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Abstract

The inequality of strong summability for the Marcinkiewicz means of multiply Fourier series is proved.
The inequalities of strong summability with gaps for the different classes of integrable functions are
established. The Bernstein inequality for the fractional derivative of analytic polynomials is proved.
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1. Marcinkiewicz means in L'(Q)

Let f(x) be a periodic function of d variables defined on the unit cube Q¢ = [—m, w]%.
Every function f € L'(Q") can be expanded in the Fourier series

f ~ Z f(k)ei(k..r)
k

where k = (k;,....k,) is a mult-index, and x = (x;,...,x,) is a vector. Let
Ikl =sup,_, _,Ilk;|. Let

Sm(le) = Z f(k)ei(k..\')

&l <o

denote the cubic partial sums.

For every f € L>*((QY) the following inequality of strong summability for the
Marcinkiewicz means is well known [12]: (the classical one-dimensional result can
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be found, for example, in [17, Chapter 13]):

1 &
N 2S£l = Cllf I~

m=0

In this paper we consider strong summability for the Marcinkiewicz means in the
integral metric. The first one-dimensional result was proved by Smith [15] for f €
H'(Q). Its generalization for f € H”(Q), 0 < p < 1. for the Riesz means of
‘critical’ order together with an estimate of the approximation rate, were given in [7].
A new proof was proposed in [4] where the exact order of approximation was found.
The two-dimensional result for the rectangular partial sums with bounded ratio of
sides was obtained in [16], but it is still unclear how to generalize this result to the
multidimensional case. We use here the idea of ‘harmonic’ proof of [4] to obtain the
multidimensional result for the cubic partial sums.

We need some additional notation. If ¢ = (¢, ..., a,) 18 a vector then we write
my(u) = sign(u, a), and denote by H, the operator of the Hilbert transform

Hy: f(x) = Y ma (k) f ke
k

Let {e j}‘,’ be the basis vectors. We introduce two operators

Hy=[]He e, + He—o);  H;=H, H,
i#]

THEOREM 1.1. There exists an absolute constant C > 0 such that

1 N

1 d )
G 2 e ISa 0 = €S (UH, £l IH, 1),

m=| m Jj=l

PROOF. It is based on the Hardy inequality (see for example [17])

N |C | bid
Z n < C /
m—+1 e

m=0

N

imt
E Cmé€

m=0

dr.

Before applying the Hardy inequality to the sum Z,’::] %\S,,,(f;x)| we will trans-
form it slightly. The de La Vallee-Poussin means Vr(f;x) = f(x) % Vg(x) are the
convolution of f(x) with the kernel Vi (x) = ]—[‘j=l Ve(x;) where

Veix;) = Z v(k/R)coskx;,

k=0
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and v(r) is any infinitely ditferentiable even function such that

1, if J1f] <1
v(t) = )
0, if Jt| > 2.

Because m < N we can replace S,,(f;x) by S,,(Vy(f);x). Then

N N

1 1
D IS0l = 3 1S (Valfi0)]

m=1 m=1

< Z S, (Va(f1)] < c/'

m=I T

2N

Y €™, (Valfix)

m=0

dt.

Integrating both sides with respect to x we obtain

N

1
§ —”Sm(f;x)“l
m

m=1
< C/ dx/
o -7
dt/

55 Ao
m=0

s=1 Jkllw=s j=

( )f(k)eltk X) eun[
y= IW\H'\.—‘] 1 m=s
T 2N
Ef Z inmt df/ Z Z ( )f(k) 11A X
-7 | m=1 Q' | s=1 fkllo=s j=1
! dr 5 : ith.x) e ist
e B I (R) fwee -

s=1 |[kli<«=s j=I
The first integral can be easily estimated by O(log N||Vy(f;x)|l1). The well known
result for the de La Vallee-Poussin means (see for example [17])

IV (f:00h = Clliflh

completes the estimate of the first integral.
For the second integral. we transform the interior sum to the form

dx

dx.

