(A) ( L e m m a 2) . Also if K is any r a t i ona l 
ex tens ion of F(A), then (a lso by L e m m a 2) G(K) is a r a t iona l 
ex tens ion of GF(A) = A. Since Q(A) is the m a x i m a l r a t i o n a l 
ex tens ion of A, i t follows that G(K) C Q(A), hence K = FG(K) C. F(Q(A)). 
Thus , F(Q(A)) i s the m a x i m a l r a t i o n a l ex tens ion of F(A); 
i . e . F(Q(A)) = Q(F(A)). S imi l a r ly one shows that Q(G(L)) = G(Q(L)). 

R e m a r k s , (i) To be p r e c i s e , one should use i s o m o r p h i s m in 
p lace of equal i ty in the above; however , t he r e is no loss in g e n e r a l i t y . 
Also the equal i ty ( i s o m o r p h i s m ) Q(F(A)) = F(Q(A)), i s by the above proof, 
that be tween F ( A ) - m o d u l e s . But s ince Q(F(A)) and F(Q(A)) a r e abe l ian 
Lie r i ngs (P ropos i t i on 2 for Q(F(A))), and hence a r e t r i v i a l 
F ( A ) - m o d u l e s , the i s o m o r p h i s m can be extended to a r ing i s o m o r p h i s m . 

(ii) Since L = FG(L) , hence Q(L) = Q(FG(L)) - F(QG(L)) = 
F(Q(L, +)) = L (Q(L, +)). That i s , to obtain the m a x i m a l r ing of 
quot ients Q(L) of an abe l ian Lie r ing L, i t suffices to find the m a x i m a l 
r a t i o n a l ex tens ion of i t s addit ive g r o u p . 

(iii) If R is an a s soc i a t i ve r ing , we a s s o c i a t e with it a Lie r ing 
C(R) whose addi t ive group is that of R, with mul t ip l i ca t ion defined 
by the addi t ive c o m m u t a t o r : [a, b] = ab - ba ( a ,b e C(R)). This t u r n s 
C(R) into a Lie r i n g . If R i s commuta t ive , then c l e a r l y C(R) e ^L . 
If R = Z, then Q(C(Z)) - LQ(Q(C(Z), +)) (by (ii)) - LQ(Q(Z, +)) ((C(Z), +) 

- (Z, +)) = LQ(Q(Z )) (Q(Z, +) m e a n s Q(Z ), by definition) 

= C(Q(Z)) (where Q(Z) is the r a t i ona l comple t ion of Z as a r ing , 
which i s known to be the r ing of r a t i ona l n u m b e r s , while Q(Z ), the 

r a t i o n a l comple t ion of the module Z , i s the addit ive group of 

r a t i o n a l s ; thus L (Q(Z )) = C(Q(Z)) ). Hence we have Q(C(Z)) = C(Q(Z)). 
U Z-i 

In g e n e r a l i t i s not t rue that Q(C(R)) = C(Q(R)) for an a r b i t r a r y 
commuta t i ve r ing R. 

(iv) It m a y be noted that, in fact, eve ry abe l ian Lie r ing L is a 
subr ing of a r ing of the f o r m C(R), w h e r e R i s an a s s o c i a t i v e and 
commuta t i ve r i n g . Jus t le t R = W(L), the u n i v e r s a l enveloping 
r ing of L. Then L is ( i somorph ic to) a subr ing of C(W(L)), and L 
abe l ian i m p l i e s W(L) commuta t ive ( see , for example , [3, p . 32]). 

2 . Le t R be an a s soc i a t i ve r i n g . A mapping d:R-»* R i s 
cal led a de r iva t ion of R if 

(i) d(x+y) = d(x) + d{y) 

(ii) d(xy) = d(x)y + xd(y), for a l l x, y e R . 

It is eas i ly ver i f ied that the set D(R) of al l de r iva t ions of R f o r m s 
a Lie r ing , with the u sua l addit ion of mappings and the c o m m u t a t o r 
mu l t ip l i ca t ion : [ d^» 0 ^ ] = d .d„ - da.. 
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If R is an integral domain, then the rational completion Q(R) 

of R is just the field of quotients of R [ l , p. 164}. That is 

Q(R) = {— : x, y e R, y j- 0} , with the usual addition and multiplication . 
It is then easily shown [6, p. 120] that any derivation d of R can 

be extended uniquely to a dérivation d of Q(R), namely: 

- x = yd(x) - xd(y) 

y 2 

y 

The corresponding result for an arbitrary associative ring is due to 
Tewari. 

