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ON THE CHARACTERISTIC WORD
OF THE INHOMOGENEOUS BEATTY SEQUENCE

Takao KOMATSU

We detail the sequence (fa) where fn = [(n+1)8 + ¢] — [n8 + ¢] — [0] . This
description of the inhomogeneous Beatty sequence generalises earlier work dealing
with special cases in which ¢ is restricted to rational values.

1. INTRODUCTION

The Beatty sequence ([nf + ¢]) of integer parts of nf + ¢, n =1, 2, ... has been
studied extensively. In that context it is natural to consider the sequence of differences

fi, f2, f3, ..., where
fa=[(n+1)8+ 6] - [n8 + ] — (6]

Plainly each f, is equal to either 0 or 1. The word fi fafs - - - is called the characteristic
word, or just word of the sequence.

Stolarsky [9] constructs this characteristic word in the case when ¢ = 0 by using
shift operators; and this is generalised by Fraenkel, Muskin and Tassa [3]. On the other
hand, van Ravenstein, Winley and Tognetti [8] obtain the word in a special case from
the three gap theorem. Danilov [1] had a similar result by a different method. Recently,
Nishioka, Shiokawa and Tamura [7] get the word for an irrational # and a rational ¢
from Mahler functions. However, their result does not match the facts when ¢ # 0 (The
correct version is described in [5]). Two other papers dealing with the inhomogeneous
case are [4] and [6].

Venkov [10, 65-68] rewrites Markov’s method to obtain the characteristic word.
We apply Venkov’s method with the goal of obtaining the word f; f2f3--- in the inho-
mogeneous case.
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338 T. Komatsu 2]

2. THE WORD OF f(n;8,¢)

We write
fo=f(n;0,8) =[(n+1)0+ ¢] — [n0 + ¢] — [6].

As always, (1] denotes the integer part (floor) of ¥, and {p} = ¢ — |9] is its fractional
part. We shall assume that 0 < § < 1.

Venkov details the characteristic of f(n;8,0) and f(n;8,1/2). We obtain a more
general result, that is, with 8§ and ¢ arbitrary real numbers.

We may take 0 < § < 1 without loss of generality, because the result is trivial if 4
is an integer. We also let 0 < ¢ < 1. We begin by supposing that § + ¢ < 1.

We start from the continued fraction expansion 8 = [0, a3, a2, ...] = [0, a1 + 6],
where 0,1 = [0, @¢n, @n+1, ...]. And we also introduce the expansion of ¢ in terms of
the sequence {6y, 81, ...}, that is, by using the notation [#], the ceiling of ¥

é=0by—¢o, bo=][¢]

¢n—1 _ . ¢n—1
01;—1 - bn - ¢n: bn - lron—l .’ (n 2 1) .

If for m=1, 2, ... we put a,, = ma; + [mb,], then [and + ¢] = m + [¢ — {m8,}4]
and {(am +1)0+ ¢] = m+[¢+ (1 — {mb,})6]. So for any non-negative integer A, we
have [(am — Am)0 + ¢l =m + [¢ — (Am + {mb:})].
Noting that 0 < {m#:}8 < 1 and that (1 — {m8,})6 <1 — ¢, it follows that
m—1, if {m8}0> 4,
[em8 + ¢] = { .
m, otherwise ,
[(a‘m +1)0+¢] =m,
m—1, if (An+ {mb,:})8 > ¢,
[(em — Am)0 + ¢] = {

m, otherwise .

If {(m+1)6,}6> ¢, then

fam+1 + fam+2 +---+ .fcxm+1—1 = [am+10+¢] - [(am + 1)0+ ¢] =m-m=0,
fomir =[(@m+1 +1)0+ @] - [@m410+ ] =m+1—-m=1.

