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THE HEAT EQUATION ON THE SPACES
OF POSITIVE DEFINITE MATRICES

P. SAWYER

ABSTRACT.  The main topic of this paper is the study of the fundamental solution of
the heat equation for the symmetric spaces of positive definite matrices, Pos(n, R).

Our first step is to develop a “False Abel Inverse Transform” G which transforms
functions of compact support on an euclidean space into integrable functions on the
symmetric space. The transform G is shown to satisfy the relation AG(f;-) =
G(I'(A)f;-) (T(A) is the usual Laplacian with a constant drift).

Using this transform, we find explicit formulas for the heat kernel in the casesn = 2
and n = 3. These formulas allow us to give the asymptotic development for the heat
kernel as ¢ tends to infinity. Finally, we give an upper and lower bound of the same type
for the heat kernel.

Introduction. Our notation will reflect that used by S. Helgason in [7] and in [8]
(except in a few instances). To complement this, especially for the spaces of positive
definite matrices, we refer to the notation used by C. S. Herz in [9].

In this work, we endeavour to study the heat equation on the symmetric spaces of
positive definite matrices. This paper is a shortened and (hopefully) improved presenta-
tion of the author’s McGill University dissertation [ 14]. Maurice Chayet, also of McGill
University, has investigated similar questions in [3].

It is well known that P,, the fundamental solution of the heat equation, must be K-
invariant. To determine the heat kernel, in view of the Cartan decomposition G = KA*K,
it is then enough to find P,(a - 0) witha € A*. For simplicity sake, we will write P,(a)
(or most of the time P,(e)) witha € A* (H € a*).

In the rank one case, one can find P, explicitly by finding the inverse of the Abel
transform Fj, (to be denoted by F(h, -) in this paper). If the rank is greater than one, this
is not quite so easy.

It is natural, using the usual scalar product on L? spaces, to define for Weyl-invariant
functions, the adjoint of the Abel transform (also called the dual Abel transform in [11]):

ey (F(h; ). f)2a) wary = (B G(Fs )iz sy -
For all h € C°(K\ X) (the K-invariant smooth functions on X of compact support)
2) AG(f; ) = G(T(A)f; ).

This is a consequence of the property F(Ah; -) = T(A)F(h; ).
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THE HEAT EQUATION 625

The property shown in (2) is one would expect from the inverse of the Abel transform.
However, for f € C.(a/ W), G(f;-) is generally not integrable. A good candidate for
the inverse of the Abel transform should satisfy (2) and transform functions of compact
support into integrable functions.

We will not try to find the inverse of the Abel transform, but rather a transform having
these properties calling the result a “False Abel Inverse Transform”.

As the title of this paper indicates, our main interest will be Pos(n, R), the space of
positive definite matrices over R. Note that in this case, a stands for the space of diagonal
matrices and H € a* if H = diag[H|, ..., H,] with H; > H,,,.

In Section 1, we give the definition of the adjoint of the Abel transform and give an
explicit formulation for it. We express G(n,f; -) (the adjoint of the Abel transform for
the symmetric space Pos(n,R)) in terms of G(n — 1,f|p|; ) where f|y, is the function f
restricted to a subset of A;

(3) G(n,f;H) = /

Dom(H)

G(n— 1. fiu: € (H.€) dE .

The object of this is, by modifying the domain of integration Dom(H) in (3), to define
the “False Abel Inverse Transform”. We want to change the domain in such a way that
the property in (2) is preserved, but that the transform of functions of compact support
be integrable. This is the program for the following sections.

In Section 2, we define formally the “False Abel Inverse Transform” G(n, f; -) for the
space Pos(n, R) and prove some of its properties, in particular, that

) AG(n.f;-) = G(n, T(AY;-).

We will give a partial proof in Section 2 which is sufficient for the cases n = 2, 3 and
finish the proof in Section 6.

In the third section, we use the “False Abel Inverse Transform” to define a “candidate”
for the heat kernel for Pos(n, R). The problem of finding the heat kernel for Pos(n, R) is
equivalent to that of finding the heat kernel for Pos;(n, R) (the positive definite matrices
over the real numbers, with determinant equal to 1): this is an important considera-
tion; most results in this paper are about the symmetric space Pos(n, R) and not about
Pos(n, R), the symmetric space associated to SL(n, R).

The complexity of our formulas makes it difficult to make explicit computations in
the general case. We study the cases n = 2 and n = 3 in more details.

Using the expression of the heat kernel based on Plancherel’s formula, it can be shown
that for some positive integer g,

5) Py(e!y = Ce™"'179/ 2 exp(—rA(H)/ (40))po(H)V,(H)

where r(H) = ||H||,¥* = (p,p), $o is the Legendre function and lim,_, V;(H) = 1 for
all H. g is known to be equal to / + 2| Z{| where [/ is the rank of the symmetric space and
2} is the set of positive indivisible roots. We will call g the dimension of the symmetric
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space at infinity. The (ordinary) dimension of the symmetric space is / +Za€;(+)(ma +My)
where m, is the multiplicity of the root «.

In the Sections 4 and 5, we will investigate the term V,(H) for the spaces X = Pos(2, R)
and X = Pos(3, R) without relying on Plancherel’s formula. All the elements of expres-
sion (5) will be given explicitly.

We will show that V, has the asymptotic expansion

V(H) =<1+ i(—l)'"b,,,(f[)f’" as t — oo.

m=1
More precisely, for all M > 0,
M
0 < (=DM [14 50 (=1 "bulH)* — ViCH)
m=1

< by (H) M
1+ r(H)>M+I
[ .

SCM(

In the paper [2], Jean-Philippe Anker gives an upper bound for the heat kernel P, for
the symmetric spaces U(p, q)/ U(p) x U(q). If we make use of the estimates given by
Jean-Philippe Anker in [1] for the Legendre function ¢y, his upper bound can be written
as

(mg+maq )/ 2—1
©) van<c qp (1+ 22y

a€L}

(fort > 0and H € a").

He also conjectures that the upper bound in (6) holds for all symmetric spaces of
noncompact type. This is true for the complex case since V,(H) is identically 1 on such
spaces (see [6]) and for all symmetric spaces of rank 1 (as pointed out in [2] by Jean-
Philippe Anker).

In Section 5, we show that for the spaces Pos(2, R) and Pos(3, R), V,(H) is bounded
above and below by constant multiples of the right hand side of (6). The corresponding
results for heat kernel of the real hyperbolic spaces had been obtained by E. B. Davies
and N. Mandouvalos (see Theorem 5.7.2 in [4]).

As mentioned above, we conclude the proof of equation (4) in Section 6. We also
explain there why our “candidate” for the heat kernel as given in Section 3 is the right
one in all cases.

1. The adjoint of the Abel transform.

1.1 Definition of the adjoint of the Abel transform. We define in this section the adjoint
of the Abel transform for any symmetric space of noncompact type.

Let h be a function in C.(G) bi-invariantunder K and f be a function in C.(A) invariant
under the action of the Weyl group W.
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The Abel transform of 4 is
. ) = prloga)
F(h;a) = ¢ /Nh(an)dn.

If we use the integration formulas associated to the Iwasawa and Cartan decomposi-
tions, we obtain:

DEFINITION 1.1. The adjoint of the Abel transform is defined by the equation

- ) — —p(H(ak)) ¢ ,H(ak)
G(f;a) /K e f (et ) gk

1.2 The adjoint of the Abel transform for Pos(n,R). We consider G(n,f; H), the adjoint
of the Abel transform for the symmetric space corresponding to GL*(n, R).

