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DEFORMATIONS OF REAL ANALYTIC FUNCTIONS AND
THE NATURAL STRATIFICATION OF THE SPACE
OF REAL ANALYTIC FUNCTIONS

TAKUO FUKUDA

0. Introduction.

Let A be a real analytic set, M be a compact real analytic manifold
and f: A X M — R be a real analytic function. Then we have a family
of real analytic functions f,,a e A4, on M defined by f.(X) = f(a,x).

Two functions f, and f, are said to be topologically equivalent if
there exist homeomorphisms &, of M and h, of R such that h,of, = f,oh,.

The purpose of the present paper is to prove the following

THEOREM 1. There is o Whitney stratification of A satisfying the
following properties:

(i) FEach stratum is a smooth subanalytic subset of A. (For the
subanalycity, see §3.)

(ii) For any two points a and b belonging to the same stratum,
the corresponding functions f, and f, are topologically equivalent.

COMMENT 1. By Theorem 1, we can see that any analytic defor-
mation of a real analytic function on M contains locally only a finite
number of topological types of functions: An analytic deformation of
an analytic function g: M — R is an analytic function f: U X M —- R, U
being an open set of R”, or the family {f,}, @ € U, of real analytic func-
tions on M defined by f,(x) = f(a, x) such that f, = g where o is the origin
of R*. Then the above statement means that there is a neighborhood
U(o) of o in U such that the number of the topological equivalence classes
of functions f,, a c U(o), is finite. This property holds even for defor-
mations of a function of infinite codimension. This is a special phenom-
ena for analytic deformations. In fact, it is known that there is a
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smooth deformation of a smooth function which containg infinitely many
topological types of functions.

COMMENT 2. Let C°(M) denote the space of real analytic functions
on a real analytic manifold M. The topological equivalence relation
defined above gives a partition of C*(M) into the topological equivalence
classes of functions. Let’s call provisionally in this paper this partition
the natural stratification of C“(M).

Of cause, the natural stratification of C*(M) is not a stratification in
the sense of Cerf [2], for instance the local finiteness fails. Neverthe-
less, our Theorem 1 gives us a peep of a good and neat structure of
this natural stratification: A mapping F: A — C(M) of an analytic set
A into C*(M) is also called an analytic deformation if the corresponding
function f:A4 X M — R, defined by f(a,z) — F(a)(x), is real analytic.
By Theorem 1, for any analytic deformation F': A — C*(M), the partition
of A into subsets induced by F from the natural stratification is itself a
Whitney stratification or it has a subdivision which is a Whitney strati-
fication of A. Equivalently, for any analytic deformation F, the section
F(A) (€ C*(M)) has a Whitney stratification which is a subdivision of the
natural stratification. That is to say, so far as we peep through the
analytic deformations, the natural stratification of C*(M) has a structure
of Whitney stratification.

The main tools for the proof of the Theorem 1 are the notion of
subanalytic subsets obtained by H. Hironaka [3], Thom’s second isotopy
lemma, a good stratification of holomorphic functions given by Lé-Pham
[4] and a stratification of proper real analytic mappings:

THEOREM 2. A proper real analytic mapping is a stratified map.

Theorem 1 is an immediate consequence of Thom’s second isotopy
lemma and the following theorem.

THEOREM 3. Let A,M and f be as in Theorem 1. Let F: A XM
— A X R be the map defined by F(a,x) = (&, f(a,x)). Then there exists a
Whitney stratification S(A) of A such that each stratum is subanalytic and
such that for any stratum Z of S(A), the restricted map F|Z X M:Z X
M —Z X R is a Thom mapping over the projection n:Z X R — Z.
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1. Whitney stratification.

In which we introduce the notion of stratifications which is due to
H. Whitney [7]. Here we collect only the definitions and some properties
which we need. For the proof of these properties and more details, we
are referred to R. Thom [6] and J. Mather [5].

Let X and Y be differentiable submanifolds of R*. Let y be a point
of Y and let » =dimX. In what follows, T,(M) denotes the tangent
space to a manifold M at point p of M.

DEFINITION 1.1. We say that the pair (X,Y) satisfies condition (@)
at ye Y if the following holds: Given any sequence X; of points in X
such that z; — ¥ and the tangent space T,,(X) converges to some r-plane
z, we have T, (Y) C <.

Here and in what follows “convergence” means convergence in the
standard topology on the Grassmannian manifold of r-planes in R”.

For any two distinct points 2,y ¢ R, the secant xfz} denotes the line
in R® which is parallel to the line joining x and ¥ and passes through
the origin.

Let X,Y be smooth submanifolds of R*. Let yeY. Let r = dim X.

