
BULL. AUSTRAL. MATH. SOC. 11B83, 11A55, 11J70

VOL. 51 (1995) [337-351]

ON THE CHARACTERISTIC WORD
OF THE INHOMOGENEOUS BEATTY SEQUENCE

TAKAO KOMATSU

We detail the sequence (/„) where /„ = [(n + 1)9 + <j>] - [n6 + 4>) - [0] . This
description of the inhomogeneous Beatty sequence generalises earlier work dealing
with special cases in which <f> is restricted to rational values.

1. INTRODUCTION

The Beatty sequence ([nO + (/>]) of integer parts of nO + <f>, n — 1, 2, . . . has been

studied extensively. In that context it is natural to consider the sequence of differences

fi, h, h, ••• , where

/ „ = [(n + 1)6 + +]- [nO + ft - [6].

Plainly each /„ is equal to either 0 or 1. The word /1/2/3 • • • is called the characteristic
word, or just word of the sequence.

Stolarsky [9] constructs this characteristic word in the case when <j> = 0 by using
shift operators; and this is generalised by Fraenkel, Muskin and Tassa [3]. On the other
hand, van Ravenstein, Winley and Tognetti [8] obtain the word in a special case from
the three gap theorem. Danilov [1] had a similar result by a different method. Recently,
Nishioka, Shiokawa and Tamura [7] get the word for an irrational 0 and a rational <f>
from Mahler functions. However, their result does not match the facts when <j> ^ 0 (The
correct version is described in [5]). Two other papers dealing with the inhomogeneous
case are [4] and [6].

Venkov [10, 65-68] rewrites Markov's method to obtain the characteristic word.
We apply Venkov's method with the goal of obtaining the word /1/2/3 • • • in the inho-
mogeneous case.
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338 T. Komatsu [2]

2. T H E WORD OF f(n;8,<t>)

We write

As always, [ip] denotes the integer part (floor) of ip, and {ip} = rj> — [V1] is its fractional
part . We shall assume that 0 < 6 < 1.

Venkov details the characteristic of f(n;6,0) and f(n;6,1/2). We obtain a more

general result, that is, with 6 and <f) arbitrary real numbers.

We may take 0 < 0 < 1 without loss of generality, because the result is trivial if 6

is an integer. We also let 0 ^ <j> < 1. We begin by supposing that 8 + <f> < 1.

We start from the continued fraction expansion 6 = [0, a\, a.?., ...] = [0, ai + Qi],

where 0 n - i = [0, an, a n + i , . . . ] . And we also introduce the expansion of <j> in terms of

the sequence {0oi #i, • • • } , that is, by using the notation [Vl, the ceiling of ij)

"n-1 "n-1

If for m = 1, 2, . . . we put a m = mai + [rnfli], then [am9 + <f>] = m + [<j> — {m9i}6]

and [(am + 1)6 + </>] — m + [<j> + (1 — {m6i})0]. So for any non-negative integer Am we

have [ (a m - \m)6 + (f>) = m + [<j> - (Am + {m^})6>].

Noting that 0 ^ {m^i}tf < 1 and that (1 - {m0i})0 < 1 - (j>, it follows that

J m - 1, i

[ TO, otherwise ,

[(am + 1)6 + <t>] = m,

{ -i -r

TO, otherwise .
If {(m + l)61}8> <f>, then

fam+i + /Q m+2 + • • • + / « m + 1 - l = [am+i8 + 4>}- [(am + 1)6 + <f>] = TO - TO = 0,

Thus, / « m + 1 / Q m + 2 • • • /am + 1

And if {(m + l)fl i}«<^

+ 4>] - [ ( a m + l)fl + 4>\ = TO + 1 - TO = 1,

)5 + 4] - [am+16 + 4] = m+l-(m + l)
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[3] The inhomogeneous Beatty sequence 339

Thus in this case

• (

f a m + l + f a m + 2 + ••• + fam+1-Xm+l-l = [(Om+1 - A m + i ) 0 + (/>}- [(am + 1 )0 + <j>}

m + 1 — m — 1, otherwise .

