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Abstract

Results concerning a class of lacunary sets are generalized from compact
abelian to compact nonabelian groups. This class was introduced for compact
abelian groups by Bozejko and Pytlik; it includes the p-Sidon sets of Edwards
+ and Ross. A notion of test family is introduced and is used to give necessary
* conditions for a set to be lacunary. Using this, it is shown that % (2) has
no infinite p-Sidon sets for 1 <p<2.

Subject classification (Amer. Math. Soc. (MOS) 1970): 42 A 44, 43 A 14.

1. Introduction

In the recent literature there has been considerable interest in the existence of
certain types of lacunary or “‘thin” subsets of the dual objects of compact non-
abelian groups, since in the abelian case, these have proved to be a useful tool.
But the results have been disappointing; many well-behaved non-abelian groups,
even compact connected Lie groups, can fail to have infinite central Sidon sets in
their dual object (Price, 1971; Rider, 1972).

Bozejko and Pytlik (1972), in the case of an abelian group, provided a unifying
concept for lacunary sets (their sets of type S, , and S3, include most types of
lacunary sets previously considered) and at the same time introduced some a
priori new families of lacunary sets. Edwards and Ross (1974) show that some of
their families are strictly larger than previously known families of lacunary sets,
but only for the abelian case. So it is natural to enquire whether their ideas give
any interesting results in the non-abelian case.

This article is the first of a series in which I shall consider this question. In later
articles I shall be principally interested in results for compact connected Lie
groups—here I shall deal mostly with the case of an arbitrary compact group.

Closer examination of Bozejko and Pytlik (1972) shows that many of the
results therein (in particular Theorems 1 and 2) have straightforward generali-
zations to the non-abelian case—I summarize these in Section 3. Section 4 is
devoted to central and local central analogues of these sets (cf. Parker (1972)).
In Section 5, I consider ¢-Sidon and central g-Sidon sets, giving a generalization
of the theorem that a Sidon set is A(p) for all p>1. Section 6 contains some
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necessary conditions for a set to be of type A(p,q) in terms of the hypergroup
structure on the dual. In particular, the notion of a test family is extended from the
abelian case. This yields an improvement to a theorem of Benke (1974), and as an
application, it is shown that $%(2) has no infinite p-Sidon sets for 1 <p<2.

I remark here that there are many interesting questions left unanswered by this
article. For example, the method of Cecchini (1972) for showing that the dual
objects of compact Lie groups admit no infinite local central A(4) sets has no
extension to sets of type A(p,q), and other methods have to be developed. Rider’s
proof (1972) that compact connected semi-simple Lie groups have no infinite
central Sidon sets appears to admit no generalization to central p-Sidon sets
(1 <p<2). 1 shall deal with these questions in future articles.

2. Notation

R denotes the set of real numbers. If pe[l,o0], p'e[l,0] is such that
(1/p) +(1/p") = 1. Unless specified otherwise, G will be a compact Hausdorff group
with Haar measure Ay The symbol LP(G) (1<p<co) will denote the usual
Lpr-spaces, C(G) the continuous functions, 7(G) the trigonometric polynomials on
G, M(G) the space of Radon measures on G. If 4< M(G), ZA will denote the
convolution centre of A. The dual object of G, denoted X, is a maximal set of
pairwise inequivalent irreducible representations. For o€, let d, denote the
degree of o, x, the character of 0. If 0, € X we may write x, x, = X¢cs (0 - Xp
corresponding to the decomposition of the tensor product ¢ ®7, where n,,({) is
a positive integer. The (finite) support of r,, is written o x 7. For any RS 3, let
&P(R) (1 < p <o) be the spaces introduced in Section 28 of Hewitt and Ross (1972).
ZEP(R) is the set of elements of £7(R) which commute with every element of £P(R)
under multiplication. Note that Z'6?(R) = {4 € &P(R)| for o€ R, A, is a multiple
of the identity}; the map {a, I, > +>d%*.a, is an isometric isomorphism of Z&7(R)
onto /?(R). For pe M(G), fi e §°(Z), defined by fi(e) = [ 6(x) du(x), is its Fourier
transform. If A< M(G), REX, Ap = {ucAd|f(c) =0 for o ¢ R}.