THEOREM 1.2. Iff is a continuous function on A and H € a* then
G(1.f; H) = f(")

and, forn > 2,

n—1 n

Hy=a [ G =1 fo: inh(¢; — H| /2
GinfiH)= Ay [ " Gn = 1fen:© TT 111 sinh(&; — Hp| ~'/%6 (6) de

i=1j=1

where fien(e®) = f(exp(diag[€ , tr H — tr 1)) and § (§) d€ = Tla>o sinh(a(€))d¢.

This result can be proven if we adapt an idea of I. M. Gelfand and M. A. Naimark,
namely using induction on the integration over the group K = SO(n) (see [5]). We will
not provide the proof here as we will use this result strictly for “inspiration”.

2. The False Abel Inverse Transform.
2.1 Defining the “False Abel Inverse Transform”. Inthe Theorem 1.2, the adjoint of the
Abel transform is expressed in a form involving induction. This suggests that we define
the “False Abel Inverse Transform” the following way:

DEFINITION 2.1 THE “FALSE ABEL INVERSE TRANSFORM”. If H € a* then

G(.f; H) = f(e")

and, forn > 2,

n—1 n

Gonfity = [ of" G = 1 g © TLIT | sinbies — Hp| /%86 e

i=1j=

We recall that fi(e®) = f (exp(diagl¢, tr H — tr£1)).

2.2 Properties of the “False Abel Inverse Transform”. We will need some information
about G(n,f; H) (from now on, we assume that H € a*).
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DEFINITION 2.2.  Let D"(H) be the support of f — G(n, f; H) seen as a distribution:

D'V(H) = {H} and, forn > 2,
(n) _ _|w 0 .
b (H)_{F_(O trH—trw)'

weD" V) H; <& <H_,1<i<n—1j.

To simplify notation, we adopt the convention that Hy = oo.

It is clear that D™(H) C C"(H) = {F €a: Y, Fx > i Hi(r <n—1)and
trF = trH}. As a consequence, if f € C.(A) then {H € a* : G(n,f;H) # 0} is
bounded.

We will now investigate how fast G(n,f; -) decreases at infinity.

LEMMA 2.3. Assume H € a* and f is continuous. We write

Il = sup [f(en)].

FeD™(H)

We have:

(1) |Gn.f; H)| < Gn,|f]; H).
(2) | G(n,f; H)| < Callfllulé (H)]™'/2 where 0 < C, < 00 depends uniquely on n.

PROOF. (1) The statement is clear since G(n,f;H) corresponds to an integration
against a positive kernel.

(2) Itis enough to show that G(n, 1; H) < C,[6 (H)]~"/2. This is true for n = 1 with
C, = 1. We assume true forn — 1 (n > 2).

Gon ity = [ [” g<n—11§)HH|smh<5, Hy)| =% (€) dg

i=1j=

(7) n—1 n
| <Gt [ [T | since: — Hpl ~'/% /26 de

We now use the following: for x > 0, sinhx ~ ﬁe‘ and

‘ _[&—H; ifi<)
|§‘H'|—{ & ifj<i
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We have

8(£)6 (H)
TTZ) T, | sinh(€; — H))

< Ce~261—H) 1+& —H "1 +Hio — &)1 +& — Hi)é‘_z({'_H‘)
- S —H = (Hi 1 — &) — H,
1+€i"‘ /i n3nl]+H ér
i<l;£n & _I-Ij 1<lj_£n 1 +§1 {j ]I_II 1_1]12 H &
n1+& —H, H; — H;
1;[, ¢ —H, ,.g,, 1+H, — H;
<Ce—2(€|AH|)1+£l— 1:[ (L+Hiy — H)(1+§ —H)e A&
(8) - él - i=2 (Hl—l - 61)(51
I ( +§i—§j)(l+§j—Hj) m §i—§&
i<j<n &i—& icjen 1+ & — &
"l-_f "Ii[l 1+H;— H;_ ”ﬁ' (1+¢& — Hi)(1+H;— Hy)
=iz Hi—Hior i H; — H,
-1 _Hi—H
L T+ H —H,
< Ce —2(§1— Hl)(l +&1 — Hl)N'
&1 —
ﬁl (1+H—y — Hi)(l +& — Hy)Ve 26
(Hi-1 — &)(&i — Hy)

it b (1+x—a)Ve =0 1 ;
Now it is easy to see that fora < b, [, o dx < Cy_—— where Cy is

independent of @ and b. This, coupled with (7) and (8), allows us to conclude. n

DEFINITION 2.4.  We will say that a function f on a is odd (with respect to the Weyl
group W) if givens € W, f(s- H) = (dets)f(H) for all H in a. We will use the same term
for the corresponding property of functions on A.

THEOREM 2.5. Suppose f is a smooth odd function of compact support. Then
G(n,f;-) is smooth, Weyl invariant and

AG(n.fi) = G(n.T(f;-).

PROOF (BEGINNING). The radial part of the Laplace-Beltrami operator is given by

A= ZaH2+ZZcoth(H Hk)

J=Tk#j

To say that G(n,f;-) is smooth and Weyl invariant means that it can be extended to a
smooth Weyl invariant function on A.
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We prove the result by induction. It is clearly valid for n = 1. If we assume the result
true for n — 1, use the linearity of the transform G and integration by parts, we obtain

n—1 n

A ey G = 1ofioms € TT T | sinb&s — HpJ (€) d

i=1j=1

= o G0 = T 0€) TL 11 i~

~@ =1/ =D [ G~ 1f"H£)HH|smh(£, H))|8(§)d¢

i=1 j=1

+2(z+1/2)

[Z /gtﬁl(a—aﬁ—p - a%)(g(n— L foers €) coth(€, — €6 (£))

P<q

n"'._—ﬁ

]:[ | sinh(¢; — H;)|* d¢

coth(H, — Hk)<aH 8H1> /gmg(" L furs €)

n

>
k<l
n—1
TLIT sinhs = Hpl'5(6) de )|

as long as Rz is large enough, say greater than 2 ([£ ; H] stands for the domain of inte-
gration in the definition of G). If we assume that both sides are analytic functions of z
provided Rz > —1 then, by analytic continuation, the equality is valid in that domain.
Taking z = —1/ 2 gives us the desired result.

However, the right hand side may not be analytic for—1 < Rz < 0if Gn—1,fen; &)
does not behave well near {; = H;. Forn = 2 and n = 3 (if f is odd), it is easy to see
that G(n — 1, fir y; € ) remains bounded and that the proof above applies. This is enough
to justify the development in Sections 3, 4 and 5.

To finish the proof (for n > 3) we need tools we want to avoid for now. We will
conclude it in Section 6. [

We can extend this result to functions that decreases suitably fast.

The results of Sections 1 and 2 can be extended by similar methods to the spaces
Pos(n, C) and Pos(n, H) (the spaces of positive definite matrices over the complex num-
bers and over the quaternionic numbers).

3. The heat kernel for Pos(n, R).

3.1 Pos(n,R). In this section we will use the “False Abel Inverse Transform” to de-
fine a “candidate” for the funddmental solution to the heat equation in Pos(n, R). Any
solution to the system L, — Y2 = at will be transformed into a solution of the heat equa-
tion for the symmetric space provided it is odd and decreases rapidly enough. Q,(H) =

e V)2 exp( rz(H)/ (4t)) is a solution of Ly — Y2 = a as will be DO, for any dif-
ferential operator D with constant coefficients.

t
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The next step is then to try with G(n, DQ;; -) where D is a differential operator with
constant coefficients such that DQ, is odd.