So, if Am+i is the least non-negative integer satisfying (Xm+i + {(TO + l)0i})0 > <f>,

fam+ifam+2 • • • / « m + 1 = PO ; 0. 1 £^0, •

Next, consider / i / 2 • • • fai, noting that <*i = a i . Much as above, we have the following:

{ 0, if 00i > d>,

1, otherwise .

[(01 + 1)0 + <f] = 1 + [<f> + (1 - 0i )0] = 1.

For a non-negative integer Ai,

U, II (Al -f- Bl)U > <p,

1, otherwise.

If 00! > <f>,

h + h + • • • + f a i - i = [oi0 + <t>] - [0 + <t>] = 0,

/1 + /a + ••• + / . » = [(ox + 1)0 + <t>] - [0 + ^] = 1.

Thus ,

/1/2 •••/«, = £ ^ 0 , 1 .

If 00i ^ ^ , /1 + / 2 + • • • + /„ ! - ! = 1 and /1 + / 2 + • • + / o , = 0 . So in this case

/l + /2 + • • • + far-Xr-l = [(01 - Aj)0 + ^] - [0 + I]

{ 0, if (Ai +0i)0 > ^,

1, otherwise.

So, if Ai is the least non-negative integer satisfying (Aj + 0i)0 > <j> ,

hh • / « ! = 00 0 .10- 0 .
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340 T. Komatsu [4]

But am+i — am — oi + hm. Thus if we put hm = \{rn + l)0i] — [m0i], then for
m = 1, 2, . . . and ho = 0,

where for m = 1, 2, . . .

Im = / a m _ l + l / a m _ l + 2 • • • /»„ = flO ; 0,1 0 • • 0 •

"1—1—Am + ^ m - l *m

Moreover,

Aj = [<t>/6 - 6 1 ] + l = [ a 1 - b 1 + < t > 1 } + l = a 1 - b 1 + l .

And if we put gm = hm — Am +i + Am, from Am = [<f>/6 — {m^i}] + 1 we have

gm = -[(01 +6i)4>-(m + l)«i] + [(01 +61)<l>- mflx]

= - [0i + ^i - (m + 1)^] + [0! + & - mflj]

= [(m + l)flj + (1 - 0, - &)]

under the assumption m.\B + <j) ^ m,2 for any mi , 7Ti2 G Z. From now on this is always

assumed. Thus, we have the following theorem:

THEOREM 1 . Let fn = f(n; 0,<f>) = [(n + 1)6 + 4>}- [n6 + </>}- [0] and suppose

the continued fraction expansion of 0 is given by 0 = [0, a j , a-i, . . . ] = [0, a\ + 01]. For

m = l , 2, . . . let gm = [{m+l)01 + (1 - 9X - ^ ) ] - [m01 + (1 - 0X -fa)}.

If 0 < {0} + {</>} < 1, then the characteristic word is

/1/2/3 • • • = J0J1J2J3 •" • >

where

Jo = 0---01, Jm=00 01 ( m ^ l ) .

6x—2 Ol-l+Sm

REMARK. Our discussion is quite general. When 0 + <f> > 1, n = 1, 2, . . . the
characteristic word of / = / (n ; 0, <£) coincides with the characteristic word of / ' =
f(n; 1 - 0,1 - <f>) with (1 - 0) + (1 - <f>) < 1, if 0 and 1 are interchanged. When
0 + $ = 1, we can reduce to the homogeneous case, that is,

/ 1 / 2 / s • •• = h0hih2 • • • .

When 0 + < £ < l , 6 i - < £ 1 = </>o/0o = (1 - <j>)/0 > 1, so h > 2.
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[5] The inhomogeneous Beatty sequence 341

We wish to rewrite this in a different way. Therefore we consider the word

5i5253 • • • and according as gm is 0 or 1 we replace each gm by the rule

{
0 —•( ) • • • 01 = i o i , say,

O l-i

i _ o - o i = ™o™i.

Here we have set wo = 0.