DEFINITION 1.2. We say that the pair (X,Y) satisfies condition (b)
at y if the following holds. Given any sequences x; of points in X and
Y, of points in Y such that x, # v,, v;— v and ¥, — ¥ and such that
T, (X) converges to some r-plane ¢ and the secants x:-y\i converge to some
line £ C R*, we have ¢ C .

We say the pair (X,Y) satisfies condition (a) (resp. (b)) if it satisfies
condition (@) (resp. (b)) at every point of Y.

Remark (Mather [3]). If (X,Y) satisfies condition (b) at y, then it
satisfies condition (a) at .

DEFINITION 1.3. A W-complex is a set S = {X,} of connected smooth
manifolds in R”, called strata of S, satisfying the following conditions:

(i) The strata X, are pair-wise disjoint.

(ii) (X,Y) satisfies condition (b) for any pair (X,Y) of strata of
S = {X,}.

(ili) The family S = {X,} is locally finite: each point of R" has a
neighborhood which meets at most finitely many strata.

(v) If X,NX,+6, then X, D X,.
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DEFINITION 1.4. A stratified set is a subset £ of R® with a W-com-
plex S(E) = {X,} such that £ = (J,X,. We call S(EF) a Whitney strati-
fication of FE.

NOTATION. Let X,Y be two strata of S(E) with YN X #@. Then
by the condition (iv) in Definition 1.3, we have Y € X — X. We repre-
sent this situation by the symbol Y < X and we say Y is incident to X.

2. Stratified mappings and Thom’s isotopy lemma.
Let E C R* and F C R™.

DEFINITION 2.1. We say that a continuous mapping f: EF — F is a
W-morphism or a stratified mapping if there exist stratifications S(E)
of E and S(F) of F and the following conditions hold:

(i) f is extendable to a differentiable mapping of a neighborhood
of F into R™.

(ii) For any stratum X of S(F), the image f(X) is contained in a
stratum Y of S(F) and the restricted mapping f|X: X — Y is a submersion.

A W-morphism f:E — F will be said to be exact if for any stratum
X of S(B), f(X) is a stratum of S(F).

Remark. A proper W-morphism is an exact W-morphism. (See
Mather’s existence theorem for tubular neighborhoods [5].)

PROPOSITION 2.2 (Thom’s first isotopy lemma). If f:E —F is a
proper stratified mapping, then for each stratum Y of S(F'), the restricted
mapping f|f(Y): fU(Y)— Y is a locally trivial fibre bundle.

For the proof, see Mather [5] or Thom [6].

DEFINITION 2.3 (Thom’s condition a;). Let X and Y be smooth sub-
manifolds of R* and let N be a smooth manifold. Let f: U — N be a
differentiable mapping defined on a neighborhood U of XUY in R".
Suppose that f|X and f|Y are of constant rank. Then we say the pair
(X, Y) satisfies condition a; at a point y e Y if the following holds: Given
any sequence z, of points in X converging to ¥ such that the sequence
of planes ker (f|X),, converges to a plane ¢ in the appropriate Grassman-
nian manifold, we have

ker (f|Y), C 7,
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where ker (f|X), denotes the kernel of the differential

(df|X)z: Tw(X) —_—> Tf(x)(N)
of f|X:X — N.

We say that the pair (X, Y) satisfies condition a, if it satisfies con-
dition a, at every point of Y.

DEFINITION 2.4 (Thom mapping). Let f:E —-F and g:F —V be
stratified mappings. Suppose that V is a connected smooth manifold
and it is considered as a stratified set with its trivial stratification S(V)
= {V}. Then we say that f is ¢ Thom mapping over g if for each point
p of V and any pair (X, Y) of strata of S(¥), the pair (X N (g9 )'(p),
Y N (go f)~'(p)) satisfies condition a;.

Let f:E —F be a Thom mapping over g: F — V. For a point p
of V, set £, = (g0 f)'(p) and F, = ¢g7'(p).

PROPOSITION 2.5 (Thom’s second isotopy lemma). Let f:E —F be
a proper Thom mapping over a proper stratified mapping g: F — V. Then
for any two points p and q of V, the restricted mappings f|E,:E,—F,
and f|E,: E,— F, are of same topological type: there exist homeomor-
phisms h,:E, — E, and h,: F, — F, such that the following diagram
commutes:

B, E,
fl lf
o
F,—UF,.

For the proof of this proposition, see Mather [5].

3. Subanalytic subsets.

In which we introduce the notion of “subanalycity” that is due to
H. Hironaka [3]. All the properties are stated without proof. For the
proof, more details or examples, see [3].