THEOREM 1. Let R be an associative ring, Q(R) its complete 

ring of quotients. Then any derivation of R can be extended uniquely 

to a derivation of Q(R). 

For the proof see [5, p. 53]. 

We shall now discuss some examples. First we note that if R 
is a ring with identity 1, and d € D(R) then d(l) = 0. For 
d(l) = d(l.l) - d(l)-l+l-d(l) = d(l) + d(4). 

1. Let R = Z and suppose d e D(Z). Since d(l) = 0 and d is 
additive, hence d(z) = 0 for all z e Z. Thus d = 0 (the zero 
derivation), hence D(Z) = 0. Here Q(Z) is the field of rational 

numbers. We also have D(Q(Z)) = 0. For, if q ç Q(Z), q = ~ 
y 

(x, y e Z, y ^ 0), then x = qy, hence d(x) = d(qy) = d(q)y + qd(y) for 
any d € D(Q(Z)). Since d(l) = 0, it follows that d(x) = 0 = d(y), 
and as y ^ 0, d(q) = 0. 

2. The same situation as above obtains for R = Zn(the ring of 

integers modulo n). That is, D(Z ) = 0 = D(Q(Z )). 
n n 

3. Let R = Z[x , . . . ,x ], the commutative ring of polynomials in 

the indeterminates x , . . . , x over Z. For each i = 1, 2, . . . , n 
1 n 

define a mapping d. : Zfx , . . . , x 1 -*- Zfx . . . . . x 1 as follows: if 
^ F 6 l L 1 n J L 1 n J 

k k. k 
f(x , . . . , x ) = 2z. , x . . .x. . . .x € Zfx,, . . . , x ] then 

1 n k , . . . , k 1 l n L l n 

k k.-l k 
1 i n 

d. f(x(, . . . , x ) = 2z, . k. x, . . . x. . . . x . (That is, the 
l 1 n k , , . . . , k î 1 l n 

1 n d. are the "partial derivatives" with respect to the x.. ) A straight-
i l 

forward computation shows that the d. are derivations of Z[x , . . , , x 

In fact, it is not difficult to show [6, p. 122] that every derivation of 
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Z["x . . . . . x 1 i s of t h e f o r m f d , + . . . + f d , w h e r e L 1 n J 1 1 n n 
f. e Z [ x . . . . , x ] . 
l 1 n 

T h e r a t i o n a l c o m p l e t i o n of Z [ x . . . . , x 1 i s t h e f i e ld of r a t i o n a l 
1 n 

f u n c t i o n s Q ( Z ) ( x , . . . , x ) i n t h e x . o v e r Q(Z) ( t he f i e l d of r a t i o n a l 
I n l 

n u m b e r s ) . T h e d e r i v a t i o n s d . . . . , d of ZTx . . . . , x 1 e x t e n d 
1 n 1 n 

u n i q u e l y to d e r i v a t i o n s d . . . . , d of Q ( Z ) ( x , , . . . , x ) . A l s o i n t h i s 
I n I n 

c a s e e v e r y d e r i v a t i o n of Q ( Z ) ( x , . . . , x ) i s of t h e f o r m 

g . d . + , . . + g d , w h e r e g. e Q ( Z ) ( x , , . . . , x ) . 
1 1 n n l I n 

4 . If { x ) , i s a c o l l e c t i o n of i n d e t e r m i n a t e s i n d e x e d b y a s e t A . 

a n d w e l e t R = Z [ { x } ] , t h e r i n g of p o l y n o m i a l s i n t h e ( i n f i n i t e ) s e t 
of i n d e t e r m i n a t e s x , w e c a n a l s o h e r e d e f i n e , f o r e a c h P e A, t h e 

" p a r t i a l d e r i v a t i v e s " d w i t h r e s p e c t to x b y d (x ) = { ' . 

( e x t e n d i n g to a l l of Z [ { x } ] i n t h e o b v i o u s w a y - a s i n t h e a b o v e 

e x a m p l e ) . T h e d a r e d e r i v a t i o n s of Z f { x ) 1 w h i c h , h o w e v e r , d o F p LL aj J 

n o t " s p a n " D ( Z [ { x } ]) ( c o n t r a r y to t h e c a s e i n t h e p r e v i o u s e x a m p l e ) . 

