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INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS II
J. P. McCLURE AND R. WONG

1. Introduction. This paper is a continuation of earlier work [6], in which
we studied the existence and the stability of solutions to the infinite system of
nonlinear differential equations

(1.1) {xi’(t) =2 T ayt)x,(t) + filt, x(t)), € R,

xi(s) = ¢

1=1,2,.... Here s is a nonnegative real number, R, = {{ € R:t = s}, and
x(t) = {x1(t), x2(t), . . .} denotes a sequence-valued function. Conditions on
the coefficient matrix 4 (¢) = [a;;(t)] and the nonlinear perturbation f(t, x) =
{f:(t, x)} were established which guarantee that for each initial value
¢ = {c;} €', the system (1.1) has a strongly continuous /!'-valued solution
x(t) (le., each x,(t) is continuous and |[x(t)|| = D_%i| x:(t)| converges
uniformly on compact subsets of R,). A theorem was also given which yields
the exponential stability for the nonlinear system (1.1). For more information
we refer the reader to [6].

Our purpose here is to give conditions which ensure the existence of a
strongly continuous solution x(f) to (1.1) which also converges to a limit as
t — oo0. It is easy to see that the continuous functions on R, which have this
property are precisely the restrictions of the continuous functions on the one
point compactification [s, o ] of R,. We say such functions are convergent at oo,
and call a solution to (1.1) with this property a convergent solution.

Our interest in this problem was motivated by a theorem for an abstract
linear nonhomogeneous equation given in [5, p. 153]. However, we found that
the hypotheses of the abstract result were difficult to formulate in terms of the
matrix entries. Moreover, examination of similar results for finite systems (see
[1] and [3]) suggested that some of the hypotheses required for the abstract
equation might be unnecessary in the case of the infinite system. For example,
our diagonal dominance conditions (3.2) and (3.3) imply that A (¢) has a
bounded inverse for all £, but do not imply that 4 (t)4~'(s) is even bounded
when ¢t # s (cf. assumptions (B3) on p. 108 and (¢) on p. 153 of [5]).

We note that with some modifications, the /' results in [6] can be extended
to the casesof /7 (1 = p < ) and ¢o. All results in the present paper are
established for these sequence spaces. For other /” results on infinite systems
of linear differential equations, see [2] and [7].
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2. Assumptions. Throughout the paper, all entries in the matrix 4(f) =
la;;(t)] are assumed to be continuous on R, and convergent at co. Put

(2.1)  a(t) = sup | 2 imsar; (D)7 =1,2,...}
(2.2) B@t) = sup { D jmilas;(t)]: 1 =1,2,...}.

We assume that A4 (¢) satisfies the following conditions.

l
Il

Il

(4:) The sum in (2.1) is uniformly convergent on R, for each j, and the
function «(¢) is bounded on R,.

(42) The sum in (2.2) is uniformly convergent on R, for each 7, and the
function 8(t) is bounded on R,.

Let D(t) = diag [a;:(t)] and B(t) = A(t) — D(t) so that 4 (¢) is decom-
posed into its diagonal and off-diagonal parts. It can be shown that under the
above conditions, B(t) is a bounded linear operatoron I (1 £ p < ) and ¢y
for each ¢t € Ry, and that the mapping ¢ +— B(t) defines a strongly continuous
operator-valued function which is also convergent at co.

On the perturbation f(t, x) = {fi(f, ¥)}, we impose the following conditions,
depending on the sequence space in which we intend to work. For the space
” (1 =p < ), we require

(F1,) For each 4, fi: Ry X 7 — C is continuous, and f,(t, x) converges in
C as t — o0, uniformly for x in bounded subsets of /7.

(F2,) If Bisa bounded subset of /7, then Zilff(z‘, x)[? converges uniformly
on Ry X B.

(F3,) There is a continuous function g: Ry — R, such that [[f({t, x)[, =
g() x|, for all £ and all x.

For the existence of convergent ¢y-solutions to (1.1) we require instead of
(F1,) and (F3,), the conditions (£,,) and (F; ) obtained by replacing /7
by ¢pin (£1,) and p by co in (F;,), and instead of (F.,), the condition

(Fi,,) If B is a bounded subset of ¢y, then lim,_.|f;(t, x)| = 0 uniformly on

Ry X B.