DEFINITION 3.1. Let 2 be an open set in R*. An analytic set A < Q2
is a set such that for any point a of 2, there is a neighborhood U of
a in 2 and analytic functions f,, ---f% in U such that
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ANU={zrelUlfi(@) = .- = fil@) =0}.

DEFINITION 3.2 (Analytic mappings). Let A;, ¢ = 1,2, be analytic
sets in open sets £, C R*. A continuous mapping f: A, — A, is said to
be analytic at a point a c A, if there exist a neighborhood U of a in £, and
an analytic mapping F: U — R™ with

FIANU=7flANT.

An analytic mapping is a continuous mapping of an analytic set A,
into another analytic set which is analytic at every point of A,.

DEFINITION 3.3 (Subanalytic subsets). Let X C 2 be an analytic
subset of an open set in R*. A subanalytic subset A C X is a set such
that for any point ¢ of X there exist an open neighborhood U of a in
X and a finite system of analytic sets Y,; and proper real analytic mapp-
ings f1;: Y, — X, 1<i<p and j =1,2, such that

ANTU = u DY) — Fil(Y ) .

PROPOSITION 3.4. Let A,B be subanalytic subsets of an analytic set
X. Then so are AUB, ANB and A — B.

PROPOSITION 3.5. Let f: X — Y be a proper real-analytic mapping.
(i) If B is a subanalytic subset of Y, then so is f~Y(B) in X.
(ii) If A is a subanalytic subset of X, then so is f(A) in Y.

DEFINITION 3.6. Let A be a subanalytic subset of X T Q CR*. A
point aec A is called a regular point of A of dimension k if there is a
neighborhood U of a, U C 2, such that A N U is an analytic submanifold
of dimension k of U. A point ac A is called singular if it is not regular.

PROPOSITION 3.7. Let A be a subanalytic subset of an analytic set
X. Then we hoave:

(i) The closure A of A in X is subanalytic in X.

(ii) Ewvery connected component of A is subanalytic in X and A has
locally finite connectedness in X, i.e., every point of X has a meighbor-
hood which meets only a finite number of connected components of A.

(iii) The set of singular points of A is subanalytic in X. The set
of regular points of A of dimension p is subanalytic in X.

(iv) Regular points are dense in A.
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DEFINITION 3.8. Thanks to Proposition 3.7 (iv), we can define, as
usually, the local dimension of a subanalytic set A at a point a ¢ A. And
so we can define the dimension of A as the max of the local dimensions
of A.

NoTATION 3.9. Let X and Y be real analytic submanifolds of R".
Sy(X,Y) will denote the set of points y €Y such that the pair (X,Y)
does not satisfy condition (b) at .

PrOPOSITION 3.10. Let X and Y be real analytic submanifolds of R™.
Assume that XNY =0 and XDOY and that X and Y are both sub-
analytic in an open set of R". Then there exists a subanalytic subset
B of Y such that

(i) B is closed in Y and dim B < dim Y.

(ii) BDO S,(X,Y).

4. Stratification of a subanalytic subset.

In which we give a proof of Hironaka’s following theorem :

PROPOSITION 4.1 (Hironaka [3]). Let A be a subanalytic subset of
an analytic set X T Q C R*. Then A admits a Whitney stratification
whose strate are subanalytic in X.

DEFINITION 4.2. We say that a W-complex S = {Y,} in R" is com-
patible Yvith a submanifold X of R if for any stratum Y of S we have
Sy(X,Y) = 0.

It is clear that in order to prove Proposition 4.1, it is sufficient to
prove the following:

PROPOSITION 4.3. Let A be a subanalytic subset of an analytic set
XcQcR. Let X,--.,X; be submanifolds of R* which are subanalytic
n X. Assume that ANX, =@ for each i. Then A admits a Whitney
stratification which is compatible with X,,--.,X, and such that each
stratum is subanalytic in X.

Proof. We prove the proposition by induction on dimension of A.
If dim A = 0, then the proposition is evident. So we assume the propo-
sition holds for every subanalytic set A with dim A < m and we shall
prove it for a subanalytic set A with dim A = m.
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Let A,, denote the set of the regular points of A of dimension m.
Then by Proposition 3.7, A,, and A — A, are both subanalytic in X and
we have dim (4 — A,;,) <dimA = m. Since A,, is subanalytic in X and
a submanifold of R” and since 4,, N X, C A N X, = @, there exists, by
Proposition 3.10, a subanalytic subset B of A;, such that

(i) B is closed is A, and dim B < dim A4,, = m.

(ii) B D S,(X;, A,,;) for each i =1, ..., k.