PROPOSITION 3.1. Let d(m) = n,-<,~(ai,,j - a%,) and m(H) = Tli<j(H; — H));

A(m)exp(—r*(H)/ (40) = (20" 2x (H) exp(—r(H)/ (40)).

PROOF.  See for instance [8], Corollary 3.8 in Chapter III. ]

PROPOSITION 3.2. If we write Wi(H) = Ce™ " 't/29(r) exp(—r*(H)/ (41)) (C a
constant) then P,(e") = G(n, Wy; H) is a solution to the heat equation for the symmetric
space Pos(n,R) forn = 2 and n = 3 (see Section 6 for n > 3).

PROOF.  First note that Q,(H) = "/ 2exp(—rZ(H)/' (41)) is the standard solution
(modulo a constant) to the euclidean heat equation on A (L Q, = %Q,). The factor e’
takes care of the drift so that ['(A)e " "'Q, = g;e_72’ O; (we recall that T(A) = Ly — 7?).
The differential operator () commutes with I'(A) and g;. Finally, W, is an odd solu-
tion of the equation T(A)W, = 2W,. AP,(e") = AG(n, Wi H) = G(n,T(OW,; H) =
G(n, $Wi H) = £ G(n, W H) = 2P,(e"). .

It will more practical to consider

W'y = Ce™ /2 "=DI2 T (H; — Hy) exp(—r*(H)/ (41))
i<j
with C > 0. The differential operator d(r) has played its role in the proof of the result

above and is no longer needed.
The function P,, as we will see in the cases n = 2 and n = 3, can be written as

Pie) = Ce7 MO exp(—r(H)/ (40))Et, H).

E(t, H) is of course the term of interest. In order to prove that P,(¢"") is indeed the
fundamental solution of the heat equation we will have to study the behaviour of E(t, H)
when ¢ is close to 0 and, more specifically, the behaviour of E(t, /tH) when ¢ is close to
0. To prove that P, is the heat kernel, it is enough to show that 0 < E(z, H) < C and that

lim,—o+ E(t,/tH) = C (C > 0).
3.2 Pos(2,R). Since this can be found in the literature (for instance [12]) we will give

the heat kernel for Pos(2, R) without proof.
We will use the notation « = a(H) = H; — H,.

P = e exp(— ) A0) 2 [ZQF: — Hy — o)
-exp(—(r(F) — P(H))/ (41))[sinh(F\ — H,) sinh(F, — Hy) "2 dF,
9) = Siwe—“’ﬂ/ 2exp(—r(H)/ (4n)r'/? [0 “x+a)

. exp(—x(x + a)/ (2t))[sinhx sinh(x + 0()]—1/2 dx.
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Note that F| + F, = H; + H, and P*(F) — P(H) = 2(F, — H,)(F, — H>).

3.3 Pos(3,R). Even with Pos(3,R), the function W, in the definition of Py =
G(3, W;; H) is not positive on all the domain of integration (which we called D3(H)
in Section 2). This is the main difficulty for n > 3. However, in the case n = 3, explicit
computations are still possible.

We will use the notation @ = a(H) = Hy — H, and 8 = 3(H) = H, — Hs.

We recall here that W(H) = Ce™"'r /2~ ""=V/2 [, (H; — Hj) exp(—r*(H)/ (41))
is an odd function. Indeed, it is easy to show that if 4 is a Weyl invariant function then
d(m)h becomes an odd function. The reason we stress this here is Proposition 3.5 where
it is shown that if 4 is an odd function then G(3, h; -) corresponds to the integration of h
on a portion of a* against a positive kernel. This ensures that G(3, W;;-) > 0.

Gofit = [ [ [ flexp(dingléo. € + &2~ Gonte H — & — €2D)
- [sinh(§ — €1) sinh(§o — &)1/

3
- TI | sinh(¢é, — H;) sinh(¢2 — Hj)| ™'/ 2 sinh(¢, — &) d€o d€, dé;

j=1
= 4/}:' /HOIO f:of(eXP(diagléo,él +& — &o.trtH — & — &)))

- [cosh(2€0 — €1 — £2) — cosh(&) — €17/ déy
3
-T1 | cosh(2H; — &) — €2) — cosh(€; — £2)] /2 sinh(€) — &) d€, dé.
=1
If wewrite F| = &g, Fp = &1 +& — &0 (Fs =trH—F, — F>)and z = &, — &, then
min{ Fi—Fa,F\ +F2—2H, }

. _ F _ _ . *l/ 2
Ggopm=2[ /|2H.—F.—Fz| f(eF)[cosh(F| — F») — cosh z]
3
(10) -sinhz [] | coshH; — F, — F3) — coshz| ~'/? dzdF
j=1
_ F
() = [ fHeH. FydF.

We recall that H; > H, > H; (H € a™). Since tr F = tr H, the diagonal matrix F can
be described by the coordinates (F|, F2).

F3<Hj

D={F:F,<H;, H <Fy, H+H, <F +F}
F3<H;

C={F:H;<F,<H,H <F\, H+H, <F +F}
F3<F,

B={F:F, <H;, HH+H,+H; —F| — F, <F}
Fashy Fy<H,

s:B={F:F, <H +H,+H; — F| — F,, H +H, < F| + F,}.
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F=H,

Fi=H,

Fr=H;

Domain of integration D: coordinates (Fy, F?).

In order to achieve some symmetry in our results we introduce the following modified
elliptic integral:

DEFINITION 3.3.

b7V2K(\Ja/b) ifC<a<b,

Ra.b) = {a‘ﬂK(\/bTa) if0<b<a

where K(m) = [ /2 71_—'2—?5'_{27 is the complete elliptic integral of the first kind.

X is smooth for a > 0, b > 0 except on the diagonal.

LEMMA 3.4. Let (a,b) be in the domain of K.
(1) K(a,b) = K(b,a).

(2) If ¢ > 0 then K(ca,cbh) = V2K (a,b).
(3) Kla.b) = 55 et

a—b|)(u+max{ab})’

(4) K(a,b) = frﬁix{\/&,ﬂ} —m ifa#b.

(5) Ifmax{a,b} < max{A,B} and|a— b| <|A— B| then K(A,B) < K(a,b) (-
can be replaced by < ). We assume here that (a, b) and (A, B) are in the domain
g% :

(6) E[mam{a,b}r‘/2 < K(a,b) < E|a — b7V

(7) Ifb > 0 then K(0,b) = Tb~'/2,

PROOF.  Either obvious or a consequence of the other properties. n

Using (10), the change of variable x = cosh z and the standard properties of the elliptic
integral, ©(H, F) is given by the following equations:

lfH2 < F2 < H] (te COSh(2H| —-F| ‘_‘F2) < COSh(F| —FQ_) < COSh(2H2—F1 -—F2))
then

3 3
OH, F) = 4?(<sinh 8 T sinh(F; — H,), — sinh o [[ sinh(F; — Hg)),

Jj=1 j=1
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if H3 < F, < H; (i.e. cosh(2H, — F) — F,) < cosh(F) — F») < cosh(2H3 — F|, — F,))
then

3 3
OH.F) = 47((— sinh o [ sinh(F; — Hy), sinh § J] sinh(F; ~ Hy))
j=1 j=1

and if F, < Hj (i.e. cosh(F} — F,) < cosh(2H3 — F) — F,)) then

(12) OH,F) = 47((— sinh H sinh(F; — H3), sinh(a + ) H sinh(F; — Hz))

j=1 Jj=1
Now,

PROPOSITION 3.5. The notation being as above, iff is odd then

GGB.fH) = /C f(eF)OH, F) dF.