Further clarification of these concepts may be found in Hewitt and Ross (1972),
as may any unexplained notation or terminology.

3. Definitions and elementary properties; sets of type V(p,q) and A(p,q)

(3.1) DerFINITION. Let G be a compact group, R< X, and suppose p,g€[l, oc].
Then R is of type V(p,q) if
(i) there exists xR such that for all fe T(G),

_ _ 1<l
R is of type A(p,q) if
(ii) there exists x €R such that for all fe T(G),

11l < %[l 1l
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For typographical and historical reasons, I have preferred to alter the notation
of Bozejko and Pytlik (1972). The correspondence is given by

Risof type S,,, ifand onlyif Ris of type ¥(p',q');
Risof type S}, ifand onlyif Ris of type A(p’,q").

Notice that for p>2, R is of type A(p) if and only if R is of type A(p,?2), and
also that R is of type A(2) if and only if there exists p>2 such that R is of type
V(p,2). Every set of type A(p) (p<2) is also of type V(co, p).

The proofs of the following theorems may safely be left to the reader familiar
with Bozejko and Pytlik (1972), Edwards and Ross (1974) and Section 37 of
Hewitt and Ross (1972).

(3.2) THEOREM. Let G be a compact group, p,qe[l,o0}, g# 1, and suppose that
R< 3., The following propositions are pairwise equivalent:
() R is of type V(p,q).
(i) There is x€R such that for all feCRx(G) (or LE(G)), fe89(S) and
171l <l 1l
(i) (LB = E1(T).
(iv) (LP)"|g26UR) (or ER) if p =1 and ¢ = o).

(3.3) THEOREM. Let G be a compact group, p,q<[l,o}, ps#co, and suppose that
RC . The following statements are pairwise equivalent:
(}) R s of type A(p,q).
(if) There is k€R such that for all fe Cx(G) (or LE(G)), fe&UT) implies that
o <[ /Tle-
(iii) (only for p+#1). There is x R such that for all ve M(G), € EYR) (or &(R)
if ¢ = o) implies that ve LP(G) and ||v||, < || %]l
(iv) (L)~ |z2EUR).
() I7)|a289R) (f p = 1, C(G)"|aS EU(R)).
If p = o0, one has that (i) implies (iv) and that (iv) and (v) are equivalent.
Various other equivalent statements are available in certain cases (for example,
for p=1 or o in (3.2)).

(3.4) ReMARKS. The above theorems show that every set of type A(p,q) is also
of type V(p,q). It is clear also that each type is hereditary, that is, a subset of a
set of type V(p,q) or A(p,q) is of the same type. Furthermore, it is easily seen that
if p;<p, ¢, <q then every set of type V(p,q) (respectively A(p,q)) is also of type
V(p;,qy) (respectively A(py,qy)).

Of course, for many values of (p,q) the class of sets of type V(p,q) is trivial;
either it includes all subsets of X or it includes only finite sets (which are clearly of
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type V(p,q) for all (p,q)). A consequence of the Hausdorfi-Young inequality is
that every subset of X is of type A(p,p’) for all 2< p<oo. Also note here that the
preceding theorems show X to be of type V(p,q) if and only if 2 is of type A(p,q).

4. Central and local central sets

(4.1) DerinrTION. Following Parker (1972), I shall say that RcX is of type
central V(p,q) if (3.1) (i) holds for all fe ZT(G). R is of type local central V(p,q)
if (3.1) (i) holds as f runs through all irreducible characters of G. In a similar way,
one defines sets of type central A(p,q) and local central A(p,q).

(4.2) ReMARKs. Analogues of Theorems (3.2) and (3.3) hold for sets of type
central ¥V(p,q) and central A(p,q) (one replaces, in the statements, T(G), C(G),
L?(G), M(G) and £7(Z) by ZT(G), ZC(G), ZLP(G), ZM(G) and ZEP(G)). Again,
the proofs are similar to those of Bozejko and Pytlik (1972), using Lemma 1.1 of
Parker (1972) where necessary. It is clear that R is of type V(p,q) implies that R
is of type central ¥V(p,q) and this implies that R is of type local central V(p,q),
and similarly for type A(p,q).