Set C=BUM@A — A, A" = A4,, — C and set S(4") = the set of the
connected components of A°. By Proposition 3.7 (ii), S(A% is locally
finite in 2, hence S(4A% is a W-complex which is compatible with X, .-,
X, and such that every stratum is subanalytic in X and disjoint with C.

Since dim C < m, by the hypothesis of our induction, C admits a
Whitney stratification S(C) which is compatible with X, - - -, X; and with
all of strata of S(AY).

Thus we have a Whitney stratification S(4) = S(4% U S(C) that is
wanted. Q.E.D.

5. Stratification of a proper real analytic mapping

In which we prove the following:

THEOREM 5.1. Let f: X — Y be a proper real analytic mapping of
a real analytic set X into another one Y. Let AC X and BCY be
subanalytic subsets. Suppose that f(A) C B. Then f|A: A — Bisastratified
mapping with stratifications S(A) of A and S(B) of B such that any
stratum of S(A) (resp. of S(B)) is subanalytic in X (resp. in Y).

DEFINITION 5.2. Let A C R* and BC R™ and let X (resp. Y) be a
submanifolds of R" (resp. of R™). Let f: A — B be a stratified mapping
with stratifications S(4) of A and S(B) of B. Then we say that the
stratified mapping f: A — B is compatible with X (resp. with Y) if so
is S(A) (resp. S(B)).

Theorem 5.1 is an immediate consequence of the following proposition.
PROPOSITION 5.3, Let f: X —-Y and ACXCR*, BCYCR™ be
as in Theorem 5.1. Let X,,---,X, (resp. Yy, ---,Y,) be submanifolds of
R" (resp. of R™) which are subanalytic in X (resp. in Y). Assume that

ANX,=BNY,; =0 for each © and j. Then there exist Whitney strati-
fications S(A) of A and S(B) of B such that
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(i) f|A:A — B is a stratified mapping compatible with X, ---, X,
ond Y, ---,Y,.

(ii) The strata of S(A) (resp. of S(B)) are subanalytic in X (resp. in
Y).

To prove the proposition, we need

LEMMA 5.4 (Bertini-Sard-Hironaka). Let f:X —Y be a proper real
analytic map, where both X and Y are smooth. Then there exist o subset
S of Y such that

(i) S is closed and subanalytic in Y and dimS < dimY.

(ii) for every comnected component U of Y — S, either f(U) =0
or f induces a submersion from f~YU) to U.

For the proof see [3].

Proof of Proposition 5.3. We prove the proposition by induction on
dim B. The verification for the case dim B =0 is immediate from
Proposition 4.3. So we assume that the proposition holds for subanalytic
sets having dimension <p and we shall prove it for a subanalytic set
B of dimension p.

Let B,, denote the set of the regular points of B of dimension p.
By Proposition 3.10, there is a closed subanalytic subset B, of B,, such
that dim B, < dim B,, and B, D S,(Y;, B;,) for each j=1,---,4. Set B,
=B,, — B, and A, = AN f'(B;y,). Then A, is subanalytic in X and so
is B, in Y. By Proposition 4.3, 4, admits a Whitney stratification S(4,)
which is compatible with X,, ---, X; and such that each stratum is sub-
analytic in X.

Now for each stratum W of S(A,), consider the restricted map
SIW: W — B, and set 3, = {x € W| the rank of f|W at x < dim B,, = P}.
Then Yy is subanalytic in X. Since S(4,) is locally finite, ¥ =23y
is subanalytic in X and closed in A,.

Then f(X) and its closure f(3) are subanalytic in Y and dim f(2)
<dimB. Set By, =B, — f(2) and A, = AN f'(B,). Set

S(A,y) = {W NAyWe S(Ao)}
S(B,) = the set of the connected component of B,,.

With these stratifications S(4,) and S(B,), f: A, — By is a stratified
mapping which is compatible with X,,.-.,X, and Y,---,Y,.
B — B, is closed in B and dim (B — B,) < dimB = p. So by the
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hypothesis of our induction, there exist stratifications S(B — B,) and
S(A — Ay) with which f: A — A, — (B: By) is a stratified mapping such
that it is compatible with X,, .-, X,, Y,,.-.,Y, and with all strata of
S(4,) and S(B,).
Thus we have stratifications S(4) = S(A,») USA — 4,) and S(B) =
S(B,) U S(B — B,;) which satisfy the conditions in the proposition.
Q.E.D.

6. Lemmas for condition a,.

Let f: U — R™ be a real analytic mapping of an open set U R" into
R™, and let X,Y be smooth subanalytic submanifolds of U (i.e. smooth
submanifolds which are subanalytic in U). We denote by S(f|X) the
set of points x of X at which the rank d(f|X), < max,.x {rank d(f|X),}.