PROOF. This is clear from (11) and (12). n
In particular, we have

Pi(ey = GB3, W H) = /C W,("YO(H, F) dF.

We know that P, satisfies the heat equation and that P,(e/’) > 0 for all H € a*. We
must now prove that P, is the fundamental solution.

LEMMA 3.6.
(1) —sinha [T, sinh(F; — H3)

—sinh 3 H{l sinh(F; — Hy) = —sinh(a + 3) H3 | sinh(F; — H>).
(2) —a I (F; — Hy) — B T () — Hy) = —(at + B) T, (Fy — Ho),

(3) Ifp # 4. PP — () = 2 TR i g = (7 — )2
20+ +F, —Hy))(Fy —H))+2(F; — H23(F2 — H3) (tr F = trH).

PROOF.

(1) One can multiply both sides by ¢*'"# and express the result as sums of exponential
terms.

(2) Replacing, in the previous result, H; by tH;, F; by tF}, dividing both sides by *
and letting 7 tends to 0 we obtain the result.

(3) Can be proven, as in the first part, by direct computations. "

We now will write P,(ef') = Cr3e ™ exp(—rz(H)/ (4t))E(t, H) (the constant C > 0

absorbing any previous constants) where

E(t,H)
— 32 /Hl/ax{m prste by ,I<Ij(Fi — Fj)exp(—(ﬂ(F) . rz(H))/(4t))

-TIF; — Fjyexp(—(~A(F) — F(H))/ (4n))

i<j

3 3
: ?((sinh B [[ sinh(F; — H,), —sinh & [] sinh(F; — H3)> dF, dF,.

j=1 j=1
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LEMMA 3.7.

V2r)} (r(H)1/2 _ (V2n1)}
O<ELH) < — [6(H)] £

where, as before, m(H) = [1i<;j(H; — H)).

PROOF. Only the second inequality requires a proof.

E(t,H) <132 f f max{ Hy Hy+H—F )

TIF: — Fpyexp(—(rP(F) — () / (40))

i<j

S(H) P G-

[1F; —Hy), —

.K(a(a+ﬂ) 13( +8) i H(F H3))dF2dF1

This is a consequence of the fact that for x > 0, a > 0, sinh(x + a) > (x + a)% and
of the Lemmas 3.4 and 3.6 (the first and second parts). Hence,

E(t, H)

= t73/2[%]1/2/y, / ax{ Hy,H +H— H(Fi — 1)

£} i<j

-exp(—(r(F) — F(H))/ (41))
3 3
(8 T1F; = Ho.—a [IF) — Hy)) dF> dF,y
B =

_ w(fn]l/z( )"

5(H)
7 exo(=(T1cH: — Hp) loxi + 821/ 1) Ko, x0) do dy
i<j
_ V2m? w1/
o2 [5(11)] :

The change of variables used above was x| = (3 H}:,(Fi —H),xn=—«a H} \(F:
H3).

[}
This bound is going to be used with the Lebesgue dominated convergence theorem.

COROLLARY 3.8. IfH # O then lim,_g- P,(e") = 0
PROOE. An immediate consequence of Lemma 3.7.

LEMMA 3.9.

3
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PROOF.
limE(t, v/1H)
—0*

o0 \/—Hl
i —3/2
- 11_1.%1 ! /ﬁH. /mdx{ ViH3 T+ THy H(F )

—F1} i<j

-exp(—(P(F) — P(ViH))/ (41))
(smh(\/ﬁ) H sinh(F; — /tH)), — sinh(v/1a)

j=1

[ sinh(E; — \/EH3)) dF, dF,

j=1
A oo rH,
= lim [ | NN KH](L Ly exp(—(r(L) — F(H))/ 4)

% (sinh(v/16)/ V1 {1 sinh(VAZ, — H))/ V¥
j=1
— sinh(v1er)/ V't ﬁ sinh(Vi(L; — Hy))/ \ﬂ) dL, dL,
H,
- /H | / NS l<](L- ~ Lyexp(—(A(L) — ~(H)/ 4)

(6 H(L H)), —a H(L H})) dL, dL,

= (rn) " [7[” exp(- (et~ ) oz + 221/ 2) Kz, 22) dar da
_ /2n)
S

The change of variables used above was z; = 3 H}:](Li—Hl Jandz; = —« H _(Li—
Hs3). The limit is justified by Lebesgue monotone convergence theorem. [

THEOREM 3.10. P, is the fundamental solution of the heat equation for Pos(3, R)
(with the appropriate constant).

PROOF.  All that remains to prove is that lim, . [, P,(e'! (™6 (HydH = f(I).
lim [ P56 (H) dH
= Clim eV /a _exp(—r(H)/ (40))Et, H)f ()5 (H) dH

)
= Clim [ exp(=r(ViH)/ @0)E(t. ViH)f (V™) %’” aH

(V2r)?

=C LeXP(—rz(H)/él) F()T1(H: — Hy)dH = 167>/ 2Cf (D).

i<j
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We used the Lebesgue dominated convergence theorem. The only assumptions on f
used here are that f € L°°(A*) and that f is continuous at the identity. =
With the previous computations in mind, we choose the constant C to obtain

P = o 15 7 1737 exp(—P(H)/ (4n)r /2

, LLGF = Epexp(—(P(F) = P(H)/ (4n)

£} i<j

(13) /H, / ax{ H3,H)+H,—

3 3
: K(sinhﬁ [] sinh(F; — Hy), — sinh o [[ sinh(F; — Hj )) dF, dF,.

Jj=1 j=1

We point out that

/Hl /ax{H3H1+H2 —F} [ ]dFZdFl

= [P aarsar s [1 0y dk s

If we use the change of variable x; = F{ —Hj,x, = F, — Hy (H; — F3 = x; +x3)
in the first integral of (14) and the change of variable x; = H; — F3,x = Hy, — F;
(F) — H| = x| +x;) in the second, we find that P, is a symmetric function of the roots
and 3.

(14)

4. The asymptotic expansion of the heat kernel of Pos(n,R). We have seen in
Section 3 that, for ¢ near 0 and H close to the origin, the behaviour of the heat kernels of
Pos(2, R) and Pos(3, R) is quite similar to that of the heat kernels of the euclidean spaces
of corresponding dimensions, as we should have expected. We will now investigate what
happens when t — oo.

As mentioned in the Introduction, we now write

(15) Pi(e") = Ce™"'r 92 exp(—r(H)/ (41))po(H) Vi(H)

where ¢ is the dimension at infinity (the constant C will be determined later). We will
investigate the asymptotic expansion of V,(H) in powers of ¢!, as ¢ tends to infinity.
The terminology and results concerning asymptotic expansions are standard.

4.1 Pos(2,R). The dimension at infinity in this case is 4.
We have (see (9))

Coo(H) Vi(H) = [ ") — Hy — H)exp(=(P(F) = P(H)) | (4n)
- [sinh(F) — H,) sinh(F) — H,)] ™"/ 2 dF.

We will state, without proofs, the results in this case. The proofs are in the same spirit
as those in the case n = 3, albeit much simpler.
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THEOREM 4.1. Form > 0, let

Copo(H) b(H) = 27; [ @F\ = H — Ha)((F) = H)Fy — Hy)"
sinh(F, — Hy)sinh(F, — H)l™'/2 dF.
Then,
Vi(H) < bo(H) + i (=1D)"bpu(H)t ™ as t — o0,

m=1
uniformly over compact subsets of a*.