Writing V>(0, 1) = A/2/3 • • • and ij>i(0,1) = 515253 • • • , we have that

•0(0,1) = t/o^i i,wiiwo'tvi)-

If 0i + 0i < 1, we can continue with a similar step. This time we consider 6 as

0i , 0 as 1 - 0i - 0 i . Then, 0i + (1 - 0i - 0i) = 1 - 0i < 1. If we put 0(1) = 0i and

= 1 — 0i - 0 i , this A m f= A m \ say] is the least non-negative integer satisfying

1 + {m02})0(-1'> > 0 ( 1 ) . Hence,

r 1 = B2 - 62 + [02 + 0 2 •

Writing hm = [{m + 1)02] — ["i02] and gm = hm — Xn+i + Am , we obtain

«(2) r/*« 1 1 \o 1 / 1 a A. w I~**Q J fi o A w

9m I = [V771 ' *-)V2 \ \*- — "2 ~ <P2)\ — [Tn.02 ~r \i — "2 — V'2jj

and

1 — 1 = 02 — i •

Thus,
T(2) T(2) T(2) T(2)

•'0 Jl J2 JS 1

where

6 2 - l

Therefore,

where

= wi • • • w\ W0W1, K^1 = W1W1

6 , - 1
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342 T. Komatsu [6]

If 02 + (j>2 < 1 again, we consider the word g\ g\ g\ • • • and the rule

0 — 0 - - - 0 1 ,

,(») =
• 0 1 .

Writing ^ ( 0 , 1 ) = g[2)gi7)gl3) • • • , we have

V>(0,1) = ^

where w2 — uii • • • w>i tuo^i • Ultimately we obtain tha t for k = 1,2, ... ,

0 2 - 1

where to* = tujt-i • • • l u t - i iojt_2iuit-i and iiTg = u>jfc_i • • • Wk-i Wk^Wk-i • We there-

fore have the following theorem:

THEOREM 2 . Let fn — f(n; 6, <j>) = [(n + 1)0 + $)- [nO + <f>]- [0] and suppose

the continued fraction expansion of 0 is given by 0 — [0, a\, a2,...]. Let WQ — 0 ,

w\ = 0 • • • 0 1, and Wk — v>k-i • • • i^t- i Wk-2i'
}k-i for k ^ 2 .

"i-1 a,.-i

If 0 < {0} + {< }̂ < 1 and 0k + 4>k < 1 for every k ^ 1, tAen the characteristic
word is

/ 1 / 2 / 3 ••• = j i m Jo K o K o • K o ,

where JQ = 0 • • • 0 1 and K\ — Wk-i • • • tu*-i wJQ

61-2

REMARK. This result matches the Main theorem of [5]. 0k + 4>k < 1 leads to a* ^ 6*
because 1 > (1 — <f>k-i)/0k-i — (afc — bk) and 0 ^ 6* ^ aj. + 1. And if we write
Wo = w0, Wt = 101, W2 = W?2-1W0W?'-bl+1 and Wk = Wb

k
k_1Wk-2WH~bk for

k ^ 3, then it is easily seen that for i = 1, 2, . . .

and

w{ = W^-^w2
3~ba~1 • • • W^tibk~1Wl

kW
bk_~ak+1 • • • w2

3~a3+lWbi~ai (Jb ̂  3 ) .
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Therefore, we get K™ = w\i~1wow1 = W2W
bl~a2 and

Generally for A; ^ 4, from

rs(k) 6 L - 1
K0 ~ Wk-1 wk-2V>k-l

h—2

we obtain

This W/t is the same as the Wk in that Main Theorem.

3. T H E GENERAL CASES

We can see that g)£ always has the same form if 0n + <j>n < 1 for all n. In this
section we shall show that the form of gm is always the same, even if 0k + <f>k > 1 for
some k. We introduce 8k,i and <j>k,i for convenience, satisfying

1 . 1 ,
Ok <>k,l

for an non-negative integer /. That is,

The case / = 1 is known to be the necessary and sufficient condition in order that

{[nOk + </>k]}%Li and {[n0jt,i + </>k,i}}%Li partition the positive integers (for example,

[2])-
Our notation allows us to write that for some integers k and /

Sm = -[(m + l)6ki, + 4>k,,] + [m6kil + <£M].