I , ,
5 D (H, + HpVy(fix +1e;) + (H; — H)Vy(fix —te;) — 2H Vy(f3x),

j=1

if d is even, and to the form

1 < , :
EZ(Hj +H)Vy(fix +1e;)+ (H; — H)Vn(fix —te)) —2H;Vy(f:x),

J=]
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if d is odd. Therefore the second integral is estimated by

o dr

Do NVaCH fixtte) = ViH, fix = tepll—
=170

d T ) ) ‘ d[
+ Z/ IVv(H, fix +te;) =2VN(H, fix)+ Vy(H, fix —te)] —
j=1 70 ' ' !

in the case of an even dimension, and by the symmetrical expression in the case of an
odd dimension.
By the Bernstein inequality in the space L',

(Va(H; fix +te;)) = Vy(H; fix —tep)lly <min(Nt, 2)|[(H; £ ).
Hence

i dt
/ HVN(H/f,x + fé'j) - VN(ij;X — te},-)]||7 < ClOgN“VN(ij:.\')l].
0

The regularity of the de La Vallee-Poussin means completes the proof. U

2. Strong summability with gaps

In this section we consider several examples of strong summability of the lacunary
sequence of partial sums using the same idea of harmonic proof and the Paley inequality
or its variations.

Let f € H'(Q), and {n;} be a lacunary sequence (n;.,/n; > q > 1). Then the
classical Paley inequality (see for example [17]) is

~C - 1/2
{Z’ﬂm)! } < Cllf Il
k=1

It forms the basis for our next result.

THEOREM 2.1. There exists an absolute constant C > 0 such that

5

N 1/
/ (Z lssz;x)ﬁ) dx < CNI|f .
Q \ k=l

PROOF. The proof of the result follows in exactly the same way as the proof of
Theorem 1.1, and we omit it. O
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REMARK 2.2. This inequality is exact in order. Indeed, leaving only the last item
in the left-hand part we obtain the Lebesgue inequality:

/ 1S2x (f30)| dx < CNJ| flin.
0

REMARK 2.3. For the continuous functions f € C(Q) the analogous result was
obtained in [1] ( See also | 3], where the general problem was considered).

COROLLARY 2.4. There exists an absolute constant C > 0 such that

v 1/2
{Z“Sy(f;x)ﬂi} < CNI|fllu-
=1

PROOF.
N I3 N
/(Z|S:L(f;x)|z) dx:/ sup Z|b,‘.Sgk(f;x)|dx
o \io 0 bl <1 45
N N 1/2
> sup Y |blISu(fi 0l = {Znsz«f:x)nf} .
47553 Srmen k=1
Theorem 2.1 completes the proof. O

REMARK 2.5. Let d(N) be the cardinality of the set {k : 1 < k < N, ||IS»(f;x)];
> Ckl|[ fll4}. Then

d(N)<ClogN.

Indeed, Corollary 2.4 shows that each interval [N, 2N] can contain only a finite
number (independent of V) of partial sums with the prescribed property. This implies
the estimate of cardinality.

This situation is completely different from the space L> where according to [6]
there exists a bounded function f such that, for every k, || S (f; x)[l. = Clogk.

THEOREM 2.6. Let O < p < 1. Then there exists a constant C,, > O which depends
only on p such that

~ 1/p
(Z HSzA(f:X)II,’i2“”"’) < Coll fllae-

k=1
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PROOF. The proof of this result follows by the same method but it is based on the
following inequality [8]

(i Ies
k=1

For 0 < p < 1 let H”> denote the class of functions f € H”/* such that

I/p
I’2k(p-l)) <C||f” D
= Hi-

[ fllpn = sup Amfx : | f(x)] > A}'/" < 00

A>0

(see for example [1]).

THEOREM 2.7. There exists an absolute constant C > O such that

N 172
(Zuszwf;x)nf) < CNN fllu~-

k=1

We need the following lemmas.

LEMMA 2.8. Let P,(e"*) = Y ;_,cve™ be an analvtic polynomial. Then for r =
I —1/n

Hl)n(ei'\)nl =< C”Pn(reiv‘)“l'
This lemma is an easy corollary of the Bernstein inequality (see for example [17]).

LEMMA 2.9 ([1]). Let f € H'">, 0 < r < 1. Then

/ |f(re')ldx < C|l fllu~ log
0

1 —r

PROOF OF THEOREM 2.7. Applying Lemma 2.8 to each item of the sum

N 1/2
(Z IISzk(f;X)IIf> :
k=1

using Corollary 2.4, and Lemma 2.9 with r = 1 — 1/2%, we obtain the result. O

The well-known Zygmund inequality (see for example [17])

x N
; : Ny
[Z S (i) } SOl iog e % >q > 1

k=1 &

formally resembles the Paley inequality but it brings nothing new, and the best result
can be obtained by the direct estimates of the partial sums. It shows that the Paley and
Zygmund inequalities are of different natures. We formulate the corresponding result
in general form.
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PROPOSITION 2.10. For every a, 0 < « < 1, there exists an absolute constant
C > 0 such that