Furthermore, we have 0 < Coo(H)b,(H) < C,,,(l + r(H))m(l + a)e_"/z. Finally,
with an appropriate choice for the constant C, we have bo(H) = 1 for all H.

COROLLARY 4.2. ForallM > 0,

M
0 < (=M1 3 (1" bu(HD = ViCH) [ oo(H)
m=1
1+ r(H)
t

M+1
< by (H)go(H) < Cn( ) s

In view of Anker’s estimates for the Legendre function ¢y, this can be improved.
However, we will return to that later as these estimates can be obtained directly from our
computations.

4.2 Pos(3,R). The dimension at infinity in this case is 9.
We have (see (13))

Coo(H)Vi(H)
- /;11 /-ax{H;HMHv

. K(sinhﬁ H sinh(F; — Hy), — sinh @ H sinh(F; — H3)) dF, dF,.
J=1 Jj=1

[1(F: — Fyexp(—(~(F) — A(H))/ (41)))

—F} i<j

We first need some estimates.

LEMMA 4.3.  There exists a polynomial p such that

P(F) — P (H) < (1+ r(H))|p((F; — Hiza)|.

PROOF.  Using the third part of Lemma 3.6, we write:
(PP = PA(H))/2 = (FI — H\) +2(a + B + F — H))(F) — H))
+2(Fy; — Hh)(F2 — Hy + 3).

The result is then an easy consequence of the fact that « < r(H) and 8 < r(H)

(actually r(H) and the largest of «r, 3 and tr H are of the same order).
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LEMMA 4.4. There exists a constant 0 < C,, < 00 depending only on m such that

]Hl /ax{H3H1+H7 H(F F)[rz(F) ’Z(H)]m

—Fi} i<j
‘]((smh 3 1‘[ sinh(F; — Hy), — sinh 1‘[ sinh(F; — H3)) dF, dF,
j=1 j=1

Cn(1+ ()" (1+ a)(1+8)(1 +a + 3) exp(—(a + B)).

PROOF. It will be convenient to use the form given in (14). Also, because of the
symmetry involved, it is enough to consider only one of the terms. We will repeatedly
use the fact that for x > 0, sinhx ~ 7-¢*.

L [ 1 = B - Penr

i<j

3 3
: :I((Smh 8 TT sinh(F; — Hy), —sinh & [[ sinh(F; — Hy) ) dF> dF
=1 =1

I/\

A (GRS RE

i<j

[—smh(a+ B)Hsmh(F Hz)] 2 4Fy ar,

j=1
from Lemmas 3.4 and 3.6

(1+1(H) //(xl—x2+a)(x1+2x2+ﬂ)(2x]+x2+a+ﬁ)

- |p(x)|"[sinh(a + B) sinh(x; + &) sinhx, sinh(x; +x; + 3)]” 2 dxy dx,
= F, —H;, x, = F, — H,, pasinthe Lemma 4.3

I/\

l+a+p

< C(14 )" exp(~(@ +ﬁ))\J «+B
./Ooo[)a(xl +a)(x +20+08)2x +n+a + V1 +x +a

x;+x 40 ]—1/2

dx; dx
l+x1+x+0 2

- |p(0)| ™ exp(—x; — x2/2)[(x1 + a) sinhx;

(1 +rH))" exp(—(ar +8)), %—;ﬁ

'/000/001 VX1 + a(x) +2x2+ﬁ)(2x1 +x2+a+B)

—1/2
1+x +a|plx)| exp(—x; —x2/2) smhxz ik dx; dx;
p

X1 +x2
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l+a+p
a+f

-/000/0“ VX 4100 + 20 + DRxg +x0 + DV2+ 0V 1 +x +x2
- |p(x)] exp(—x; — x2/ 2)[sinhx;(x +x2)]"/2dx2 dxy.

< C(1+rH))" exp(—(a +8))(1 + a)(1+B)(1 +a +B)J

The last integral is like [§°/5° p(x) exp(—x; — x2/ 2)[sinhxa(x; +x2)17"/ 2 dxy dx; (p a

polynomial) if o > 1 and like [ \‘% if @ < 1. In either case, we can conclude. n
THEOREM 4.5. Form > 0, let
C¢0(H)bm(H)
1 H m
- 4mm! /max{Hg,Hl +Hy—F} H(Fi N Fj)(’l(F) N IZ(H))

i<j

3 3
: K(sinh 3 1 sinh(F; — H,), — sinh & [] sinh(F; — H3)) dF, dF,.
j=1 j=1

Then,
Vi(H) < bo(H) + Y (=1)"bu(H)I™ as t — oo,
m=1

uniformly over compact subsets of a*.
Furthermore, we have

0 < Chpo(H)bm(H) < Cpp(1+ r(H))" (1 +a)(1+ B)(1 + o + e+,
Finally, with an appropriate choice for the constant C, we have by(H) = 1 for all H.
PROOF. Naively, this comes to expanding the term exp(—(rz(F) — IQ(H))/ (4t)) in
powers of t~ 1.
We have, foreach M > 0,
M o(—1)" m
0<% TP — P — exp(—(P(F) — ) 4n)]

o 4mm!
1 M+1
< gy i 00— rED) e

This is a simple application of the Lagrange remainder theorem to the function e™*.
The asymptotic expansion for V;(H) and the upper bounds on the coefficients b,,(H)
follow immediately from Lemma 4.4.

V,(H) is analytic in 7 in the domain Xz > 0. Indeed, if Y is any closed curve in the
domain Rt > 0, fy Vi(H)dt = fc[ Iy exp(—(P(F)—P(H))/ (4n) dt]w(F)@(H, F)dF =
0 (whenever fr > 0, | exp(—(rz(F) — rz(H))/(4t))| < 1: our bounds in Lemma 4.4
allow the use of Lebesgue dominated convergence theorem).

This is enough to ensure that %V,(H) has an asymptotic expansion, the expansion of
Vi(H) differentiated term by term.

From the uniform convergence of the asymptotic expansion of V,(H) over compact
subsets of a*, the fact that A is self-adjoint and that AP, = %P,, we can conclude that
A(dobg) = —Y?(¢oby). That implies that by is a constant function. [

https://doi.org/10.4153/CJM-1992-038-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-038-7

THE HEAT EQUATION 641
COROLLARY 4.6. ForallM > 0,

M
0 < (=1 [1 3 (— 1 b = ViCH) [go(H)

m=1

< by (H)¢o(H)
<c, ( 1+ r(H)

M+1
) e @1+ a)1+8)(1 +a+8).

PrROOF. This is a direct consequence of the proof of the theorem. ]

5. Estimates. We mention in the Introduction our intention to prove that Jean-
Philippe Anker’s upper bound,

s

1+ (Mg +mae )/ 2—1
(16) van<c I (1+ =)
a€exd
is valid for the symmetric spaces Pos(2, R) and Pos(3, R) and that a constant multiple of
that upper bound will serve as lower bound. We will endeavour to fulfill this program in

this section.

5.1 Pos(2,R). For the space of positive definite matrices, Anker’s bound (16) can be
written in simpler terms. Indeed, the roots of the symmetric space Pos(n, R) are all indi-
visible and of multiplicity one.

