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Abstract
The congruent number elliptic curves are defined by E, : y> = x> — d”x, where d € N. We give a simple
proof of a formula for L(Symz(Ed), 3) in terms of the determinant of the elliptic trilogarithm evaluated at
some degree zero divisors supported on the torsion points on E4(Q).
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1. Introduction

Let E be an elliptic curve defined over C. Then there exist T € C such that Im(7) > 0
and isomorphisms

E(C) —= C/A =  C*/q",

2miu

(1.1)
(pa), p\(w)) +> wu(mod A) +—> ™,

where A = Z + Zt, g, is the Weierstrass p-function and g = e?*'*. Zagier and Gangl
[13, Section 10] defined the two functions ng tE(C)—>R,j=1,2,by

L5\ (P =LE ()= ) L"),

- . - W 1. log?|x|log? |gx7Y|
LE(P) = L5 = Y I+ Y Ja(g'a )+~ e
n=0 n=1

4loglql

where £3(z) = Re(Liz(z) — log |z] Liy(z) + % log2 |zl Lij(z)), Lin(z) = X, 2"/n™ is
the classical mth polylogarithm function, J3(x) = log2 |x|log |1 — x| and x € C* is the
image of the point P on E(C) under the composition of the isomorphisms above.
The function .Lf’ , s called the elliptic trilogarithm. These two functions serve as
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higher-dimensional analogues of the elliptic dilogarithm DF and the function J*
defined by

DEx) = )" La(q"x),

n=—oo

(o] o0 B 1
TE) = Y IR = Y @) + 5 log?lalBs
n=0 n=1

log le)
loglg|/’

where £5(z) = Im(Liy(z) + log |z| log(1 — z)) is known as the Bloch—Wigner
dilogarithm, J(z) = log|z|log |1 — z| and B3(X) = X3 -3X%/2 + X/2.
For a, b € N, the series

, eZni(mf—mn)
K.p(t;u) = Z )
ab(T3 1) (mt + n)4(m7 + n)®

m,nez

where u = é7 + n and &, € R/Z, is called the Eisenstein—Kronecker series. Here and
throughout, >," means (m, n) # (0, 0) in the summation. Bloch [1] defined the regulator
function RE : E(C) — R by

3 Im(7)?

RE(™) Ko (73 u).
One can extend the functions DE, JE RE ’£3E, , and Lf,z to the group of divisors on
E(C) by linearity. Also, it can be shown that Re(Rf) = DF and Im(RF) = JE. In
[4], Goncharov and Levin proved the following theorem, formerly known as Zagier’s
conjecture on L(E, 2).

TueOREM 1.1. Let E be a modular elliptic curve over Q. Then there exists a divisor
P =3 ni(P;) on E(Q) satisfying the following conditions.

(a) We have
> niPj®@P;@P;=0 in Sym'(E).

(b)  For any valuation v of the field Q(P) generated by the coordinates of the points

P,
anhv(Pj)PJZO OVLE,

where h, is the local height associated with the valuation v.
(c) For every prime p where E has a split multiplicative reduction, P satisfies a
certain integrality condition (see [4, Theorem 1.1]).

Moreover, for such a divisor P,
L(E,2) ~g« 7 - DE(P),

where A ~g< B means A = cB for some ¢ € Q.
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The critical values of the symmetric square L-function attached to a weight k
cusp form are those at the odd integers in {1,2, ...,k — 1} and the even integers in
{k,k+1,...,2k—2}. In particular, L(Sym?(E), 2) and L(Sym?*(E), 1) are the only
critical values of the symmetric square L-function of an elliptic curve. There are
several numerical results and conjectures relating noncritical values of L-series of
symmetric powers of an elliptic curve over Q to higher elliptic polylogarithms
including those due to Mestre and Schappacher [7], Goncharov [3] and Wildeshaus
[11]. Inspired by these examples and their numerical experiments, Zagier and
Gangl [13, Section 10] formulated the following conjecture, which is an analogue
of Theorem 1.1.

Consecture 1.2. Let E be an elliptic curve over Q. For any & = ¥ n;(P;) € Z[E(Q)] and
any homomorphism ¢ : E(Q) — Z, let tg(&) = 2 nip(P;)(P;). Also define

CoE/Q) = ((f)o (1= N.(P)+ (PP =2 Y (P+T)| f €QE),P < BQ)
TeE[2]
as a subgroup of Z[E(Q)]%* @ where, for (f) = Y, mi(P;) and (g) = ¥ n;(Q)), the
diamond operator ¢ is defined by (f) ¢ (g) = 2, mnj(a; — bj). If 14(§) € C2(E/Q) for
all homomorphisms ¢ : E(Q) — Q, then .5‘35 (€) = (L5 (&), L,(©)) belongs to a two-
dimensional lattice whose covolume is related to L(Symz(E), 3).