Condition (F:,) implies that f(R, X B) is totally bounded in /” whenever
B is bounded in . Furthermore, (F;,) and (F,) together imply that f is
(the restriction of) a strongly continuous -valued function on [0, 0] X /.
This has a consequence which will be useful later. Similar remarks apply to
the case of ¢,.

It should be pointed out that for the extensions to /7 of the [! results in [6],
weaker forms of the above assumptions are sufficient. We impose these stronger
conditions in order to obtain convergent solutions. The precise formulation of
the weaker assumptions is left to the reader (compare those in [6] and in the
present paper).
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3. Stability theorem. We first consider the system of linear equations

(3.1) {xi/(t) = Z(;;l a;;(x; () tC R,

xi(s) = ¢y

i =1,2,....0urnext result is concerned with the exponential stability of the
system (3.1).

An infinite matrix 4 (t) = [a;(t)] is said to be column diagonally dominant if
there is a positive number 6, such that

(3.2) — Reay;(t) =z Zi;&j\aij(t)‘ + &

forj =1,2,...and ¢t € Ry Itis said to be row diugonally dominant if there is
a positive number §, such that

(3.3) — Rea,(t) = D jmilai;(t)] + 62
fort=1,2,...and t € R,.
The following result is needed in Section 4.

THEOREM 1. Assume that conditions (A4.) and (As) hold. (1) If A(t) s
column diagonally dominant then, for each ¢ ¢ I', the solution x(t) of (3.1)
satisfies

B.4) fx@l = lcfiet= 1 e R,

where 81 15 as in (3.2). (1) If A(t) 1s row diagonally dominant then, for euch
¢ € co. the solution of (3.1) satisfies

3.5) lx®le = lefae™ =9t e R,

where 65 1s as i (3.3). (112) If A (t) is both row and column diagonally dominant
then, for each ¢ € 17, the solution of (3.1) satisfies

3.6) [lx®lly = llelly e7?=" 1€ R,
where § = min (6;, §,) and 1 < p < 0.
To prove the above assertions, we need some preliminaries. For any finite

matrix 4 the limit

3.7 p) = lim 1=2p=w)

ns0* h
exists. Also it is known [4] that
(3.8) wm(4) = sup; (Reay; + D uesfal)
(3.9) po(A) = sup; (Re ayi + D jmilay)).
We shall prove
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LEMMA 1. For 1 < p <

(3.10) py(4) < ;-mA) + gmA),

where q is the conjugate exponent of p.
Proof. Let §;; be the Kronecker delta. It can be shown that

”I + kAH,, = sup; [(Zi!aij + h”’ijl)]”p [sup; (Z;'aw + hd’i]'l)]l/q

= [T + RA[L7 (1T + RAJ L]
Thus, for & > 0,

L+ hA|l, — 1 _ (1 + kAL + kA]Y — 1
h = h '

Letting 2 — 0% and using the definitions of u,, p1, and u,, now produces the
required inequality.

Proof of Theorem 1. Assertion (1) is proved in [6]. To prove assertions (i7)
and (4i7), we let x™ (t) denote the solution of the finite system

x/(t) = Z?=1 ai()x;(t)  (t€ Ry
1=1,...n,
x:(s) = ¢,

obtained from (3.1) by truncation. We shall express x™ (¢) as an infinite
sequence with all but the first # entries being zero. By Theorem 3, p. 58 in
(4], we have

" Oy = llealls exp ( f | #,,[An<r>1d1) L€ R,

where ¢, and 4,(t) are, respectively, the truncation of ¢ after n terms and 4 (¢)
after n rows and columns. For p = o0 we get from (3.9) and the row diagonal
dominance (3.3)

e® )| = llealleo =0 1€ R,
For 1 < p < 0o Lemma 1 gives

™ Oy < lleallp e 1€ R

Letting # — o0 in the last two estimates and using an extension of Theorem
3.1in [6], we obtain (3.5) and (3.6). This completes the proof of Theorem 1.