In this case, we have

Py(ef')y = Ce™ "'t 2 exp(—r*(H)/ (41))go(H)Vi(H).
For the space Pos(2, R), the bound for V;(H) is given by
~1/2
c ( 1+ 1+ a> / .
t
As before, we will state the results for the case n = 2 without proofs: the case n = 3

is again much more difficult and is sufficiently suggestive as to what the proofs would
be in the simpler case.

THEOREM 5.1. There exists a constant C > O such that

Vi(H) > C(l JL1ra )71/2_

A consequence of the proof (as can be seen in the case n = 3), is that
COROLLARY 5.2. There exists C; > 0 and C, > 0 such that
Cie /(1 + a) < go(e) < Cre™ /(1 + )
forallH € a*.

This result has been known for a long time.
5.1.1. Upper bound. On the other hand, it is even easier to prove that
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THEOREM 5.3.  There exists a constant C < 0o such that
l+a )*1/ 2
; .

Vi(H) < C(1 +

5.2 Pos(3,R). As in the previous section, we can state Anker’s bound (16) in simpler
terms.
In this case, we have

Py = Ce % 2 exp(—r (H)] (41))go(H) Vi H).
For the space Pos(3, R), the bound for V,(H) is given by
1 -1/2 1 -1/2 1 -1/2
C(1+ HX) (1+ +ﬁ> (l+—+a+ﬂ) .
t t t
As before, « = a(H)=H; —H, and 8 = B(H) = H, — Hs.
We will first prove that with the appropriate choice of positive constant C, the above

expression constitutes a lower bound for V,(H). We will then show that, with a different
choice of positive constant C, the above expression can also serve as an upper bound for

Vi(H).
5.2.2. Lower bound.

THEOREM 5.4.

Vi) > 1+

1:a)*1/2<1+ lw:ﬁ)*l/2<l+ 1+o;+ﬁ>*1/2.

PROOF. We will first show that
$o(H) Vi(H) = Ce™ D1+ a)(1+B)(1 + o + )
amn 1+ay\-1/2 1+8\"1/2 l+a+B3\"1/2
-(1+ ) (1+——> <1+¢——A) .
t t t

The proof of that equation is rather cumbersome. The strategy is to break it down into
several cases, proving each of them in turn. Going here through all these cases would be
rather tedious. We will instead indicate what these cases are, provide some pointers and
give an example; the rest will be left as “exercises”.

We first note that since the problem is symmetric in o and 3, we may assume without
loss of generality that 3 < o. We also can make use of the fact that « and « + (3 are
then of the same order. We also recall that for x > 0, sinhx ~ 1'—;6”( .

We also have K (a,b) > T \/ﬁ; if we combine that observation with Lemma 3.6

and the first term of (14) along with the change of variable suggested there, we have

¢0(H) VI(H)
> C/Ooo/o"(xl —x+a)x +2x+B)2x +x2+ x + )
cexp(— (2 +2x01(x + a + ) + 2x0(x, + B)) / (20))

- [sinh o sinh(x; + o + 3) sinh(x; + 3) sinh(x; + xz)]_l/zdxz dx,
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where C is a generic constant.

We break down the proof of (17) into the following cases:

t>«
1<f<a:{f<t<L
1<p
>«
1<t<
Vi<
t>1
a<t<1
< <1: - -
Praslngcvica
Vi<B.

We prove the case 3 <1 < a, 8 <4/t < 1 as an example:
Po(H)Vi(H)

> [7[ @ =0+ + 20 +6)2x +x +a+ §)
exp(—(F +201 (2 + o+ 8) + 2000 + 6))/ 20)
- [sinh « sinh(x; + o + ) sinh(x; + 8) sinh(x; +x2)17/ % dx, dx;

> ce(a/ D+ p) [ f v )
cexp(—(df + 2012+ &+ 8) + 20000 + §) / 20)e /2
- [sinh(x; + 3) sinh(x; + x2)] ™" dx; dx,

> ce () Da+p) [* v 2m )
: exp(—(x% £+ a4 B)+ 200 +8))/ (2:));:**'/2
- [sinh(x, + B8) sinh(x; +x2)]~"/ 2 dx; dx;.

Now,
/Ooo /01/2(x1 +2x; +ﬁ)exp(—(xf +2x1(02 + . + B) + 2x2(x0 + ﬂ))/(2z))
- e "/ 2[sinh(x, + B) sinh(x; +x2)]/ 2 dxydx,
oo r1/2 IR
2 éfo /0 (2y2+ﬂ)exp(—(y% +2y1(y2 + 1 +1))/2>e N/ 1832/ 1=31/2

. . t -1/2 a
- [smh(yz +0) smh(;yl +y2)l dy; dy, yi = 7x1, 2 =x
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1p1/2 )
2 CL/// (2 + B)e ™ 7B/ 1[(y, + B)(tyy + y2)1 7V 2 dy, dyy

3/2 1 (2J)
! /// Viz + B)V2e 3782 Vijz 4 /122172 dzy dzy
21 =1 22 Z)’2/‘/
1/2
>C_—/ // V1) Wiz + Vi1V 2 dzy dzy

£? 1/2 472 _
= C-a—/()/() Zz/ [z1 + z2] l/deZdZL

The other cases require similar methods.
If we refer to Theorem 4.5 together with (17), we have:

Ce @B (1 +a)(l+ﬂ)(1+ I:a)fl/z(“'#)—l/z(l +M>—1/2

t
< ¢o(H) Vi(H) < C'e ™D (1 + a)(1+8)(1 + a + B).

We take the limit as ¢ tends to infinity; the resultis Ce “*®) (1 +a)(1+8)(1 +a+3) <
po(H) < C'e™ D1+ a)(1+B)(1 +a + ).

This, together with (17), allows us to conclude. [ ]

We have proven the following corollary:

CORROLARY 5.5. There exists C; > 0 and C, > 0 such that

Cie ™1+ a)(1+8)1 +a +8) < do(H)
< Cre 1 +a)1+8)1+a+3)
forall H € a*.

This result was obtained first by Carl Herz in [10].
5.2.2. Upper bound

THEOREM 5.6.

V(H) < C(l N 14;01)71/2(1 N 1+t-5 )—1/2(1 .\ M>-1/2~

t

PROOF. As a consequence of Corollary 5.5, it is enough to show that

do(H) Vi(H) < Ce ™D (1 +a)(1+ )1 +a +3)
l+a\-1/2 1+8\-1/2 l+a+p3\"1/2
-<1+ p ) (1+—) (1+——) .

t t

The proof of that equation can also be broken into cases, each of them to be proven
in turn. We will indicate what these cases are, give some pointers and other indications;
the rest will be left as “exercises”.

We again will assume that § < «.
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We also have K(a,b) < 5 Tlrbl . If we refer to (14), we can write ¢o(H) V,(H) =
f(‘))of(?"'+f(?°f§ -«. = I, + I,. We then have

I| S C/Ooo/oa(xl — X2 +(x)(x1+2x2+[3)(2x1 +x2+a+ﬁ)

: exp(—(x% #2010 + o+ §) + 2+ 6))/ 20)
- [sinh(cr + B) sinh(x; + o) sinhx; sinh(x; +x2 + 8)]"/ 2 dxs dx,

where C is a generic constant. A similar bound can be found for /. It is important to
keep in mind that we have two terms to consider.

Thecasest <1+ and 0 < 8 < o < 1 are consequences of Lemma 3.7. The case
t > 1+ « is easily derived from Corollary 4.6. The other “cases” are 1 < 3 < «, and
B<1<awithl+8 <t<1+a.