Zagier and Gangl verified numerically that if E is the conductor 37 elliptic curve
defined by y> —y = x* — x, E = C/(Z + Z7), and

14 =3(4P) - 13(3P) + 18(2P) — 3(P) — 5(0),
16 = 2(6P) —45(3P) + 60(2P) + 93(P) — 110(0),
where P = [0, 0], then

Lil(nll) Liz(nﬁl)
'Eil (776) ££2(n6)

s 37 2 2
= - Im(7)*L(Sym>(E), 3). (1.2)

Reg;(E) := )

Here A = B means A and B are equal to at least 15 decimal places. (Note that
the negative sign in the above identity is missing in [13].) Recall from [2] that
L(Symz(E), s) satisfies the functional equation

A(Sym*(E), s) = A(Sym*(E), 3 — ),

where A(Sym2(E), s) = C*?n5/’I'(5/2)(27)~*T(s)L(Sym*(E), s) and C is the
conductor of the Galois representation associated with the symmetric square of the
Tate module of E. Therefore, (1.2) can be rephrased as

Regy(E) = 27* Im(r)2L” (Sym?(E), 0).

This conjecture is consistent with a special case of [3, Conjecture 60.8] that, for any
elliptic curve E over Q, there exist degree zero divisors &; and & on E(Q) such that

Re(Ki3(1:61) Koo(msé)| 2 7

12 2
Re (K13(1;6)) Kap(r:&)| ¥ Im(r)4L (Sym™(E), 0).
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The relationship between the determinant above and the one in (1.2) was established
in [9, Section 4] and can be stated as follows.

PropositioN 1.3. Let E be an elliptic curve over C and suppose that E = C/(Z + Z7).
If &1 and &, are divisors of degree zero on E, then

L5 ) L) Re(Ki3(13€1)) Kao(t3€1)
L (&) L5 (&) Re (K13(1;:62))  Koo(T362)|

where K, p(T;&) = Y pep npKap(T; up) if € = X pep np(P) and up is the image of P in
C/(Z + Zn).

_ 2 Im(7)®

2

A square-free positive integer n is called a congruent number if it is the area of a
right triangle all of whose sides are rational numbers. The congruent number problem,
one of the oldest unsolved problems in number theory, asks if there is an algorithm
for determining whether any given number is a congruent number in a finite number
of steps. The main result in this paper concerns a symmetric square L-value of the
congruent number elliptic curves, which are defined by

E;:y*=x"—d*x foralldeN. (1.3)

These curves play a crucial role in the study of the congruent number problem. In
fact, assuming the Birch and Swinnerton-Dyer conjecture, it can be proved that a
square-free positive integer d is a congruent number if and only if L(E,, 1) = O (see, for
example, [6]). Some useful facts about E; include E; = C/(Z + Z \/—_1), that E; has
complex multiplication by Z[ V-1] and that E, is a quadratic twist of E;. We will give
a rigorous proof of a formula for L(Sym?(Ey), 3), which provides evidence supporting
Conjecture 1.2.

Tueorem 1.4. For any positive integer d, let E := E; be the elliptic curve defined
by (1.3) and let P,Q and O be points on E(Q) corresponding to %\/—_1,‘—1‘ and 1,
respectively, via the isomorphism E = C/(Z +Z V-1). If& =)+ P+ Q)—-20)
and & = (2Q) — (P), then

LE @) LEy&)
LE @) L&)

4
= ‘% L(Sym*(E),3) = —%L”(Symz(E),O). (1.4)

Remark 1.5. (i) The points P and Q in Theorem 1.4 can be written explicitly as

P=1[d,0], O=[-d(l+ V2), \=(6+4V2)d3].

This can be checked using a computer algebra system such as PARI/GP or SAGE.

(i1) Since the symmetric square L-function is invariant under a quadratic twist (by
[2, Section 1.1]), it suffices to prove Theorem 1.4 for a particular value of d. As the
reader will see in Sections 3 and 4, we choose d = 2.

https://doi.org/10.1017/5S000497271900056X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271900056X

[5] A noncritical symmetric square L-value 17

2. Some identities involving Lf ,and .Cf 5

Before proving the main result, we shall state some useful facts about the functions
£§’ , and Lg ,- The reader is referred to [9] and [12] for further details.