Thus, fam+1fam+2 " famer =00 - 01.
And if {(m+1)6,}8 < ¢,

[m+10+ @) —[(am+1)0+¢)=m+1-m=1,
(em+1+1)8 + ¢] = [@mt10+ ¢l =m+1—(m +1) = 0.
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(3] The inhomogeneous Beatty sequence 339

Thus in this case

foam+1 + fam+2 +- + fa,,,+1 “Amp1—1 = [(am+1 = Am41)0 + @] — ((am +1)0 + 4]
_ { m—-—m=20, if (Amt1 +{(m+1)01})0> ?,

m+1—m=1, otherwise.
So, if Am41 is the least non-negative integer satisfying (An+1 + {(m +1)6,})8 > ¢,
Fam+1fam+2 -+ fampy = 00 ocoeeeses 010---0.
am41 —am—km_’_l—l Am+1

Next, consider fifs -+ fa, , noting that a; = a;. Much as above, we have the following:

0, if 86, > ¢,

1, otherwise.

(@10 + ¢] =1+ [¢ — 06,] = {
(a1 +1)0+¢] =1+ [+ (1-6,)6] =1.
For a non-negative integer A,

0, f(M+6)0>9,

1, otherwise.

[(a1 = 21)8 + ] =1+ [¢ — (A1 — 6:)8) ={

If 06, > ¢,

fl +f2+"'+f¢11—1=[a10+¢]_[0+¢]=01
h+h+ +fa,=[(a1+1)0+¢]—[0+¢]=1.

Thus,
fifa - fay = Q-0 L

a;—1

f60, <o, i+ faot+ -+ fay-1=1and fi+ fo+---+ fa, =0. So in this case

h+fot -+ fay-xn-1=[(a1 — M)+ 8] — [+ ¢]
{ 0, if (A1 +61)0> 4,

1, otherwise.

So, if A; is the least non-negative integer satisfying (A +61)8 > ¢ ,

.flf2"'fa.1=00 ...... 010---0.
a;—A;—1 Ay
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But am41 — am = a1 + hmm. Thus if we put by, = [(m + 1)8,] — [mb,], then for
m=1,2,... and hy =0,

fifofs-eoee =Ll - ,
where for m=1, 2, ...
Im = fop_1+1fam_142 " fam = 00 ccooeeeens 010---0.
Gl—l—Am'f'hm-l Am

Moreover,
M=[d/0-6]+1=[a—bi+¢1]+1=a;—~b +1.

And if we put gm = bm — Amt1 + A, from Ay, = [¢/8 — {mb;}] + 1 we have

gm = —[(a1 + 61)¢ — (m +1)81] + [(a1 + 61)¢ — mb,]
= —[01 + ¢1 — (m + 1)01]) + [6; + ¢1 — mb4]
= [(m+1)01 + (1 —01 bl ¢1)] - [m01 +(1 —01 —¢1)],

under the assumption m; 0+ ¢ # my for any m;, ms € Z. From now on this is always
assumed. Thus, we have the following theorem:

THEOREM 1. Let f, = f(n;0,4) = [(n+1)8 + ¢] — [n8 + ¢] — [0] and suppose
the continued fraction expansion of 8 is given by 6 = [0, a1, a,, ...] = [0, a; + 6;]. For
m=1,2,... let gn=[(m+1)01+(1 -0, — ¢1)] — [mb; + (1 — 0, — ¢1)].

If 0 < {6} + {#} < 1, then the characteristic word is

fHifafs- =JenJads -+,

where
Jo=20---01, IJm=00------ 01 (m>1).
N—— N’
by ~2 a1 —1+gm

REMARK. OQur discussion is quite general. When 0+ ¢ > 1, n = 1,2,... the
characteristic word of f = f(n;0,¢) coincides with the characteristic word of f' =
f(n;1—6,1—¢) with (1-6)+(1—-¢) < 1, if 0 and 1 are interchanged. When
0+ ¢ =1, we can reduce to the homogeneous case, that is,

flfzfs"'=hoh1h2"' .

When 0+¢<1, bl—¢1:¢0/00:(1—¢)/0>1,50 b > 2.
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[5] The inhomogeneous Beatty sequence 341

We wish to rewrite this in a different way. Therefore we consider the word

g1929s - - - and according as g., is 0 or 1 we replace each g, by the rule

0—0---01 = w,, say,

— n.l—l
gm = 1—0---01 =wow; .
N~

a1

Here we have set wy = 0.
Writing 9(0,1) = fif2fs--- and ¥1(0,1) = g1g295 - - - , we have that

¢(0, 1) = Jo‘lpl (wl,wowl).