These cases are solved using the same techniques as in the previous section and in
Section 4. n

Finally, we state the results of Sections 4 and 5 in the most general form possible:

THEOREM 5.7.  Consider the symmetric spaces Pos(2, R) and Pos(3, R). Suppose P,
is the fundamental solution of the heat equation and write

P!y = Ce™ 179/ 2 exp(—P(H) | (41))$o(H)Vi(H)

where q is the dimension at infinity.

Then,
M
0< (=1M[1+ 3 bu(H) ™ = Vit

m=1

1 H)H)\ M+1

< bun (D 1) < ¢y (LY

t
forM >0, and
1 (mg+mag) [ 2—1
AH(1+ ”)m“ < V(H)

a€xy

(Ma+mg )/ 2—1
SBH(1+1+a> +mM2a )/

.
a€x)

(with0 < A < B).

6. The False Abel Inverse Transform for Pos(n, R). The main goal of this section
is to conclude the proof of Theorem 2.5 started in Section 2. Perhaps we should stress
here the difficulty we encountered in the proof as begun in Section 2. If we assume that
f is odd, smooth and has compact support, we can use the induction hypothesis to show
that AG(n,f;-) = g(n (A, ) The problem is to show that G(n,f;-) is “nice” too.
This is a necessary ingredient in the proof by induction as shown earlier.
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LEMMA 6.1.  Let iv(F) = ¥}_, byFy be such that R(b, — b,) < 1 whenever p < q.
Then, there exists a nonzero constant C which depends only on n such that

lim ePHD G e HOy = T B((1 — (by — by))/2,1/2)

oo p<q<n
provided 1im .o (Hi(t) — Hi () = 00 (1 <i<n—1).

PROOF. When we use this lemma, H(¢) will be tH with H € a*. We introduce H(t)
in order to resolve a technical difficulty in the proof (see equation (18)).

We assume first that 8(b, — b;) < 0 whenever p < g. Note that
e~ H®D) g(n — 1(e")y H: e&) — ¢ ivolAm) Gn—1, &"0; ef)

where () = diag[Hi(1)]1<i<n—1 and ivo(€) = 0= (b — bn)éx.
This opens the way to a proof by induction. The lemma is clearly true for n = 1 (by
convention, an empty product is equal to 1). Assume it is true forn — 1 (n > 2).

We want to compute

. Haa(1) 00 - .
lim / e /H N e ivo(H()) g(n —1,e"; et )ep(H(t))5 &)
1(2

t—o00 JH,_1 (1)

1

n

=

| sinh(& — Hy(n)| "/ 2 de.

i=1j=1

The idea is to make the change of variable x; = & — Hi(¢), 1 < i < n—1 and
use Lebesgue dominated convergence theorem to evaluate the limit. Unfortunately, if x;
is near H;_;(f) — H,(¢) the integrand is not bounded as a function of ¢ since | sinh(x,« +
(Hi(r) — Hi1(1)))| =2 is then like ((Hi_y(t) — H{(1)) — xf)"/ ? (elsewhere it is like
V2exp(—((Hia() — H() — xi)/ 2)).

We consider the following sets: for 2 < k < n — 1, if D is the domain of integration,

Dy = {£ €D: & > Hu(t) + (Hio () — Hi(1)/ 2} and D/ = D — Uy<y<p—1 Dy Using
Lemma 2.3,

e 0HD) Gl — 1,60 8)] = | Gln — 1, HD g0, o8 )|

<| e_i”O(H(’))ei”°|]5 Gn—1,1; ).

Ifw € D), then ¥7_, w, > 57_, & (1 < p < n—1). If we combine this with
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the inequalities R(b; — b;) < 0 whenever i < jand § > H(t) (1 <k < n— 1), then
éR(—iz/(, (A®) + iuo(w))

n—1 )4 )4
= 3 Ry — bpu) (L w = L HA)
p=1 r=1

r=1

k k
< Rbx— b (L wr = Y H0)
r=1 r=1

k k
< Rk — ba) (Y & = 2 H0)
r=1 r=1

< R(bx — bra) (& — Hi())
< Rbe — bist) (Hi—1(1) — Hi(1)) / 2 (whenever € € Dy) .

Hence,

] e B0 G — 1,67 )86 1?0 T T|sinh(e; — Ho)| ™ d |

i=1j=1
< E,R(bk—bm)(kal(')*Hk(f))/2€p(H(t)) /; g(n —-1,1; & %) (g)

n—1 n _
T Hllsinh(g,- — Ho)| " de
i=1j=

— e%(bk‘bkﬂ)(Hk—l(’)—Hk('))/2eP(H(I)) G(n’ l;eH(t))

which tends to 0 s 1 tends to 00 (G(n, 1; H(1) < C[8 (H(1)] /* ~ &m0t
The same reasoning shows that || e=*#®¢io|| is uniformly bounded for £ € D.
To compute the limit, we can now replace the domain of integration D by D’. We now
use the change of variable mentioned above:
o) . ~ . -
e(_lV0+pn—l)(H(t)) g(n —1,e"; €V+H(t))

lim
1—00 JO

(Hn—2()~Hp1 (1)/ 2 /
0

[T sinh(x — 5+ (Hi(o) — Hyo) }e St (102

i<j<n—1

. f[' 1 [sinh(x; + Hi(t) — Hy(0)|™"/” dx

i=1 j=1
By the induction hypothesis,

(18) tl_lglo e(*i'/oﬂlnfl)(ﬁ(t))g(n _ ],eiVo; eX+I:1(l)) — Cnil(yo)e(i'/(ﬁpn—l)(x)
where Cnfl(VO) = Hp<q§n71 B((l - (bp - bq))/ 2, 1/ 2)

We use again Lemma 2.3 to show that the integrand is bounded by
Ce= X5/ 2 =) sinh™1/2 x,.
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Finally, the limit becomes

00 00 . n—1 i n—1
20012 [ [ o0, () T2 T sinh 2 1y
i=1

00 00 . =1 n—1
— 2("—1)/2Cn_‘(1/0)/0 . '/(; ell/()(x)e— Z::l X,/2 H Sinh*l/zxi dx
i=1
n—1 o0
= 20D/2C, (1) 11 /0 Bt =1/ % G =1/2 3 e
i=1

- 2(,,*1>/2C,,_1(u0)"[[l %3(1/2 — (bi— ba)/2,1/2)
i=1
which gives the desired expression.

By imitating the proof of Lemma 2.3, one finds that if ®(b, —b,) < K < 1 whenever
p < g, there exits 0 < Cx < oo such that | G(n,e";e)| < Cxe® @[5 (H)~'/?
(limg_,;- Cx = 00). It follows, by analytic continuation, that the lemma is valid if
R(b, — by) < 1 whenever p < gq. .

The notation and results that can be found in chapter IV (§5, §6 et §7) of Helga-
son’s [8] are particularly pertinent to the rest of the section.

PROOF OF THEOREM 2.5 (END). The result is true for n = 1. Assume it is true for
n—1(n2>?2).

Let A be the set of all linear combinations of the positive roots having non-negative
integer coefficients and let A be the set of all linear combinations of the positive roots
having integer coefficients.

We define ‘ag to be the set of complex-valued linear functionals on a such that
i(sA —tA) & Afors # tand (p,p) # 2i(u,\) forally € A— {0} ands € W.
‘ag. is a dense open connected subset of the set of complex-valued linear functionals on
a.