T h u s , t h e d e r i v a t i o n d : Z [ { x } ] -> Z [ { x } ] g i v e n b y d ( x ) = 1 f o r a l l 
a a p 

p € A ( t h i s m a p p i n g i s a d e r i v a t i o n w h e n e x t e n d e d to a l l of Z [ { x } ] 

i n t h e o b v i o u s w a y ) c l e a r l y c a n n o t b e w r i t t e n i n t h e f o r m 
h d + . . . + h d , w h e r e h . e Z [ { x ) ] and d a r e p a r t i a l 

1 a ma l aJ a. 
1 m i 

d e r i v a t i v e s ( a s d e f i n e d a b o v e ) . T h e s a m e s i t u a t i o n c a r r i e s o v e r to t h e 
f i e l d of q u o t i e n t s ( r a t i o n a l c o m p l e t i o n ) Q ( Z ) ( { x } ) of Z [ { x } ] . 

a a 

T h e o r e m 1 i m p l i e s t h a t t h e L i e r i n g D ( R ) of d e r i v a t i o n s of R 
i s ( i s o m o r p h i c to) a s u b r i n g of t h e L i e r i n g D ( Q ( R ) ) of d e r i v a t i o n s of 
Q ( R ) . S i n c e Q(R) i s t h e m a x i m a l r i n g of q u o t i e n t s of R, o n e m a y a s k 
if D ( Q ( R ) ) i s t h e m a x i m a l ( L i e ) r i n g of q u o t i e n t s ( o r , a t l e a s t , a r i n g 
of q u o t i e n t s ) of D ( R ) . T h a t i s , i s D(Q(R) ) = Q ( D ( R ) ) , o r , a t l e a s t , 
D ( Q ( R ) ) CI Q ( D ( R ) ) ? T h e f o r m e r i s c l e a r l y t h e c a s e i n e x a m p l e s 
1 and 2 a b o v e , and i t c a n b e s h o w n t h a t a t l e a s t t h e l a t t e r i s t r u e of 
e x a m p l e 3 . We n o w p r o c e e d to d i s c u s s two r e s u l t s ( T h e o r e m s Z and 3)> 
b o t h of w h i c h g e n e r a l i z e t h i s s p e c i a l r e s u l t i n t h e c a s e of e x a m p l e 3 . 

T h u s , l e t R b e a n a s s o c i a t i v e r i n g , and l e t d e D ( R ) . G i v e n 
a n y r € R, o n e c a n d e f i n e a m a p p i n g rd :R-»-R b y s e t t i n g ( r d ) ( x ) = r d ( x ) 

( X € R ) . 

L E M M A 3 . If R i s c o m m u t a t i v e t h e n r d € D ( R ) f o r a n y r € R, 
d e D ( R ) . 
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Proof . F o r any x, y e R c l e a r l y (rd)(x+y) = (rd)(x) + ( rd) (y) . 

Also (rd)(xy) = r(d(x)y + xd(y)) = rd(x)y + xrd(y) = (rd)(x)y + x( rd) (y) . 

A n o n - z e r o e l e m e n t of R is said to be r e g u l a r if i t i s not a z e r o 
d i v i s o r . 

R e m a r k . If d e D(R) i s such that d(R) con ta ins a r e g u l a r 
e l emen t , then R i s c o m m u t a t i v e if and only if rd e D(R) for a l l r e R. 
This i s ea s i ly ve r i f i ed . 

We a s s u m e f r o m now on that R is a c o m m u t a t i v e r ing with 
ident i ty 1. 

With example 3 above in mind , let d , . . . , d be n. d e r i v a t i o n s 
I n 

of R such that [d., d.] = 0 (i, j = 1, 2, . . . , n ) . Le t D (R) = 

{r d +. . . + r d :r e R} . It follows f r o m l e m m a 3 (and s ince D(R) is 
1 1 n n i 

c losed under addit ion) that D (R) i s a subse t of D(R). It i s , in fact , 
n 

a subr ing of D(R), as can e a s i l y be ver i f ied ( this i s w h e r e one u s e s 
fd , d .1 = 0). Let now d . . . . , d be the unique ex tens ions of d ,. . . , d 

l j I n I n 
r e s p e c t i v e l y , to Q(R) ( T h e o r e m 1), and se t D (Q(R)) = 

(q d + . . , + q d :q € Q(R)1 . Since R is c o m m u t a t i v e so is Q(R) 
I l n n i _̂ 

(1 , p . 163), hence q.d. 6 D(Q(R)). Since [d . ,d . ] (x) = [d . ,d . ] (x) for 
i i i j i j 

al l x € R, i t follows f r o m T h e o r e m 1 that a l so fd., d.l = 0, and hence 
i y 

one can show that D (Q(R)) is a subr ing of D(Q(R)). C lea r ly , then, 

D (R) is a subr ing of D (Q(R)) (of c o u r s e , with T h e o r e m 1 in mind , 
n n 

and the consequen t ident i f ica t ion of r d + . . . + r d ç D (R) with 
1 1 n n n 

r d + . . , + r d e D (Q(R)), which we sha l l a lways m a k e without 
1 1 n n n 

expl ic i t m e n t i o n ) . We now show that , wi th c e r t a i n a s s u m p t i o n s , 
D (Q(R)) i s a (Lie) r ing of quot ients of D (R). 