If 6, + ¢1 < 1, we can continue with a similar step. This time we consider 8 as
6, pas1—6,—¢;. Then, 6, + (1 — 61 —¢1) =1—¢1 < 1. If we put 61) = 9, and
¢ =1—0, — ¢y, this A, (= AS,":), say) is the least non-negative integer satisfying

(,\5,":) + {moz})e(l) > ¢1). Hence,

AD = ﬂ—{m(;v 1=a;—by+[8 — {m#
m = | 2}| +1=az — b2 +[02 + ¢2 — {mb:}].

Writing AZ) = [(m + 1)8;] — [m82) and ¢ = A2 — 22| + 1), we obtain

and
a2 — AP ~1=b 1.
Thus,
919293 - = ng)sz)Jéz)ng) E
where
J§2)=001, Jr(rf)zoo ------ 01 (m?l)
N N et
b2-1 a;—1+g(2)
Therefore,
flfz.fs R J0¢1 (wl,wﬁwl) = JOK(()z)Kiz)ng)K§2) ey
where
ng) = w; W Wowy, K,(,f) =wwy e wy wowy (m >1).
S—— e
by —1 42_1+9S:)
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If §; + ¢2 < 1 again, we consider the word ggz)ggz)ggz) --- and the rule

0—0---01,
N——

g(2)= az~1
" 1—0---01.
N
a2

Writing 2(0,1) = ggz)ggz)ggz) .-+, we have

$(0,1) = Jo K%z (wa, w1w3),

where wy; = w; -+ - w; wow; . Ultimately we obtain that for k=1, 2, ...,
N

ag—1
fifefs = JoKéz)KS” . “K(()k)"/’k(wkawk—lwk),

k
where wy = wg_1 -+ Wg_1 Wr_owk_1 and Kc(n ) = Wh_1 -  Wg—1 Wr_2Wi_1. We there-
N N———

ar—1 by —1
fore have the following theorem:
THEOREM 2. Let f, = f(n;0,¢) = [(n+1)8 + ¢] — [n0 + @] — (0] and suppose
the continued fraction expansion of 8 is given by 6 = [0, a;, az,...]. Let wy = 0,
wy;=0---01, and wy = wr—1 -+ - Wg—1 Wr—2wi— for k 2 2.
a;—1 ap—1
If0< {6} + {4} <1 and O + ¢x < 1 for every k > 1, then the characteristic

word is

fifefs = kli_'n:oJngz)K(()s),..ng)’

where Jo = 0---01 and ng) = Wiy Wh_1 Wh2Wk_1 -
S—— | S

by -2 by -1
REMARK. This result matches the Main theorem of [5]. 8 + ¢x < 1 leads to a; > by
because 1 > (1 — ¢g—1)/0k—1 — (axr —b) and 0 £ b < ar + 1. And if we write
Wo = wo, Wy = wy, Wp = WRT'WoW2™2% and Wy = Wi Wi Wit ™ for
k > 3, then it is easily seen that for 1 =1, 2, ...
wf = WS

and

P a3 —bgyxraz —baz—1 ap—by—1qrriygrbr—or+1 bg—ag+1yx,02—a3
wp =W, W, W k-1 WiW,2, Wy w; (k>3).
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Therefore, we get K((,z) = wi’"lwowl Wsz’ -a2 ,:d
K(z)K(s) W Wb:—a.z 63 I’U)]UJZ

=W, Wlbz —az Wlﬂz b Wzba 1 Wlbz —az w, Wlﬂz —b3 W, W:’z —a3z
= WEW,aW,Wri—es,

Generally for k£ > 4, from

K(k) ---'w,c 1 w,, 2W—1
- Wlnz—b,WZa.a—b;;—l ---W:f;‘_b"‘l_lwb" Wi s Wiy
W::l ag_1+1 ‘“W';s—aa-{-lWlb;—ag,
we obtain
K K = Wk Wiy Wi Wiyt T eatiyphaer
This W}, is the same as the w; in that Main Theorem.