N 172
HZ nsy(f;x)u%} < CN* ™| f | Logr -
k=1

PROOF. Because the partial sum operator is bounded from L Log L to L' (see [17])
we have

I1ScCf500h = ISk (Var (f50 010 < I1Va(f 5201 Log L
Using the different metric inequality
Vol crogr < Clog! ™ kil Vallz togs 1

{10], and the boundedness of the de La Vallee-Poussin operator in the space
L Log” L, we obtain the estimate

Clog" ™ k| Va(f1X) || LLog 2 < Clog'™ kil £ Loge 1.
It remains to apply it to each term of the left-hand side. |

REMARK 2.11. The exactness of the inequality can be checked on the de La Vallee-
Poussin kernel Vys (x) of order 2¥*' if we take into account that || Vy (x)||1 1o 1 =
log” N.

3. The Bernstein inequality

n
k=—n

Let us consider a trigonometric polynomial 7,(8) = Y_,__ c;e™* and its fractional

derivative

T0) = > (ik)*ce™ (0 <a < o0)

k=—n

in the Weyl sense (see for example [17]). The classical Bernstein inequality
1T, Ner < c(@n I TyllLr

is well known for 1 < p < oo. The detailed history can be found in [14]. Some
anomalies were discovered for the metric L? when 0 < p < 1 [5]. We prove here
that in classical Hardy spaces H” (0 < p < 1) the Bernstein inequality looks regular.

https://doi.org/10.1017/51446788700035898 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035898

310 E. S. Belinsky (8]
THEOREM 3.1. Let « > 0, and O < p < 1. Then, for every polynomial T,(0) =
S e,
1T, @ ur < cla, pIn*I T, 6) .

PROOF. The polynomial 7*'(9) can be represented by convolution 7,,(6) x K,(8)
with the kernel

K.0) =) gulk)e™,

kel

where the g, (r) is any infinitely differentiable function satisfying

0 k<0
gn(k)= k« 0<k§}’l
0 2n<k

The function g,(t) is the multiplier from H”(R) to H?(R), with norm less than or
equal to c(a, p)n® by the following result.

THEOREM 3.2 ([11, Section II1.7, Theorem 7.30]). Let s be a positive integer. Sup-
pose m is a function on RY satisfying

1 12
(7/ |D‘5m()c)|2 dx) < ARWi
R R<|x|<2R

for every multi-index B such that 0 < || < s and every R > 0, with A independent
of R and B. Then, for every p such that (s/d + 1/2)™" < p < 1, m is a multiplier on
H?(R%), and there is a constant C independent of m and | such that

“(mf) ”HP(R") =CA ”f”H”(W)'

Moving to the estimation of the multiplier norm H?(Q) — H”(Q) we follow [13,
p. 159]. To prove that g, (k) is the multiplier H?(Q) — H”((Q) itis sufficient to show
this for every p-atom a on the unit circle. (Consult [11] for characterization of H”
spaces in terms of atoms.) Now using the Poisson summation formula, we can write

atax KON <Y [

leZ

).

If we extend a by O to the complement of [—, ] we obtain a p-atom for the real line
and the last expression is nothing but jlax g, || me- This is bounded by ¢(p, a)n®||a|| .-
by the quoted theorem. O

P

dt

/ a(u)g,(t —u +2nl)du

T
b:4
T

/ a()g,(t —u)du

p

dt.
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REMARK 3.3. The question about the exact constant in the Bernstein inequality for
the fractional derivative is much more difficult. For integer « the equality c(«, p) = 1
was proved in the nice work by Arestov [2].

REMARK 3.4. The analogous Bernstein inequality holds also in the space H”(R)
for entire functions of exponential type.

Fix any testing function ¢(t) such that fR ¢(t)dt = 1. The function f is said to
be a tempered distribution of the class € H?(R) if

ut =suplg, * fl € L?
>0
(see [9]). This definition is independent of ¢ and is equivalent to several others (see
[9]). Let o > O be a real number. We define the derivative £ of order o as a
convolution f * g,, where

0 r<0
&) =31 O<t<n
0 n<t

In the space H”(R) we consider entire functions of exponential type less than or equal
to n, that is their spectrum is contained in the interval [0, n].

THEOREM 3.5. Let 0 < p < 1. Then, for every entire function f of exponential
type less than or equal to n,

||f(a)HHF(R) < C(a)n””f”Hr(IK).

The proof is analogous. O
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