4. Convergent solutions. For the following discussion, we shall drop the
indices p, 0 and oo, and write [ to denote any one of the sequence spaces
(1 £p <) or co, and (Fy), (Fs), (F3) for the corresponding conditions
(F1,), (F2p) and (F3,). In this section we shall prove the following major
result.
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THEOREM 2. Assume that conditions (A1) and (A2) hold, and that the coefficient
matrix satisfies the diagonal dominance conditions (3.2) and (3.3). Assume also
that the nonlinear perturbation f(t, x) satisfies (F1), (F2), and (Fs). Then for
any ¢ € 1, the system (1.1) has a strongly continuous l-valued solution which is
convergent at o0 .

In order to make our argument concise, we shall introduce some notation.
If K is a compact Hausdorff space and X is a Banach space, we write C(K, X)
for the Banach space of all (strongly) continuous X-valued functions on K.
If f: K X X — X, and if x is an X-valued function on K, then we write Fx for
the X-valued function t — f(¢, x(¢)) on K. Then we have the following lemma.

LEMMA 2. If f: K X X — X is continuous, then x — Fx defines a continuous
map on C(K, X) into itself.

Proof. 1t is immediate that Fx belongs to C(K, X) whenever x does. Hence
we need only prove the continuity of the mapping F.

Fix x € C(K, X) and ¢ > 0. For each ¢t € K and each § = 0, there is a
neighborhood U({t, 8) of ¢ in K such that

(4.1) s € U(t,8) implies [[x(s) — x(t)| < 8.

Since f is continuous, for each ¢ € K, there is a neighborhood W (¢, ¢) of
(¢, x(t)) in K X X such that

4.2)  (s,y) € W(t, e) implies ||f(s, ¥) — f(t, x(t))]] < ¢/2.

Without loss of generality, we can suppose that W (¢, €) is of the form
Wt e) = Vi, &) X {y € X:fly —x(0)] <8(t, o)},

where 1/ (¢, €) is a neighborhood of ¢ in K, §(¢, ¢) > 0 and

(4.3) V(t,e) S U €)/2).

Choose finitely many points f;, ..., t, in K such that the neighborhoods
Iy = V(ti €) cover K, and put

(44) 6 = min {6(t;, €)/2: 1 =1,...,n}.
Let y € C(K, X) with
[y — %[ = suprexlly(t) — x(1)] < 8.
Any ¢ € K belongs to some 1/;, and we have
lx(t) — x| < 6(ts €)/2,
by (4.3) and (4.1). So,
[Fy(t) — Fx®)] = [If(t, () — f(t, x(2))]]
S [[f6y(®0) — f(ts, x(t2))]]

+ [[f(ts x(t:)) — f(, x(1))]]
< ¢,

by (4.2). That proves the lemma.
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The consequence of this which is of interest to us is that conditions (/)
and (Fy) imply that x — Fx (where, of course, Fx(f) = f(t,x(t))) is a con-
tinuous mapping on C([s, 007, 1) into itself, for any s = 0.

Let A be the triangle {(f,s): 0 < s < t}. We say that a function x(t, s)
defined on A has property (C) if lim,,, x(t, t — 7) exists for each 7 = 0, and if
also the convergence is uniform for 7 in bounded subsets of R,.

Forj=1,2,... lete; = {8;:2=1,2,...} € ,andletu;(t,s) = {u;(t,s):
i =1,2,...} be the unique strongly continuous solutions of (3.1) with the
initial value ¢ = ¢;. As in [6], we define the fundamental matrix for the system
(3.1) to be U(t, s) = [uq;(¢, s)]. Clearly U(s,s) = I, s € Ry, where I = [§;]
is the infinite identity matrix. Furthermore, it can be shown that for each
¢ € I, the function t — U(t, s)¢c on R, is the unique strongly continuous solution
of (3.1) with values in /.

LEMMA 3. Suppose that conditions (A:) and (A.:) hold, and that A(t) is row
and column diagonally dominant. Then, for each ¢ € 1, the function U(t, s)¢ has
property (C).