(4.3) LEMMA. Let ceX.
(i) If gell, 0}, || %]l = dL27.
@) Ifp<2, di_2/p<”Xv”p’ and if p>2, ”Xa'“p <di¥e,

Proor. Let reZ. Then

1

—1 ifo=
Q”(T) = da' do lf g T

0 if ¢ # .

Hence ||%]l,=d® 9/2=4d1-2/7. The statement (ii) follows from (i) by the
Hausdorff~Young inequality and its converse.

(4.4) PrOPOSITION. (i) X is of type local central V(1,q) for all g€[l,].

(ii) Suppose thatpe]l,2),qe]2,c0] andp>q'. Then if R< X is of type local central
V(p,q), sup{d,| o € R} <co. Further, if R is of type central V(p,q), R is finite.

(iii) Suppose that qe[l,00]. Then if R<X is of type local central A(c,q),
sup{d,|o€ R} <co. If R is of type central A(0,q), R is finite.

ProoF. By (4.3) (D), sup{|| %o llo/ || xo k| @€ Z} < sup{d;2/2| o€ Z}< 1. This proves
(i). To show (ii), first notice that if R is of type local central V{(p,q) for p<2, then
sup{|| %+ llo/|l xo |l | @ € R} <co. By (4.3) (ii), this implies that

sup {d‘(lep')—(zlq) | ceR} <0

and so either p<gq’ or sup{d,|occ R} <co.
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Suppose now that R is in infinite set of type central A(p,q) (p=2,p>q’). Then
sup{d,| o€ R} <00, so by Theorem 2.4 and Corollary 3.4 of Parker (1972), we may
assume that R is of type central A(p’). Then ZEY(R)2(ZLE)" = (ZL3)" = ZEXR).
This implies that R is finite or that ¢ <2. The latter is impossible.

(iii) is similar, except that one uses the fact that any infinite set of uniformly
bounded degree contains an infinite central Sidon set (see Parker (1972), Corollary
3.4).

(4.5) REMARK. Suppose that g€ ]2, ], p€]l1,2], and suppose that R is an infinite
set of type central V(p,q). Then the argument of (ii) shows that R contains no
infinite set of type central A(p"). If G is abelian, every infinite set contains such a
subset. However, in the nonabelian case, not every infinite set need contain an
infinite central A(p") set (Cecchini (1972), Theorem 3; Rider (1972), Example 1).

5. Some results on g-Sidon sets
Sets of type (central) V(l,q’) are said to be (central) g-Sidon sets. These sets were
discussed for G abelian by Edwards and Ross (1974) and L.-S. Hahn. By the
Hausdorff-Young inequality, 2 is ¢g-Sidon for all ¢>2. Hence I shall consider
only 1<¢g<2. (Central) 1-Sidon sets are (central) Sidon sets.

(5.1) THEOREM. Let R< X be q-Sidon. Then

(@) R s of type V(0,29/(3¢—2)).
(ii) R is of type A(r,2q/(3g—2)) for all re[1,c0[; in fact there is x €R such that

for all fe Te(G) and for every r € 1,0, || fll: < «r}||f lleg/sq-2-

PROOF. (i) is proved as in Theorem 2.1 of Edwards and Ross (1974). The proof
relies on the fact that A(C(G), £UYT)) = £/ ().

A version of (ii) for abelian groups is proved by Bozejko and Pytlik (1972),
Theorem 2. Using methods of Figa-Talamanca and Rider (1966), I shall indicate
how to extend this proof to the non-abelian case.

Let 4 = [1,.r%(d,); let feTR(G), and 0<a< 1. Define

fu: GXxF->C: (x, W)|—>a§Rd,,Tr (o) | f(0) |~ W, a(x)].