F i r s t , we r e c a l l that a submodule N of an R - m o d u l e M is 
R R 

said to be dense if M i s a r a t i o n a l ex tens ion of N . (An i d e a l I 
R R 

of R i s dense if R i s a r a t i o n a l ex tens ion of I„ . ) If now E 

i s a dense submodule of Q(R) then, for any q e Q(R), qE = 0 i m p l i e s 
R 

q = 0. F o r , the mapping f:Q(R) -*- Q(R) given by f(q.V) = qq' is an 
R - h o m o m o r p h i s m such that f(E) = 0, hence f(Q(R)) = 0. That i s , 
qq' = 0 for a l l q ! e Q(R), hence q = 0 (s ince R has an iden t i ty ) . 
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THEOREM 2. Let R be an associative and commutative ring 

with identity 1. Let d , . . . , d be derivations of R such that 
, ^ n , ,— _—_ _ 

fd , d 1 = 0 (i, j = 1, . . . , n), and let d , . . . , d be their unique 
l j 1 n -— —~ 

extensions to derivations of Q(R). Let D (R) = { r d + . . . + r d :r. e R) , 
n ^ 1 1 n n l 

D (Q(R)) = { q d + . . . + q d :q. e Q(R)) . Suppose that the following 
n 1 1 n n l — L J B 

conditions hold: 

(i) 2(=1+1) is a regular element of R. 
n 

(ii) U d • (Q(R)) contains a regular element. 
i=l 

n 

(Alternatively: \^J d.(Q(R)) contains a dense R-submodule of Q(R).) 

i=l 1 

Then D (Q(R)) is a (Lie) ring of quotients of D (R). 

Proof. We shall prove the theorem for n = 2, the proof in the 
general case being similar. Thus, suppose that B is a D (R)-submodule 

of D (Q(R)) containing D (R), and let f:B-*D (Q(R)) be a D (R)-homo-

morphism such that f(D (R)) = 0. We wish to show that f(B) = 0. 

Thus, let b e B, f(b) = b \ Then b = q d + q d b* = q d + q d , 

for some q. e Q:(R), and we want q^d + q.d = 0. For any q e Q(Rh 

let q_1R = {r e R:qr € R} . Then q~*R is a dense ideal of R[4, p.40]. 

Set 1= q i "
1 R n q 2 ' 1 R O d i ( q i ) " 1 R n d ^ q ^ ^ O d ^ f V f ! d ^ f V 

Since the intersection of a finite number of dense ideals of R is dense 
[4, p. 37], hence I is a dense ideal of R. 

By a straightforward calculation we arrive at the following result 
for multiplication in D (R), which we set down for reference: if 

r i V r 2 d 2 ' S l V S 2 d 2 * D 2 ( R ) t h e n ^ i V W 8ldl+8
2
d2] = ^ i W " 

" i W + P2d2 ("l ) - S 2 d 2 ( r i ) ) d l + <'ldlt-2> " S l d l ( r 2 ) + r2 d2 ( 82 ) " 
s d (r ))d . A similar formula holds for multiplication in D (Q(R)). 

C* C* C* Cd (Lé 

Let now x be an arbitrary element of I. Then 

[ q i V q 2 d 2 ' x 2 V ° d 2 ] = (q1
d"1(^2)-»2d1(q1)+q2d2(x2))d1+(-x2d1(q2))d2 

= (q i2xd1(x)-X
2d1(q l)+q22xd2(x))d1 t ^ d ^ ) ) ^ 

= t
i ^ i

 + t
2

d " 2
 s ay-

3 9 1 
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By definition of I and since x e I, it follows that t , t e R, hence 

t d + t^d 6 D (R). We thus have [q d + q ^ , x d + Od^ 6 D2(R), 

hence f f a ^ + q ^ , x ^ i + °^z^ = °" B u t ^ 1 ^ 1 + q2^2 ' X ^ l + °^2^ 

[f(q ld i +q2d2), x2d1 +0d2] . Hence 

0 = [ q 3 ^ + q 4 d 2 , x 2 d 1 + 0 d 2 ] 

= (q3d1(x2) - x2d1(q3) +q4d2(x2))d1 + ( -x 2 ^ ( q ^ 

= (2xq3dl(x) - x2d i(q3) + 2xq4d2(x))d"i + ( - x 2 ? ^ ) ) ^ . 