3. THE GENERAL CASES

We can see that g a.lways has the same form if 0, + ¢ < 1 for all n. In this
section we shall show that the form of gm is always the same, even if 8y + ¢ > 1 for
some k. We introduce 0, and ¢, for convenience, satisfying

1 1 ¢k ¢k !
— 4 — = d =1-1
O + Ok {oan 01:1
for an non-negative integer . That is,
b Or + dr — 1
Or1=— =14 ———
W=7, dm=li T

The case | = 1 is known to be the necessary and sufficient condition in order that
{8 + £]}3, and {[nbk1 + ¢&,1]}>, partition the positive integers (for example,
(2]).
Our notation allows us to write that for some integers k£ and !
g8) = —[(m+ 1)8k1 + $r,t] + [MmOi + Srd] -
3.1 CASE 1. Suppose ! =0 and 8y + ¢ < 1. Then,

98 = [(m + 1)8k + (1 — 6k — ¢i)] — [mbx + (1 — Ok — ¢y.)]
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for some positive integers i and k. By setting () = 6, = —bOr,0, o) =1—-0,— ¢ =
1 — ¢x,0 and as,';+1) = mag41 + [mBiy1), we have
MG = 60769 — {m0y11}) +1
= aky1 — dk41 + [Ok+1 + Srt1 — mOxy1] + [MmOiy1],
[((m +1)0k41 + (1 — Ok41 — Srt1)] — [MmBet1 + (1 — Ok1 — Prt1)]

g+

and agy; — AT =1 = by, — 1. Therefore,

ggi)ggi)._. = gD e g
where
J = 0...01 and JEHD =00 ... 01 (m>1).
S——r S———
br+1-1 °k+1_1+§(i+1)

3.2 CasE 2(1). Let

9 = —[(m + 1)8k 11 + Pra-1] + [MmOr 11 + Pr -1
for some positive integers 1, k and l. Suppose 8 + ¢x > 1 and 8, < 1/I. Put
0 =011 +1=[0, 1, aps1 — I, @ry2, Grys, ...] and ¢ =gy, -1
so that
gt =1~ [(m+1)00 + 6] + [ms® + ¢0]
with
0< 60 g gt) 4 () <1,

If agyy =141, from 60 = [0, 1, apys — [+ Ory1 | we set o) =m ¢ [m(—8k,1)].

Hence, we have

,\S:-.H) =[@r — 1 —m(—0k)] + [m(—0ks)] + 1,
gt == [$na = 1= (m + 1)(=Bn)] + [fra = 1 = m(=64.)]
=—[(m 4 1)8k,1 + dr,1] + [mOr1 + b1

and
1- /\5‘“) —1=—[ry+ra—1—-1=[1-0r;—Pra] =0.

Noticing that 8y < 1/(I1+1) and 6 + ¢r > 1, we remark that

0<Ori+1,de0—1,60k1+dra<1.
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Therefore,

gg;)gge) o J§i+1)J1(s‘+1)J2(i+1) o

b

where
JE =0 and JEH=1..-10 (m>1).
N——
(i+1)

9m

3.3. CASE 2(2). Let gs,';), 6% and ¢() be the same as those in the case 2(1). Again

suppose 8 + ¢ > 1 and 6 < 1/1.

If agys =1, from 6) = [0, app2+14+0k12 ] we set as:;+1) = (@42 + 1)m+[mbgya].

Then we have

AGHD) =[gp 1 — 1 — mBrya] + [mbrya] + 1,
g5 = — [$rg — 1 — (m+ 1)brs2] + (a1 — 1 — mbhys]
=[(m +1)0ks2 + (1 — (brt1 + 1 — Dry2 — Prs2)]
— [mbrs2 + (1~ (bpg1 + 1 — Dxs2 — drt2)]

and
(i+1) _ _
art2 +1 = A7  —1=ape2 — [dri— 1 —Opy2) =1 =[1 — Or1— b1, -
Note that
0< 0k+2 = —0,,,, —ap42 < 1
and

—¢rp = —(brt1 +1 = Dbrsz — bry2 — art2(bryr + 1 — 1) + bry2,
where bry1 =1 or [ 4+ 1 because 8 + ¢ > 1. Therefore,

g = J§i+1)J§"+1)J§"+1) e
where
JED 11 10 and JEHD = 11-...-. L0 (m>1)
[1-6k,1—d,1 ak+z+g$:;+l)

3.4. Case 1'. Let
gs:;) = [(m + 1)0k + (1 — (bk—l +1- l)ok - ‘I’k)] — [m0k + (1 - (bk-;{ +1- 1)0], — ¢k)]

for some integers 7, k and I with k > 3 and I > 1. From the fact in the case 2(2),
by =lorl+1.If by_1 =1, we are back tocase 1. If bp_; =1+1,

9% = [mBe + (1 — 85 — $1)] ~ [(m — 1)0k + (1 - O — 63)]
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. 0, if 0 +dx < 1;
¢ =
! 1, if 6 + 5 > 1.