Note that for We ¥, o>W¥| f(o) |*€8,(Z). Since R is g-Sidon, there exists keR
(independent of /) and there exists gy, € LYG) (depending on f) such that

) gw(e) = W f@)I* and ||gwlh<cl W*|f]ally-
It is easy to see that [(f,(:, WD) &w1(D) =£() for all {&Z, so that

f=1W)*gy.
Hence, for 1 <r<oo,

o) A <AL W) Ellgwlh-
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If a>1/g, (D.41) and (D.48) of Hewitt and Ross (1972) show that for oc€R,
1w, | f(o) |°‘”¢q |lf(o)||¢w and so (1) implies that

) llgwlh < rell e
Combining (2) and (3) and integrating over ¢, one obtains
@ A<l [ [, Ve ol awas.

Since R, considered as a subset of the dual (%) of ¥, is a Sidon set (Hewitt and
Ross, 1972 (36.1)), there exists Be R, independent of £, such that for all re[2,0)
and for each xe G,

®) f e, W) dW = |lux, < Bl S, Y

< BV 1820
provided that 1 —a>1. Now (4) and (5) give

171l < Brer L F DS 1

provided that (1—o)>} and ag’>1. Choosing o such that ag’ = 2(1 —a), it is
easily established that ag’ = 2¢g/(3¢—2), which completes the proof.

(5.2) ReMARK. I do not know whether (5.1) (i) has any analogue for central g-Sidon
sets (even those with uniformly bounded degree). I can show that a central g-Sidon
set of uniformly bounded degree satisfies (5.1) (ii) with “fe Tg(G)” replaced by
“feZTH(G)”. Parker (1972) has shown that a central Sidon set of uniformly
bounded degree is actually A(p) for all p.

6. Test families for non-abelian groups
(6.1) DeEFINITION. For RS X, let W(R) = X, p d2. If G is abelian, »(R) is simply
the cardinality of R.

(6.2) LEMMA. Let P, Q be non-empty finite subsets of . There exists k € ZT(G)
such that
@) k(o) = I, 0€P;
(i) k(o) =0, ceZ\(Px 0O x 0);
(iii) 0< k(o) <1y, for all c€X;
(@) || kb <GP x QMO
(Here, P x Q denotes the set U, p,ye0 %)

PROOF. Let /=3, o 4, Xy & = Xge pxd¢ Xp and

> % d dg[ zxgn,,g(e)x;].

(Q) 7€Q {e PXQ

1
—l@fg
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It is easily seen that
. 1 d,d
) o=l = 2 0|,
V(Q) 7€Q {e PXQ d" " @
Notice that n,,(0) = n,({), and for c€P, n€Q, ;. pxgd;noi(0) = d,d,. Hence,
(i) follows from (1). (iii) also follows from (1) because for any s €2,

2 dgdaﬁ(gg 2 dgna'q‘({) = do'dq'
Le PXQ {eX

(i) results from (1) together with the fact that for c¢Px Q x @, and for any
n1€Q, {ePxQ, n,(c) = 0. Finally,

1 _mex 0
Ielh <\t = |2 -

(6.3) DEFINITION. Let M eR, M >1. A family Q of finite non-empty subsets of
2 is called a test family of order M if sup{\(P x P x P)[v(P)|PeQ}<c0.
This is a generalization of the definition given by Edwards and Ross (1974).

(6.4) THEOREM. Let Q be a test family of order M, and suppose that RS X is of
type central A(r,s) for some r,sc[1,00) with constant k. Then for any P,

WROP)Y< k¥ MED[u(P)Fr.
Proor. Choose a function keZT(G) satisfying (6.2) (i)—(iv), with P = Q. Let
&= Y,crnpds X, It is clear that

WRP) = gxk(e) (|l ll&ll- < <[l Il 1| [l
Now ||l = Coernpd®)Vs =W(RAPYS. Thus W RnNP)V¥<«k| k|, Butby
Holder’s inequality,

Il <l =2/7 | K118 < (P x PYW(PYE-Y[W(P x P x P)]"
< ME[W(P)T

since ¥(P x P)<v(P x P x P)). This completes the proof.