This gives the relation 

(I) 2x(q3d i(x) +q4d2(x))d i = x ^ d ^ q ^ + â ± ( q ^ ) , for all x € I . 

- 2- 2- -
If we now consider Od t + x d^ € D (R) in place of x d t + Od . 

1 2 2 1 2 

then also [q d + ^ 2 ' °^1 + X 'V € D 2 ( R ) ' h e n c e ^3^1 + V V 

- 2-
Od + x d ] = 0. This, in turn, yields a relation analogous to (1), 

namely 

(II) 2x(q3dl(x) +q4d2(x))d2 = x2(d2(q3)d i +d2(q4)d2), for all X € I. 

Let now q' be an arbitrary but fixed element of Q(R), and set 

J - I O q r l R O d ^ q - r V O ^ ( q ' T ^ f K q q,)"1RO ( q ^ ' f V . Then 
J is also a dense ideal of R. Now, for any y e J, yq' e R, hence 
2 - -

y q'd + Od e D (R). A similar calculation to the above shows that 

[q1^1 + q
2 ^ 2 ' Y q'^l + °^2-' € D 2 ^ R ) ' h e n c e 

0 = f[q1d1 +q zd2 , y2q'd l + 0 ^ ] = [ q ^ + q ^ , y ^ ' ^ + 0 ^ ] 

= q'2y(q3d1(y) +q4d2(y))d i - ^ ( 0 ^ ) 0 ± +6^)^) 

+ y2(q3d"1(q') +q4d2(q ,))d1 . 
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By r e l a t i o n (1), the f i r s t two t e r m s d i s appea r (s ince JC^ I, (1) 
holds with x e I r ep laced by y € J ) . We t h e r e f o r e get 

y 2 ( q 3 d 1 ( q ' ) + q 4 d 2 ( q , ) ) d 1 ( q ) = 0, for a l l q € Q(R). If we let 

t = (q^o" (q') + q ^ (q'))d (q) (keeping q fixed for the m o m e n t ) , then 

2 
y t = 0 for a l l y € J . If z i s any other e l emen t of J, then a l so 

2 2 2 2 
z t = 0 and (y+z) t = 0. That i s , y t + 2yzt + z t = 0, hence 2yzt = 0. 
By condi t ion (i) of the t h e o r e m we now get yzt = 0. (It should be noted 
that s ince z i s a r e g u l a r e l emen t of R, i t i s a l so a r e g u l a r e l emen t 
of Q(R), a s can eas i ly be shown» ) Since this holds for e v e r y y, z € J, 
hence J J t = J(J t) = 0, so that Jt = 0, and finally t = 0. We thus have 

(2) ( q 3 d 1 ( q ' ) + q 4 d 2 ( q ' ) ) d i ( q ) = 0, for a l l q e Q(R). 

By the s a m e a r g u m e n t s as in the p reced ing p a r a g r a p h , but now 
- 2 - 2 - -

using Od + y q'd in p lace of y q'd + Od (with r e l a t i o n (1') 
r ep l ac ing (1)), we obtain 

(21) (q 3 d 1 (q ' ) + q 4 d 2 ( q ' ) ) d 2 ( q ) = 0, for a l l q € Q(R). 

F r o m condit ion (ii) of the t h e o r e m (or i ts a l t e rna t ive ) and r e l a t i o n s 
(2) and (2') it now follows that q d (q1) + q d (q1) = 0. Since q1 € Q(R) 

is a r b i t r a r y , hence q^d + q.d = 0. This comple t e s the proof of the 

t h e o r e m . 

Con jec tu re . D (Q(R)) i s , in fact, the m a x i m a l (Lie) r ing of 

quot ients of D (R). 

R e m a r k s , (i) The above t h e o r e m a lso holds for the case of an 
infinite n u m b e r of d e r i v a t i o n s . Thus , le t i d ) (A some index 

set) be a co l lec t ion of de r iva t ions of R such that [d , d 1 = 0 for 

a l l ft,p€A, with unique ex tens ions d € D(Q(R)). Let 

D (R) = { Z r d : r e R, F ranging over al l finite subse t s of A} , 
A p e F P P P 

D (Q(R)) = { 2 q d : q e Q(R), F as in D (R)} . Then D (Q(R)) 
A p 6 F P (3 P A A 

i s a (Lie) r ing of quot ients of D (R) provided that 

(i) 2 is a r e g u l a r e l emen t of R 

(ii) U d (Q(R)) conta ins a r e g u l a r e lement , for some finite 
p € F P 

subse t F of A. 
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The proof i s s i m i l a r to the f inite c a s e . We a l so note that 

D A (R) = U D „ ( R ) , D A (Q(R)) = {J D (Q(R)), w h e r e the union, in each 
A F * A F F 

c a s e , r a n g e s over a l l f inite s u b s e t s F of A. Thus , th is i s , in a 
s e n s e , a l imi t ing c a s e of the above t h e o r e m . We sha l l d i s c u s s ano the r 
type of M l imiting c a s e " of T h e o r e m 2 subsequen t ly . 