Combining these remarks, we obtain

gﬁi)ggi)”. _ J(_z':-l)Jgi+l)Jl(i+1)J§i+1)_H ,
where J(_iiH) =00 0if 0+ <1, 11:----. 1 if 6 + ¢ > 1. The others are
bp_1~1 bg—1-1

the same as those in the previous cases.

4. TOGETHER

Suppose that the characteristic word of the sequence f, = f(n;8,¢) is given by

fifafs = JOK((,z)Kés) . _'K(()i—l)Kii—l)Kz(,i—l) e

. i-1
where KS,: D _ u°+9$n )'v for m > 1 and

g = [(m+1)0, +1 — (bp—1 +1 =) — k] — [mBr + 1 — (be—1 +1 — 1)8 — ¢x)

for some positive integer k.

If 8 + ¢ < 1, then from the argument in the previous section

I = SIS

and
g9 = [(m + 1)8kg1 + (1 — Ors1 — drt1)] — [MBpy1 + (1 — Oy1 — drt1)]-
Therefore, we have
fats = KRS KEIKIKOKOKD .,

where
K = (uep)Pk-172% -1 KD = (gep)tReiTyotl,
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and for m > 1 '
K = (uew)rni 1o ey,

In the case when a3 = bgx—1, J(_? (so, K(_'z) is omitted.

We can go to the next step by applying the substitutions

u—uv, v—utly and ¢c— ap4; —1.

Next, let 8; + ¢ > 1. We put art1 = a(=1) and dy = [1 — 0,1 — Pr,1]. We use
the argument of the previous section repeatedly.
If AE41 2 2,
. = SISO

where .
JO =11...... 1, J9=0, J9D=1...10 (m>1),
by_1—ax_ o9
and

99 = —[(m +1)8a1 + Sr] + [mOk1 + bral-
Thus, we have
hlfafs-- = JoKéz)Kéa) . ~-K((,'.—1)K(_?K8'.)K§")K§‘) e,
where

. a . . )
K(_‘z = ('u,‘:‘Hv)l}"‘_l k-1 K((,') =uv and K = (u°+1v)g'" v (m21).

In the case when ax—; = bx—1, J(_'z (so, K(_?) is omitted.
Similarly, if ax+; = a, then

gliteDglira=d)  _ jlite=2) jlita=2) liva-2)
where )
JEe =g, JEY=1.410 (m21),
(i+a-3)
Im
and

g5t = —[(m + 1)0k,a—1 + Pr,a—1] + [MOra—1 + Pia—1] -

Thus, we have

fifofs- = Jngz)Kés) .. K((,"'])K(_?K((,") . Kéi+a-2)K§i+a—2)K§i+u—2) .
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where
(i+a-2) c (i+a~2) a-1 9(i+a_2)
K, =u and K}, = (u(u)*7)™ uvv (m>1).
Finally, if ax4; # ¢ + 1 and ag41 = a, then
g$i+a—2)ggi+a—2) e J§i+a—l)J1(i+a—l)J2(i+n—1) e

where

ita—1 ita—

Jéia )=1...10, JEte-D = 11........ 10 (m21),
i ﬂk+2+9$:;+°—1)

and

g5te™ = [(m + 1)0k42 + 1 — (brs1 — @rs1 + 1)0hs2 — raa]
— [mOkt2 +1 — (br+1 — @ry1 + 1)8r12 — drya)

where bx4+1 = @43 or ag41 + 1. Thus, we have
Fifofs- = JoKéz)K((,s) . Kéi—l)K(_?Kgi) . _'K§i+u—l)K§i+a—l)K§i+a—l) o

where

S,‘;““)

KSH“_I) = (u(ucv)a)d"uc'v, K(ita-1) = (u(ucv)“)ak“_*-g v (m2>1).