Proof. Put

(4.5) K(,s) = diag [exp (Llaii<7)dT)]

for s and ¢ in R,, and define the integral operator I by

Ix(t, s) = K(t, s)c + f‘K(t, ) B(r)x(r, s)dr

where B(t) is the off-diagonal part of the matrix 4 (¢). It can be shown, as in
(6, §2], that the iterates I"[K(t, s)c] converge as n — o0 to the solution
U(t, s)cof (3.1) uniformly in the strip Sz = {(t,5): 0 = s < tandt — s < T},
for each T = 0. We shall complete the proof of the lemma by showing:

(2) K(t, s)¢ has property (C),

(1) if x(¢, 5) is continuous on A and has property (C), then Ix(t, s) has
property (C).

Since each a;;(t) is convergent at o0, it is easy to see that each of the scalar-
valued functions exp ([§ a;;(r)dr) has property (C), and (i) follows from this
and (4.5).

Now we prove (22). In view of (7), we need only show that the function
(t, s) — [iK(t, 7) B(r)x(r, s)dr has property (C). Since B(t) converges strongly
as t — o0, and since {x(¢,t — 7): ¢t = 7,0 =< 7 = T} has compact closure in /
for each T = 0, it is straightforward to show that (f,s) — B(¢)x(¢, s) has
property (C). Then, using (i), one can show that K(¢, ¢t — o) B(t — o)
x(t — o,t — 1) converges as t— o0, uniformly with respect to 7 and o
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satisfying 0 < ¢ < 7 = 7. From this, it follows that

fTK(t,t —0)B({t — o)x(t — o, t — 7)do

converges as { — o0, uniformly with respect to 7 in [0, 7']. That proves (17),
and the lemma.

Proof of Theorem 2. As in [6, Thm. 4.1], a strongly continuous solution of
(1.1) is just a fixed point of the integral operator

Tx(t) = U, s)c + fl U, r)f(r, x(r))dr,

and we must show that, under our hypotheses, 1" has a fixed point in
C([s, 0], 7). We shall show first that 7" defines a continuous mapping of
C([s, 001, I) into itself.

Now, I" = S o F, where [ is the map associated with f as in Lemma 2, and .S
is the integral operator defined by )

ng(t,) = U(t, s)¢c + f U{t, T)y(r)dv-.

s

Since I is already continuous on C([s, ],l) into itself by Lemma 2, we just
have to show the same thing for S. Since U(¢, s)¢ is continuous for ¢ = s and

convergent as { — o0 by Theorem 1, we need only consider the operator R
defined by

Rgf(t)z f U(t,r)g!(‘r)d‘r.

It is easy to see that R y(¢) is continuous on [s, 0 ), so it suffices to show that
Ry(t) is convergent at 0. From Theorem 1, we have that |[U(t, r)|| <
e~%=1_ Also, since y({) € C([s,©], 1), we have [|y]l. = sup.=|y ()] < .
Now, for any t; = s and £, = s, and any p = 0 such that both {; — p = s and
ty — P g S,

HRg!(h) - Rg’(fa)H = | j;“" Ulty, 7)y(r)dr

+ ﬁ o U (ty, T)Q/(T)dr

+ ’ f _ Ults, 7y (r)dr — f ‘ Ults, 7)y(r)dr

A simple estimate shows that the first and the second terms on the right are
both dominated by e~?||yl|.,/6. Given ¢ > 0, we can pick and fix p such that
2¢=%|y|l,,/8 < €/2. The third term on the right is equal to

LP Uty t1 — T)gl(tl — 1) — Ulty, ty — ‘r)y(ﬁg — 7)]dr
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From Lemma 3 and the fact that gr(t) € C([s, ], 1), it follows easily that
U(t, 7)y(r) has property (C). Therefore, for all sufficiently large ¢, and /,, the
inequality

Ut 6 = )yt = 7) = Ulta, s = )ylta = )| < €/20
holds for all 7 € [0, p]. A combination of these estimates yields
[Ry(t:) — Ry(t)]| < e

for all sufficiently large ¢, and ¢,. Thus Ry(t) € C(ls, 0], ), as required. It is
easy to see that the operator R is linear and bounded on C([s, 0], 1), with
[IR|] < 6~ This completes the proof of the fact that 7T is a continuous mapping
on C([s, 0], 1) into itself.

The proof of the theorem is now completed by an application of Tychonoff’s
fixed point theorem, as in [6] (see Theorem 4.2). Only slight modifications are
required due to the fact that we are now working with the Banach spaces
C([s, o], 1).
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