3.1 CASE 1. Suppose I = 0 and 0k + <j>k < 1- Then,

3$ = K™ + I ) 5 * + (1 - Ok - <S>k)\ - [m0k + {l-0k
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for some positive integers i and k. By setting 0^ = 8k = — 0fc,o , <j>^ — 1 ~~ 0* — 4>k —

1 - <\>kfi and a™ = ma*+i + [m6k+i\, we have

= ak+i - bk+i + [0k+i + (pk+i - mOk+i] + [mOk+i],

1 + (1 - 6k+i -

and ojt+i - A(
x

i+1) - 1 = ijt+i - 1. Therefore,

o(0_(«) _ 7(i+i) r(i+i) T(»+I)

where
4i+1) = 0 - - 0 1 and J^+ 1) = 0Q-.. . 0 1 (m ^ 1) .

3.2 C A S E 2(1). Let

</m = -[("» + l)»fc,J-i + ^*,l-i] + [Tn«*,i-i + ^*,l-i]

for some positive integers i, k and I. Suppose 0* + 0* > 1 and 0*. < 1/ / . Put

0( O = «k,i-i + 1 = [ 0, 1, ak+i - I, ak+2, ak+3, . . . ] and <^> = ^ j , , . !

so that

5 « = 1 - [(m + l)fl(i) + <A(i

with

If aA +i ^ / + 1, from #*> = [ 0, 1, ofc+1 - Z + 0A+1 ] we set a £ + ^ = m +
Hence, we have

5 ^ + 1 ) = - [+k,i - 1 - (m + l)(

= - [(m + l)flfcli + ^k,i]

and
i _ A(<+1) - 1 = -[ok,i + <f>k,i - 1 ] - 1 = [i - ek,i - fad = o.

Noticing that Ok < 1/{1 + 1) and 0k + 4>k > 1, we remark that

0 < 8hti + 1, &,i - 1, 0fc,i + <A*,i < 1.
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Therefore,
. (0 . (0 _ 7(i+i) T(»+I) T(<+I)
9\ 92 ' ' ' — J0 Jl J2 " ' " 1

where
J< i + 1 ) =0 and J^V = l ^ O ( m ^ l ) .

3.3. CASE 2(2). Let g$, 0(i) and <j>^ be the same as those in the case 2(1). Again
suppose 6k + <f>k > 1 and 9k < l/l.

If ak+1 = /.from 0 « = [ 0, ak+2+l+0k+2 ] we set a £ + 1 ) = {ak+2 + l)m+[m0fc+2].
Then we have

* £ + 1 ) =fob,i - 1 - rnOk+2] + {m0k+2} + 1,

<&+1) = - \<t>k,i - 1 - (m + l)tf*+2] + [̂ *,i " 1 - ™

= [(m + l)6k+2 + (1 - (6fc+1 + 1 - l)6k+2 -

- [mBk+2 + (1 ~ (6*+i + 1 - l)8k+2

and

a f c + 2 + 1 - X[i+1) - 1 = ak+2 - [<t>k,i - 1 - ek+2] - 1 - [1 - 6k,i - 4>k,i] •

Note that
0 < 6k+2 = -ek,i - ak+2 < 1

and

— 4>k,l = — (bk+i + 1 — l)8k+2 — <t>k+2 — Ofc+2(6*+l + 1 — 0 + bk+2 ,

where 6jt+i = I or I + 1 because tfA + ^ i > 1. Therefore,

„(«)„(<) _ 7(»+i) T(«+I) r(i+i)
9l 92 "' ~ J0 Jl J2 • • • >

where
J^'+ 1 ) = .11 • • • • 1,0 and j£+1) = 11 10 (m^l).

3.4. CASE 1 ' . Let

for some integers i, k and 2 with A: ̂  3 and 2 ^ 1 . From the fact in the case 2(2),

6fc_i = / or I + 1 . If 6jt-i = Z, we are back to case 1. If bk-i =1 + 1,

<&> = [m0k +(l-6k- 4>k)} - [(m - l)0k +{l-0k- 4>k))
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with
( i ) _ f 0, if 0k + <j>k < 1;

91 " \ 1, i f 0 k + ^ > l .