Theorem (6.4) combines with (5.1) (ii) to prove:

(6.5) COROLLARY. Let Q be a test family of order M. If R is a p-Sidon set then
there is k €R such that for every P& Q with v(P)>3,

WRNPYS< kM p/@~p)[log v(P)JP/2-P),
(6.6) ExaMPLE. Recall that a subset P of X is called a subhypergroup if P<P

and PxP<P. Let Q be the family of all finite subhypergroups of 2. Then Q is a
test family of order 1.
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(6.7) NOTATION. Let o € 2. Denote by o™ the subset ¢ X ... X o (1 times) of 2. Let
S(e)= U o/xé*, So)= {1}

5.k20
Jtk=r
the trivial representation, and let P,(o) = U™,S,. Notice that P,(c) contains
UZ, o”. The latter set is denoted A(o, n) by Benke (1972). The two sets are equal if

o = ¢. If G is abelian, P,{0) is the arithmetic progression of length » generated by o.

'(6.8) LEMMA. For each o€ZX, there is a polynomial p with degree at most 2d?
such that, for n sufficiently large, v(P,(0)) = p(n). If o = G, the degree of p is at
most d2.

Proor. Let J,=L*G) be the two-sided convolution ideal generated by
(1+x,+%,)- Itis not hard to see that J, is the linear span of the function 1 together
with the coordinate functions O Oip i,j=1,...,d,. Thus dimJ, <2d2+1 (if
o =5, dimJ, =d2+1).

Let J™ be the subspace of L? spanned by functions of the form ¢,-...-¢,,
¢;€J,. Notice that J* is spanned by co-ordinate functions of the representations 1
and ¢/ ® 6%, 1<j+k<n and hence dimJ? = 3, p () 4% = ¥(P,(0)). J% as a vector
space is isomorphic to the vector space of polynomials of degree n in dimJ,
variables. Thus by Lemma 8.9 of Mayer (1967), there exists a polynomial p of
degree dim (J,—1) such that dimJ% = p(n).

(6.9) PROPOSITIONS. {P,(0)|nEN} is a test family.

PROOF. Now P,(c) = P,(0), and one has P,(c) x P,(c) x P,(c) = P;,(c). By (6.8),
for n sufficiently large,
(P, 3n(°')) <32o* 4
WP, (o)) (0)) 2

(6.10) REMARKs. Applying (6.4) to (6.9) gives:
Let o€ X, and suppose that RS X is of type central A(r,s), r,s€[1,0). Then there
exists k €R such that (R P,(0)) < kn?®$4e*P for all n; if o = G,

V(RN P,(0)) < kn¥9e*/p,

In particular, if R is a central A(p) set (p>2), v(Rn P,(0)) < kride*/? for all n.
Benke (1972) shows that if R is a central A(p) set, card (R0 A(o, n)) < O(nié'/p),
The above is an improvement of his result, since P,(¢)= A(e,n) and also, for any
set R, v(R)>card R, equality prevailing if and only if d, = 1 for all c€R.

(6.11) PrOPOSITION. Let G be an infinite compact group. Then X has an infinite
test family.
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Proor. If there is a 0 €X such that [o] is infinite, then (6.9) provides such a
test family. If not, for every o €2, [o] is finite. In this case, the family of finite
subhypergroups of X is an infinite test family.

Applying the above to (6.4) gives

(6.12) CoROLLARY. Let G be an infinite compact group. Then X is never of type
central A(p,q) for p>q'.

(6.13) PROPOSITION. X(F%U(2)) contains no infinite sets of type central A(p,q)
Jor p>3q’, p,qell, 0.

PRrOOF. Let o, be the (unique) irreducible representation of F%(2) of dimension
21+1,/€{0,%,1, ...} (Hewitt and Ross, 1972 (29.13)). Then for ne N,

Py(0y) = {04,045 .-, Oy}

Suppose that R = {o,, | 2n;€ N} is an infinite set of type A(p,q). One has

W(P,(0,)OR) = _}ijl(an +1)2
and

no 4n3
(P, (0y)) = 3§0(2]+ 12 = O(T)

Thus by (6.10) there is a constant « such that for all i,
@n;+ 12 <P, (o)) A R) < k(nF)/P,

Since R is infinite, this implies that p<$q’.
Hence, by (5.1) (ii), 2(£%(2)) contain no infinite p-Sidon sets for any pe(l1, 2].
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