CLAIM. Suppose iv(F) = ¥}_, biFy is such that [ R(b,—b,)| < 1 forall p and g and
v € 'ai. Then, there exists a positive constant independent of v such that
G(n Trew(dets)e™ s ) = C(w()) ' |c@)| 2y (e,

Recall that if X is a linear functional on a and s € W, then sA(H) = A(s~'H). Note
that ¢, (e!') = Ji e =P HE ) gk and ¢ is Harish-Chandra ¢-function.

We verify the claim. A consequence of the beginning of the proof and of the in-
duction hypothesis is that if f is odd and decreases quickly enough, then AG(n,f;-) =
g(n, A, ) We can extend the result further by the following device: Suppose f =
Tsew(dets)e’™ with v as in the claim: e/ 'f is odd, smooth and decreases quickly
enough. If one computes the asymptotic expansion of AG(n, e/ iy =
G(n,T(A)e™"/'f); ), one finds that AG(n.f; ) = G(n, T(A)f: ).

g(n, Siew(det s)e; eH) is then an eigenvector of A for the eigenvalue —(v2 + v?)
W= (v.v) = —i_ b

Assume for now that 0 < (b, — b,) < 1 whenever p < q.
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Using the notation preceding the claim, we write
o, (H) = o —p)H) Z r#(l,)e—/t(ﬂ)
HEA

whenever v € "ag. We set [')(v) = 1; with the proper recursive definition on the I, (v),
the conditions on ‘a{. ensure that functions @y, , with s running in the Weyl group, form
a basis of the eigenspace of A for the eigenvalue —(v2 + 2).

Hence, G(n, Ssew(dets)e™ ; ef!) = Toew a,(v) @y, (H).

Since H € a*, qj(v) = lim_ VP G(n, e ;M) = Hp<qé,,B((l — (b, —

bq)) /2,1/ 2): the first equality follows from the fact that the series defining @, con-
verges absolutely and uniformly on each subchamber { H € a* : o(H) > C > 0 (1 <
i < 1)} (again see [8]) and the second equality is a consequence of Lemma 6.1.

This gives a;(v) = C(W(V))flc(x/)]c(zx)]’zz this is a consequence of the relation
B(1/2 —x,1/2) = tan(mx) B(x, 1/ 2) and the expression for the c-function as given by
T. S. Bhanu Murti in [13].

The functions G (n, Sew(det s)e™ ; et ) are analytic in v in the domain |R(b,—b,)| <
1. As a consequence, one finds that the coefficients a,(v) are also analytic in the do-
main ‘ag N |R(b, — b,)| < 1: see for instance exercise B17 page 486 in [8]. The
formula q;(v) = C(7r(1/))*lc(1/)|c(1/)|’2 is then valid in the same domain. Finally,
if we replace v by s’ in g(n Seew(det s)e™ ; et ) = Sew as(v)Dy (H), we find that
ag(v) = (dets)a,(sv’) = C(ﬂ’(l/))_IC(SV/)'C(I/)]_z.

This proves the claim since ¢, = Y sew c(sv )Py, .

Suppose that f is an odd function. We write f for the Euclidean Fourier transform of

f-
f(Hy=C / Fa)e® gy
|W| > / Fsv)e™ ™ dy
sEW
det zsu(H)d
= 7 [0 Tt ®av.
Hence,
(19) Gn.fiey = c/ Jw )¢,(e”)|c(u)|*2dy
The equation on the right hand side sat1sﬁes the conclusions of the theorem. n

COROLLARY 6.2. Iff is a K-invariant function on Pos(n, R) of compact support then

f=CG(n,omF(f;-);-)
(we recall that F(f; -) is the Abel transform of f).
PROOF.  F(f; ) is Weyl invariant so d(m)F(f; -) is odd, decreases quickly enough and
its Euclidean Fourier transform is Cm(v)f(v) (f is the spherical Fourier transform of f).

The rest follows from equation (19) and the inversion formula (see [8], Theorem 7.5 page
454). u
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COROLLARY 6.3. Let Wi(H) = Ce™""'r™/23(m)exp(—r*(H)/ (41)). G(n, W3 ") is
the fundamental solution of the heat equation for Pos(n, R) (modulo a constant).

PROOE. The Abel transform of the heat kernel is known to be
Ce™ "t/ 2 exp(—r(H)/ (41)).

The result follows from the previous corollary. n

7. Conclusion. In Section 6, we show that the “candidate” we gave in Section 3 for
the heat kernel of Pos(n,R), P(e) = G(n,W;;H) where W, (H) =
Ce™"11/29(1r) exp(—rz(H)/ (41)), is actually the right one even for n > 3. However,
to prove this, we had to rely on the heavy machinery involving Plancherel’s formula and
the eigenfunctions of the Laplace-Beltrami operator. The methods we have used in Sec-
tions 3, 4 and 5, we believe, are more likely to be open to generalization to other type of
Riemannian manifolds.

Another point is that to prove similar bounds for Pos(n,R) (n > 3) will be quite
difficult using our transform, especially the lower bound. On the other hand, a slight
improvement of Lemma 2.3 would allow us to compute an asymptotic expansion for
the heat kernel, something the expression of P, based on Plancherel’s formula does not
provide.

We think it is better to leave this development to a further paper.

REFERENCES

1. Jean-Philippe Anker, La forme exacte de ’estimation fondamentale de Harish-Chandra, C. R. Acad. Sci.
Paris Sér. I Math. 305(1987),371-374.

, Le noyau de la chaleur sur les espaces symétriques U(p, q)/ U(p) x U(q), Lecture Notes in Math.
1359, Springer Verlag, New-York, 1988, 60-82.

3. Maurice Chayet, Some general estimates for the heat kernel on symmetric spaces and related problems of
integral geometry, Thesis, McGill University, (1990).

4. E. B. Davies, Heat kernels and spectral theory, Cambridge Univ. Press, (1989).

5.1. M. Gelfand and M. A. Naimark, Unitdre Darstellung der klassichen Gruppen, Akademie-Verlag, Berlin,
1957.

6.R. Gangolli, Asymptotic behaviour of spectra of compact quotients of certain symmetric spaces, Acta Math.
121(1968), 151-192.

7. Sigurdur Helgason, Differential Geometry, Lie Groups and Symmetric spaces, Academic Press, New York,
1978.

2.

8. Group and Geometric Analysis, Academic Press, New York, 1984.
9. Carl S. Herz, Les espaces symétriques pour piétons, Publications mathématiques d’Orsay, Séminaire
d’analyse harmonique, 1978-1979.

, The Poisson kernel for sl(3, R), Lecture Notes in Math. 1096, Springer Verlag, New-York, 1984,
333-346.

11. T. H. Koornwinder, Jacobi transformations and analysis on noncompact semisimple Lie groups.In: Special
functions: group theoretical aspects and applications, R. A. Askey & al. (eds), Reidel, (1984).

12.Noél Lohoué and Thomas Rychener, Die Resolvente von A auf symmetrischen Riumen vom nichtkompakten
Typ, Comment. Math. Helv. 57(1982), 445-468

13. T. S. Bhanu Murti, Plancherel’s measure for the factor space SL(n;R)/ SO(n; R), Soviet Math. Dokl.
1(1960), 860-862.

10.

https://doi.org/10.4153/CJM-1992-038-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-038-7

THE HEAT EQUATION 651

14. Patrice Sawyer, The Heat Equation on the Symmetric Space associated with SL(n, R), Thesis, McGill Uni-
versity, (1989).

Department of Mathematics
University of Ottawa
Ottawa, Ontario KIN 6N5

https://doi.org/10.4153/CJM-1992-038-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-038-7