Proposition 2.1 [9, Corollary 2.3]. Suppose that E = C/(Z + Zt) with T € H and let
g = ¥ and x = ¥, where u = T + 1 and &,n € R/Z. Then

4Tm(r)’ A m?
£,y = A1 e (3 oo 1) 2.
31 3n m;Z ¢ lmt + nl° @D
Im(‘r)3 [  gFritne=m) ( 2 (m7 +n)*\] . log’Iq|
_ +2R mi(né—mi) )] + .
Lix = 2 it + nft e[ e it + nlo 120
m,nez mnez
(2.2)

The following result is an immediate consequence of (2.1).

ProrosiTioN 2.2. Let E be an elliptic curve isomorphic to C/(Z + Zv). If P and Q are
the points on E corresponding to v/2 and 1/4, respectively, via the isomorphism (1.1),
then

L3,((0) + (P + Q) = §£5,20). (2.3)

Proor. Using (2.1) and the fact that ¢™™/% = j" for any m € Z,

2

321m(7')5 " ;
L5, +8(P+ 0) = T Re D6"(1 + (<1 )
m,nez | T l’l|
_ 128 Im(T)5 m?
_— D"+ (-1)")———
DU+ P
mnez
_4Im(r)’ o (D) m?
3n A ImT+ nl®
= £3,20).
The last equality follows from the fact that 20 is a point corresponding to 1/2. O

3. Grossencharakters and modular forms

It is well known that the L-function of an elliptic curve over Q with complex
multiplication (CM) coincides with that of a Hecke character (a Grossencharakter)
of an imaginary quadratic field. In this section, we will explicitly construct the Hecke
character corresponding to the CM elliptic curve E := E;. Then we invoke a result of
Coates and Schmidt [2] to obtain an expression of L(Symz(E ), §) in terms of a product
of L-functions attached to a weight three modular form and a Dirichlet character. More
precisely, we will prove the following identity.
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Turorem 3.1. Let E be the elliptic curve of conductor 64 defined by E : y* = x> — 4x.
Then, for any s € C,
L(Sym*(E), s) = L(g, $)L(x—4, s = 1),

where g(t) = g — 6¢° + 9¢° + - - - is a weight three cusp form of level 16 and y_4 = (i‘)
is the Dirichlet character associated with Q( V—1).
Proor. Let K = Q(V-1). Then the ring of integers of K is Og = Z[ V-1]. Let
A = (4) c Ok and let P(A) be the set of (integral) ideals of Ok that are relatively
prime to A. It is easily seen that each element of P(A) can be represented uniquely by
(m + ni), where m > 0 is an odd integer and # is an even integer.

Define a map ¢ : P(A) — C* by
m + ni if m =1 (mod 4),
—(m+ni) if m=3(mod4).
Then ¢((@)) = a, for any @ € Ok such that @ = 1 (mod A). It follows that we can
extend ¢ multiplicatively to a Hecke character of conductor A. By [8, Theorem 1.31],

im= > ¢@q"®

aeP(A)

¢((m + ni)) = x_4(m)(m + ni) = {

is a weight two newform of level 64. Computing the first few terms of a, we obtain

f(r) = Z:/\/_4(m)mq’”z“‘"2 —q+2¢° -3 —64% +---,

meN
nez

which is the weight two newform corresponding to E via the modularity theorem.
Let ¢* be the primitive Hecke character attached to the square of ¢. Then ¢ is a
Hecke character of conductor A’ = (2) and satisfies

$* (@) = a’,
for any ideal (@) in Ok satisfying @ =1 (mod A’). Moreover, it is known that

L(¢2, s) = L(g, s) (see, for example, [10, Lemma 2.3]). Finally, by a result due to
Coates and Schmidt [2, Proposition 5.1],

L(Sym*(E), s) = L(¢", $)L( -4, s — 1) = L(g, $)L(x-4, s — 1). O
It has been shown that L(y_4, s) and L(g, s) have simple lattice sum expressions,
which will be particularly useful in the proof of our main result.
ProrosiTion 3.2 ([10, Lemma 2.3], [5, Section IV]). Let s,t € C, where Re(s) > 2 and
Re(t) > 1. Then

1 rm? — 4n?
Lg.s)== — "
(8-5) 2”;42 (2 + 4n2)’

Loen=— S 1 1 e
o) = 3y 2 G Y 2T T, 2, s A

m,nez

where {(t) is the Riemann zeta function.
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COROLLARY 3.3. We have

L(x-4,2) = 2 Z (mz nz)z

m,nez

24 1
B WZ (m? + n?)?’

meven
nez

m? — n?
Lig,3) = 2 Z (m2 +n2)3’

l’l even

m —I’l
2 Z (mz n2)3

n CVCl’l

4. Proof of the main result

(3.1)

(3.2)

(3.3)

(34)

We first give a series of identities relating values of L 3, and LE to modular and

Dirichlet L-values.