(ii) Condit ions (i) and (ii) of T h e o r e m 2 hold, of c o u r s e , if R 
has no z e r o d i v i s o r s . The condi t ion [d , d.l = 0 i s not used in the 

i J 
proof; i t onlv e n s u r e s that D (R) i s a Lie r ing (a subr ing of D(R)) . 

n 

(iii) Applying T h e o r e m 2 to example 3 above, w h e r e 
R = Z[x„ , . . . . x 1, we pick the d . . . . . d to be the p a r t i a l d e r i v a t i v e s L 1 n

J 1 n J 

as defined t h e r e i n . Then, as shown, D (R) = D(R), D (Q(R)) = D(Q(R)). 

Thus we get that D(Q(Z)(x , . . . , x )) is a (Lie) r ing of quot ients of 
I n 

D(Z[x , . . . , x ]). (Condit ions (i) and (ii) of the t h e o r e m hold by the 

above r e m a r k , while [ d . , d . ] = 0 is e a s i l y ve r i f i ed . ) R e m a r k (i) 

above can be applied to example 4, w h e r e we pick (d ) n A to be the 

p a r t i a l d e r i v a t i v e s of Z[{x } ] with r e s p e c t to x , and obta in that 
D A (Q(Z)({x } )) i s a (Lie) r ing of quot ients of D A ( Z [ { x } ]) . We r e c a l l , 

A - a A a 
however , that h e r e D A ( Z [ { x } ]) + D(Z[{x } ]) (a lso D A (Q(Z) ({x } )) + 

A L^ a a A a 
D(Q(Z)({x })) ). 

(iv) Let d € D (R) be any n o n - z e r o de r iva t i on , and pick 
r , . . . , r € R such that d ( r . ) = 0 (j = 1, . . . , n ) . (Such r . a lways 

ex i s t ; e . g . le t r = 1, r = 2 ( = 1+1), . . . , r = n. ) P u t d. = r .d 
1 2 n i i 

(i = 1, . . . , n) . Then, for anv x e R, [d . ,d .l(x) = fr .d, r .dl(x) = 
1 j l i J 

r .d ( r .d (x) ) - r .d ( r .d (x) ) - r .d ( r . )d (x ) + r . r . d (x) - r .d ( r . )d (x ) -
i J J i i J i J J i 

2 
r . r . d (x) - 0. That i s , fd. ,d 1 = 0. Thus for any c o m m u t a t i v e r ing 

j i i J 
R with ident i ty we can a lways find sub r ings D (R) and D (Q(R)) of 

and 

D(R) and D(Q(R)) r e s p e c t i v e l y . 

(v) If we pick di f ferent s e t s of d e r i v a t i o n s d . . . . , d 
I n 

d» . . . , d ! of R such that [ d . , d . ] = 0, fd?, d1.] = 0, i t can be 
I n L i JJ L i JJ 

shown that the Lie r i n g s D (R) and D' (R) a r e , in g e n e r a l , not 
n n 

i s o m o r p h i c (but the c o r r e s p o n d i n g r i ngs of quot ients D (Q(R)) and 

D ' (Q(R)) m a y be i s o m o r p h i c ) . 
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The subr ing of D(R) gene ra t ed by (that i s , the s m a l l e s t subr ing 
of D(R) containing) al l the D (R) (for eve ry choice of d , . . . , d and 

eve ry n - in fact , it suffices to take n = 1 ) i s c l e a r l y D(R) i tself . 
The subr ing of D(Q(R)) gene ra t ed by al l the D (Q(R)) (this i s , in 

g e n e r a l , a p r o p e r subr ing of D(Q(R)), as we sha l l see l a t e r ) wil l 
now be shown to be a r ing of quot ients of D(R) (under c e r t a i n cond i t ions ) . 