Combining these remarks, we obtain

„(«)_(») _ T(*+1) T('+1) T(»+1) r(i+l)
Si 02 " - " — J _ i Jo J l J2 • ' ' )

where J ^ 1 } = 0 0 - - . Q if 0k + <f>k < 1, 11 1 if 0k + <f>k > 1. The others are

the same as those in the previous cases.

4. TOGETHER

Suppose that the characteristic word of the sequence /„ = f(n; 9, <j>) is given by

J1J2J3- • — Jo^o A o • • • Ao A j A 2 • • • ,

where Km = uc+3m v for m ^ 1 and

^ " 1 } - [(m + l)fl» + 1 - (6*-i + 1 - l)Bk - <f>k) - {m0k + 1 - (6t_a + 1 - l)8h - fa]

for some positive integer k.

If 0k + (f>k < 1, then from the argument in the previous section

(i-i) (i-i) _ ,(i)r(fl,(i)r(i)
2 ' • • )

where

J*H = 00 0 , J^O

and

</^ = [(m + l)tf»+i + (1 - 6k+1 - <j>k+1)} - [m0k+1

Therefore, we have

J 1 J 2 J 3 •• • — J o X - o A o " A o A - i A o

where
= {ucv)bk+1'1uc+1v

https://doi.org/10.1017/S0004972700014155 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700014155
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and for m ̂  1

jrW = (uei;)o*+1~1+B™«e+1i>.

In the case when ajt_i = 6fc—I , J_\ (so, K_\) is omitted.

We can go to the next step by applying the substitutions

u —> ucv, v —> uc+1v and c —> ajfe+i — 1 •

Next, let 6k + <j>k > 1. We put ak+1 = <x(= I) and dk = [1 - 0k,i - <f>k,i\- We use

the argument of the previous section repeatedly.

If ak+1 ̂ 2 ,
(.-i) (i-i) _ XWTWTWTW

9\ 92 •• • — J-IJQ J\ •'2 ' ' >

where

and

5m = - [ ( "» + 1)**,1 + **,l] + [m0k,l + <f>k,l] •

Thus , we have

f f f T IfW K-W K^'1} W^ fc'W K^ VM

h h h • •• - JoKo
 Ko ' K o A - i A o Ki K2 " • >

where

K™ = (uc+1v)bk-1-ak-\ iff - ucv and K$ = (uc+1
V)S^uc« (m ̂  1).

In the case when ak-\ — bk-\, J_\ (so, K_\) is omitted.

Similarly, if ak+i ^ o, then

(i+a-3) (t+a-3) _ x(t+a-2) T(»+a-2) i(i+a-2)
5l <?2 - - ' — • ' o ' ' l ' ' 2 ' ' ' >

where

J0
( i+°-2) = 0, j£+°-2> = 1 ^ 0 (m £ 1) ,

and

Thus, we have

(.-1)^(0^(0 ^(i+o-2) ̂ (i+o-2) ̂ (i+o-2)
o A . ^ o •"•ft0 A l " 2
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where

K£+a-2)=ucv and ^ + - 2 ) = (n^i ; ) - 1 ) '^"" ' '^ ! , (m^ l ) .

Finally, if ak+i ^ a + 1 and ak+i = a, then

(t+o-2) (i+o-2) _ r(i+o-l) r(i+a-l) T(.+a-l)
9\ 92 " — J0 Jl J2 • • • i

where

and

where 6*j+i = at+i or aj.+i + 1. Thus, we have

J1J2J3 • • • — J o A O A o • • • A o A ^ A j • A o A ] A 2 • • • ,

where

K^'-V = (u{ucv)a)dkucv, iJT +̂o-1) = (uiu'vYY^9^^ucv (m ̂  1) .