Lemma 4.1. With the same assumptions as in Theorem 1.4,

1
LD+ (P+0) = ——L(g, 3) - mL(X “4:2),

1(0) L(X 4,2),
L5(20) - (P) = —§L(g, 3),
16
L5,(20) - (P) = —L(g.3).

L3,((Q) +(P+ Q) -2(0) = —L(g,3) —L(X 4:2).

Proor. First, note that, by symmetry,
’ I’l2 - mz
E " -0
(m? + n?)3

mnez

Therefore, by (2.1) and (3.1),

4 " _2nim m2
£5(0)= -Re( Y e <)

|n + mil®

m,nez

Yy
= 2 1 203
3ﬂm,n€Z (m? + n?)

2

2 ’ 1 nc—m
a §m§2 ((m2 + n?)? B (m? + n?)3
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2 / 1 47T
=35 2 Gy = 9 L2,
which yields (4.2).
Next, using (2.2) and (3.4),
(=" — (=1)" m —m’
L5(0) - (P) = (mneZ R )N e n2)3)

1( ’ 1 rn*—m?
= — —25 —_45 -

2 232 2 2\3
T m odd (m +I’l) m odd (m +I’l)

n? —m?
+ 2 )
m;m (m? + nz)z m;n (m? + n2)?
n odd n odd
8 v n?-m? 16
=— ——= = —L(g,3
ﬂm;en R (8,3,
n odd
which is (4.4).
On the other hand, it is easily seen by symmetry that
(D" - (=D
222
m,nez (m +tn )
so that
2 — m?
20)-(P)) = n" N)—————
LE,(20) - (P) = mEnE]Z« )" (=) >( 2+n2)3
=— Z (D" = (1)) —— = -3L5,(20) - (P)).
mnEZ ( )

Together with (4.4), this gives (4.3).
To establish (4 1), we first employ (3.1) and (3.2) to deduce that

22 (mz nz)z ZV;: (mz nz)z 162 (mz nz)z Z (mz nz)z

m,n€Z m evcn
neven

Therefore,

' 1 ’ 1
Z (mZ.,.—n2)2+ Z m2 22 22 (m? 1 n2)? nz)z

m even m even m,nez
n even nez
1 Z/ m2 + n2
Y 2 1 12)3
2m nez (m +tn )
-y 6
2 2)3° ( :
m,nez (m n )

https://doi.org/10.1017/5S000497271900056X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271900056X

[9] A noncritical symmetric square L-value 21

Using (4.6),
’ 1 ’ l’l2
—_— + —_—
m;n (m2 + n2)? m;n (m? + n?)3
neven nez
’ 1 ’ 1 m2
- Z (m? + n?)? * Z ((m2 +n2)2  (m?+ n2)3)
m even m even
neven nez
~ Z, m2 Z, m?
- g (m? + n2)3 e (m? + n2)3
’ nez
2
’ m
= Z - 4.7)
2 233
m odd (m tn )
nez
By (2.3), (2.1) and (4.7),
1« (-1)"m?
E
+ (P + = — —_—
L@+ P+ =2 D) o
m,nez
1 ’ m> 1 ’ m?
N 671,”;;:n (m? + n?)3 6”;1;.1111 (m? +n?)3
nez nez
1 rom? 1 / n?
B 6”m;m (m? + n?)3 67%;:11 (m? +n?)3
nez nez

1 ’ 1
B %TZ (m? + n?)?

m,nez

1 b8
=——0L — —L(y_4,2
3 (g, 3) T (x-4,2),

where the last equality follows from (3.3) and (3.1).
Finally, (4.5) follows from (2.2), (3.1), (3.3) and some tedious manipulations. O

Theorem 1.4 now easily follows from Lemma 4.1 and Theorem 3.1.

Proor oF THEOREM 1.4. Let o = L(g,3) and 8 = L(y-4,2). By (4.1)-(4.5) and
Theorem 3.1,

L'i](é:l) ng(fl)

) Lhe| = LaE0La@) - L@ LpE)

_ 16 ( 1 4371) 16 (1 4377)

e T P P 7S
s
= > (yﬁ

4
= —;L(Symz(E), 3).
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The second equality in (1.4) follows from the functional equation for the symmetric
square L-function.
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