We continue to a s s u m e that R is a commuta t ive r ing with identify, 
A de r iva t i on d € D(Q(R)) wil l be cal led spec ia l if d = q d +. » . + q d , 

for some q. € Q(R), d. e D(R) (where d . deno tes , as usua l , the 
1 1 l 

unique de r iva t i on of Q(R) extending d.) . Let D (Q(R)) denote the 

se t of a l l spec i a l de r iva t ions of Q(R). It i s easy to ver i fy that D (Q(R)) 

i s a subr ing of D(Q(R)) (this i s , in fact, the subr ing of D(Q(R)) 
gene ra t ed by all the D (Q(R)) ). Since R has an ident i ty , D(R) is a 

subr ing of D (Q(R)). 

THEOREM 3 . Let R be an a s soc i a t i ve and commuta t ive r ing 
with ident i ty sat isfying the following condi t ions : 

(i) 2 i s a r e g u l a r e l emen t of R 

(ii) \J d*(Q(R)) contains a r e g u l a r e l e m e n t . (Al te rna t ive ly ; 
d*cD(R) 

j * n m \ d#(Q(R)) conta ins a dense R- submodu le of Q(R).) 
d* € D(R) 

Then D (Q(R)) i s a (Lie) r ing of quot ients of D(R). 

P roof . Let B be a D(R)-submodule of D (Q(R)) containing 

D(R), and suppose f :B-* D (Q(R)) is a D ( R ) - h o m o m o r p h i s m with 

f(D(R)) = 0. We wish to show that f(B) = 0. Let d e B, f(d) = d1, and 
suppose that d# is an a r b i t r a r y but fixed e l e m e n t of D(R), Then 

k m _ 
d = 2 q d , [d, d*l = S q|d!. , for some q , ql e Q(R), d., d ! € D ( R ) . 

. , i i . , j j l l i i 
i=l j= l J J 

k m 
Set I = (Pi q." R) O ( 0 q'.~ R) . Thus I is a dense idea l of R, and 

i =1 1 j =1 J 
xq.jXq1. € R for any x e I, hence x d , x [ d , d * ] e D(R). One then eas i ly 

v e r i f i e s that [d, x 2 d*] € D(R). Hence 0 = f[d, x 2 d*] = [ f (d) ,x 2 d*] = 

[ d ' , x 2 d * ] = 2xd'(x)d* + x 2 [ d ' , d * ] , or 

(1) 2xd'(x)d* = - x 2 [ d f , d * ] , for a l l x € I. 
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Le t now q' be an a r b i t r a r y but fixed e l e m e n t of Q(R). 

Set J = I f | q ' ' " 1 R n d ( q ' ) " 1 R O ( 0 ( q ' q . ^ R ) . Then J i s a dense 

idea l of R, and yq1, yd(q ') € R, yq'd e D(R), for any y e J . An 
2 

easy ve r i f i ca t ion then shows that [d, y q 'd#] € D(R), hence 

0 = [d*, y 2 q ' d * ] = y 2 d ' (q ' ) d* + 2yq»d'(y)d* + y 2 q ' [ d ' , d* ] . By r e l a t i o n (1), 
2 

the l a s t two t e r m s d i s a p p e a r , hence we have y d '(q ' )d# = 0. That i s , 
2 -

y d ' (q ' )d#(q) = 0, for a l l q e Q(R) (if d i s the z e r o d e r i v a t i o n on R, 
d i s , by T h e o r e m 1, the z e r o d e r i v a t i o n on Q(R) ). By the s a m e 
a r g u m e n t as in T h e o r e m 2 i t now follows (using Condition (i) of the 
t h e o r e m ) that d ' (q ' )d*(q) = 0. Then, by condi t ion (ii) (or i ts a l t e r n a t i v e ) , 
we have d ' (q ' ) = 0. Since q' e Q(R) i s a r b i t r a r y , d' = 0 and the proof 
i s c o m p l e t e . 

Con jec tu re . D (Q(R)) i s , in fact , the m a x i m a l (Lie) r ing of 
quot ients of D(R). 

R e m a r k . This t h e o r e m , too, m a y be applied to the example 
R Z[x , . . . , x ] to show that D(Q(Z)(x , . . . , x )) i s a (Lie) r ing of 

quot ients of D(Z[x , . . . , x ]) . In th is c a s e D(R) = D (R), 

D(Q(R)) = D (Q(R)) = D (Q(R)) (with the choice of d ^ . . . , d^ as the 

p a r t i a l d e r i v a t i v e s ) . We now show that in g e n e r a l D (R) C D(R), 

D (Q(R)) C D (Q(R)) C D(Q(R)) (for e v e r y choice of d . . . , d such 

that [d., d.l = 0). 
i J 

F i r s t , we show that D (Q(R)) + D(Q(R)). Thus le t R = Z[{x.} ], 

the r ing of po lynomia l s in the countably infini te n u m b e r of i n d e t e r m i n a t e s 
x . x . x . . . . . Then Q(R) = Q(Z)({x.} ), the field of quot ients of 