Therefore, we summarise the case when 6 + ¢x > 1, including az4+; = 1, and we have

fifefa = JOng)Kgs) . Kéi—l)KggKgi)K§i)K§i) e
where
K = (uet1o) 7t K = (uo0) 7 (u(ut) R ) Bt
Form>1 '
K = (u(ucv)a"“)ak“ﬂg‘)u‘v
and

95 =[(m +1)ks2 + 1 — (bes1 — @rs1 + 1)8ks2 — Prsa)
— [mOks2 + 1 — (br41 — art1 + 1)0kt2 — drt2],

where br41 = ap4y or apy1 + 1.

https://doi.org/10.1017/50004972700014155 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014155

(13] The inhomogeneous Beatty sequence 349

In the case when aj_; = bg_1, J(_? (so, K(_'g) is omitted.

We can go to the next step by applying the substitutions
u — u(u)™*t, v —u and ¢ — agy2-

Furthermore, 8 + ¢ > 1 implies agt1 < bg1. When ar4y = bey1, we have dp = bry2
since 1 — 0k-“k+1 - ¢kt°k+l = bk+2 + 1-— ¢k+2 . When k41 + 1= bk+1 , We have dk =0
since 1 — Gk,ak“ - ¢kv°h+1 =1- (1 - ¢k+1)/0k+1 and 0 < l/ak+1 .
We obtain the following general theorem which incorporates Theorem 2:
THEOREM 3. Let 0 be irrational and ¢ be real, satisfying 0 < 8,¢,8 + ¢ <1

and m10 + ¢ # my for any my, mp € Z. Then the characteristic word of the sequence
fn = f(n;6,¢) is given by

hfifs--- = HILH;OJOJlik:Jka RN
Here, ky, k2, k3, ..., are determined by

knt1, ifOs +dk, <1;
ky=1,  knyy = Okt 9 (n>1);
kn+2, ifOr, +¢r, >1
and Jo=0---01. For k= ky, kg, ks, ..., if Ok + e <1,
by -2

bp_1—ep_1_bry1-1
Je=up Upt+1 Ukt

where u; =0, v; =1,andfor k=k, > 1

-1 .
up* v, ifkp1=k-—1;
Uk41 = Vk+1 = UgUk+) -

ugkvg, ifkp_1=k-2,

o +4¢r>1,

bp_1—0p_y Gk41—1 d
Jk = (ukvk+2) k-1 k I‘U,H_'; ukﬁ_z‘vk.g.z,

where u; =0, v; =1,andfor k=k, 21
uz"_lvk, ifkpn_1 =k—1;
up kv, ifkn_1=k—2.

{ 0, if agp1 + 1 = bpyy;
dy =

bk+2, ifak+1 = bk+1-

L7 ¥}
Ups2 = URVLLS, Vgg2 = {

The underlined parts occur as stated when k, = k(> 3) and kn,_; = k— 2. Otherwise,
they are empty.
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5. EXAMPLE
Let 6§ =v/3—1 and ¢ = /5 — 2. Then

a.1=1, a2=2, a3=1, a4=2, a5=1, a,e=2, a7=1, as=2, a9=1, .o

b1=2, b2=3, b3=1, b4=2, b5=1, b6=1, b7=2, b8=3, b9=-’2, .

0+ ¢, 03+¢31 05+¢5, 810 + b10, ... <1,
61 + 1, 62 + @2, 63 + P4, Os + e, 01 + b7, 05 + s, Op + 9, ... > 1.

SO, d1=0, d2=2, d4=1, d5=0, d7=0, dg=0,

Therefore,

fifafs-o-=Jo1Jsdsds - -,

where Jp =1, J; = 'v;’_lug‘va =11 from vs = u';l_lvl =1 and u3s = uyvy? = 011,
Js = ul®2y047 1y, = 011101110110111 from us = ui?vs = 0111 and vy = uguy =
0110111,

Ja =02 1udtys = 01110111011011101110110111,
Js = v27 'yl = 01110111011011101110111011011101110110111,

because vg = u:"_lm = 01110110111 and ug = usve = 011101110110111, vg =

ag
ug®v

(1]
(2]
(3]
(4]
(5]
(6]

¢ =01110111011011101110111011011101110110111 and us = ugvg" .
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