Therefore, we summarise the case when Ok + <f>k > 1, including a,k+i = 1, and we have

1X32)3 — J o A 0 A o • • • A o A _ 1 A 0 A ] A 2 • • • ,

where

K™ = (uc+1
V)6t-1"afc-1, A-W = ( u S r + ' - ' ^ ^ r + ^ ' u S .

For m ^ 1

and

l)0jfc+2 -

where bk+i = ak+i or ak+1 +1.
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In the case when ajt_i = bk-i, J_l (so, K_\ ) is omitted.

We can go to the next step by applying the substitutions

u—> u(ucv)ak+1, v—> ucv and c—> ak+2 •

Furthermore, 6k + 4>k > 1 implies ajt+i ^ bk+i • When ajt+i = 6*+i, we have dk —

since 1 - ^* ,o i + 1 - <f>k,ak+1 = bk+2 + 1 - $k+2 • When ak+i + 1 = bk+i, we have dk = 0

since 1 - 0k,ak+1 - <f>k,ak+1 = 1 - (1 - 4>k+i)/0k+i and 0k < l / a * + i •

We obtain the following general theorem which incorporates Theorem 2:

THEOREM 3 . Let 6 be irrational and <j> be real, satisfying 0 < 0,(j>,6 + <j> < 1

and m\0 + <f> ^ vn.2 for any 77ii, m.2 G Z . Then the characteristic word of the sequence

fn = f(n; 6,4>) is given by

h h h ••• = lim JoJkx Jk2 Jk3 • • • Jkn •
n—>oo

Here, ki, &2 ? ^3 , . • • , are determined by

= 1, fcn+1 = i ( n ^ 1) ;
[fcn + 2, J 0kn + 4 > 1

and Jo - 0 - 0 1 . For k = ku k2, k3, ... , if 8k + <t>k < 1 ,

&!-2

T &jL— 1 —Ofc_ 1 &Jt_|_l — 1

Jk - t i^ ! 1 ' t t^Y t>fc+l ,

wiere U\ = 0, vi = 1, and for fc = fcn

f u£fc~1vj!, if fcn_i = fc-1;

Uk
kVk, if fcn-1 = fc-2,

wiere «i = 0, wi = 1, and for k = kn ^ 1

ul'-'vk, i f * n _ i = t - l ;{ ok, ifkn-x =k-2.

0, if ak+i + 1 = bk+i]

bk+2, if ajfe+i = 6fc+i-

The underlined parts occur as stated when kn = k(^ 3) and fcn_i = k — 2. Otherwise,
they are empty.
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5. EXAMPLE

Let 6 = \ / 3 - 1 and (f>= y/E-2. Then

o-i = 1, 0.2 = 2, a3 = 1, o4 = 2, o5 = 1, a6 = 2, a7 = 1, o8 = 2, a9 = 1, . . .

&i = 2 , 62 = 3, 63 = 1, 64 = 2, 65 = 1 , b6 = 1, 67 = 2, 68 = 3, 69 = 2, . . .

and

0 -\~ (h pg -|- ©3, P5 ~f- 05* vio "

# 1 + 0 1 , #2 + 02, #4 + 04, 06 + 08, 07 + 07, 06 + 08, #9+09 , . . . > 1.

So, d\ = 0, d2 = 2, (£4 = 1, da = 0, (£7 = 0, <fg = 0, . . . .

Therefore,

/1/2/3 • • • = Jo J i J3 J4 Js • •" ,

where Jo == 1, J i = t ^ 2 " u3
ljU3 = 11 from V3 = u"1~ vi = 1 and U3 = uiwj2 = Oil ,

J3 = u j 2 " 0 2 ^ 4 - 1 ^ = 011101110110111 from u4 = «Js»s = 0111 and u4 = « 3 M 4 =
0110111,

J4 z z t , " " - 1 ^ 4 ^ = 01110111011011101110110111,

J 6 =Vg7~1U8flw8 =01110111011011101110111011011101110110111,

because v6 = t t j 4 " 1 ^ = 01110110111 and u6 = u4f8 = 011101110110111, va =
u%6v& =01110111011011101110111011011101110110111 and us =
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