1 2 3 r 
Z[{x.} ] . Define a mapping d:Q(Z)({x.} )->Q(Z)({x.} ) by se t t ing 

\ 
d(x.) = — (j = 1 , 2 , . . . ) » and extending to Z[{x.} ], then to Q(Z)({x.} ) 

J Xj 1 1 
in the obvious way (so as to m a k e d a d e r i v a t i o n ) . Thus 
d e D(Q(Z)({x.} )), and we show that d i s not s p e c i a l . F o r , suppose 

d = q , À + • • • + q d for s o m e a e Q(Z)({x.} ), d. e D(Z[{x.} ]) 
1 1 m m k iJ k iJ 

1 
(k = 1, . . . , m ) . Then d(x.) = — = q d fx.) + . . . + q d (x.) (j = 1, 2, . . . ) . 

J X- M 1 J ^n n j 
Suppose that q . . . . , q a r e funct ions of at m o s t the f i r s t t 

1 m 
1 

m t e r d e t e r m i n a t e s x , , . . . , x . Then = q d (x ) + . . . + q d (x ). 
1 t x ^ , , H l 1 t+l y H m m v t+ l y 

t+1 
But this is c l e a r l y i m p o s s i b l e s ince d (x ) € Z[{x.} ] (k = 1, . . . , m ) , 
and q . . . . , q a r e not funct ions of x . Thus d «r D^(Q(Z)({x.) )). 

1 rn t+1 0 L iJ 
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(j = 1 , 2 , . . . ) 

Next we cons ide r the c a s e D (R) ï D(R). As above, a l so h e r e 
n 

we le t R = Zf{x.) ] . Le t d . . . . , d be any de r iva t i ons of Z[{x.) ] 
r 1 n iJ 

such that [d., d.] = 0. F o r each j = 1, 2, . . . , d ( x . ) , . . . , d (x.) a r e 

functions of at m o s t the f i r s t k. i n d e t e r m i n a t e s x, , x„ , . . . , x, . 

Define a mapping d:Z[{x.} ] -* Z[{x.} ] by set t ing 

( 
x., if x . / x ,x , 

J J 1 V 
d(x ) - ' J 

1 x , o the rwi se 
j 

(What should be noted i s that d(x.) = x , w h e r e s > j , and 
J J J 

d (x ) , . . . , d (x ) a r e not functions of x , for each j - 1, 2, . . . „ ) 
1 1 n ] s . ' 

We now extend d to a de r i va t i on of Z[{x.} ], and c l a im that 

d l D (Z[{x.) ]). F o r , if d = r d + . . . + r d , for s o m e 
' n l 1 1 n n 

r , . . . , r e Zf{x.} 1, then r , . . . , r a r e functions of at m o s t the 
1 n l 1 n 

f i r s t t i n d e t e r m i n a t e s x . , . . . , x . Now, d(x ) = r d , ( x )+. . . + 
I t t+1 1 1 t+17 

r d (x ) . S ince d(x ) = x , w h e r e s t > t+1, hence r , . . . , r 
n n t+1 t+1 s J , t+1 — I n 

t+1 
a r e not functions of x ; but nor a r e d (x ) , . . . , d (x ). This 

s, , Â 1 t+1 n t+1 
t+1 

g ives r i s e to a con t rad ic t ion which p r o v e s that D n (Z[{x.} ]) i s a p r o p e r 

subr ing of D(Z[{x.} ]) . 
Exac t ly the s a m e c o n s i d e r a t i o n s apply to D (Q(R)) ^ D (Q(R)). 

The R i s the s a m e as above, and we extend the de r iva t i on d of 
Z [ ( x - } ], as defined above, to the de r iva t i on d of Q(Z)({x.} ) 
( T h e o r e m 1). Then c l e a r l y d is s p e c i a l . To show that 
d { D (Q(Z)({x.) ) ), suppose that d = q ï + . . . +q d 

n l 1 1 n n 
(q , . . . , q e Q(Z)({x.} ) ), and a s s u m e that q . . . . , q a r e functions 

1 n l 1 n 

of at m o s t the f i r s t t i n d e t e r m i n a t e s x , . . . , x . The proof now is 

as above (with q. r ep l ac ing r . ) . 

As a c o r o l l a r y to the p r e v i o u s conjec ture (p. 14 ) and the above 
r e m a r k , we have the following 

Con jec tu re . D(Q(R)) i s , in gene ra l , not a r ing of quot ients of 
D(R). 
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