NOTATION. In the above situation, let S,(f: X,Y) denote the set of
points ¥ of (Y — S(f|Y)) N (X — S(f| X)) at which the pair (X — S(f|X)),
(Y — S(f|Y))) does not satisfy the condition a,. (For the condition a;,
see Definition 2.3.)

PROPOSITION 6.1.
(i) S(f1X) is subanalytic in U.
(ii) S, (f:X,Y) is subanalytic in U.

This proposition can be proved in a similar way to that of whitney
[7] where he proved that S,(X,Y) is an analytic set for analytic mani-
folds X and Y.

LEMMA 6.2 (A good stratification of analytic functions by F. Pham
D. T. Lé [4]). Let be a real analytic function defined on an open set U
in R*. Let Y C X C U be smooth subanalytic submanifolds of U. Sup-
pose that X is open in U and the restriction f|Y is a locally constant
function. Then we have

dim S, (f: X,Y) < dimY.

For the proof of Lemma 6.2, see [4]. In [4], this lemma is proved
in complex analytic case. However we can easily modify this proof to
the real analytic case using the method of complexification of real ana-
lytic sets. (For the complexification of real analytic sets, see for instance

11)
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From now on, we concern with the situation of Theorem 3: A is
an analytic set, M is a compact real analytic manifold, f:A X M - R
is an analytic function, FF': A X M - A X R is the mapping defined by
F(a,x) = (a, f(a,z)) and p: A X M - A and =: A X R— A are the canon-
ical projections.

Let Z be a smooth subanalytic subset of A and let X be a subana-
lytic submanifold of Z X M such that the restricted function

flIXNp@N: XNp () —> R
is a locally constant function for each point z of Z. Then we set

S(f:Z X M,X) = UZSa(f:zxM,Xﬂ(zxM)).

LEMMA 6.3. S,(f:Z X M,X) is a subanalytic subset of X having
dimension < dim X.

Proof. The subanalycity of S,(f:Z X M,X) can be proved in a
similar way to Proposition 6.1, (ii). The inequality of the dimensions
follows from the definition of S,(f:Z X M, X) and Lemma 6.2. Q.E.D.

7.

We prepare in this section the final lemma for the proof of
Theorem 3.

LEMMA 7.1. Let the notations be the same as in Lemma 6.3. Sup-
pose that the restricted function fla X M:a X M — R is not locally con-
stant for each ac A. Then there exists a Whitney stratification S(A) of
A whose strate are all subanalytic in A and such that for each stratum
Z of S(A) there exist Whitney stratifications S(Z X M) of Z X M and
S(Z X R) of Z X R whose strata are all subanalytic and which satisfy the
following conditions:

(i) FI|ZXM:ZXM—Z X R and the projection n: Z X R—Z are
stratified mappings, Z being o stratified set with its trivial stratification.

(il) S,(f:Z x M,X) is well defined and =@ for any pair of strate
Z of S(A) and X of S(Z x M) with dim X < dim (Z X M).

(i) If dimF(X) = dim(Z X R) for a stratum X of S(Z X M), then
dim X = dim (Z x M).

Proof. We prove the lemma by constructing a sequence
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c,cC,c-...cC, =4, n=dmA,

of subanalytic subsets of A satisfying the following conditions (iv)—(viii):

(iv) dimC; <17 and C;_, is closed in C,.

(v) C;— C;_, are subanalytic submanifolds and S,(C; — C;_,, C; —
C,.)=0if j >i.

(vi) There exist Whitney stratifications S((C; — C,_,) X M) of (C, —
C,.) XM and S((C; — C;_) X R) of (C, — C,_,) X R whose strata are all
subanalytic and with which the restricted mapping F: (C; — C;,_) X M —
C;,—C,)XRandz:(C; — C;_)) X R—C; — C,_, are stratified mappings,
where C; — C;_, is considered as a stratified set with its trivial stratifi-
cation consisting of the connected components.

(vil) Su(f:(C; — C;_) X M,X) is well-defined and = @ for each stra-
tum X of S((C;, — C;_) X M) of dimension < dim (C; — C;_,) X M.

(viii) If dim F(X) = dim (C; — C;_)) X R for a stratum X of S((C; —
C,_) X M), then we have dim X = dim (C, — C,_,) X M.

We construct such a sequence C; by descending induction on the
dimension of C,. We begin the induction setting C, = A, where n =
dim A. Supposing we have already constructed C,, we are going to con-
struct such a C,_,.

If dim C; <, then we set C,_, = C, and this ends the step of the
induction. So we suppose dim C; = 1.

Set

(C))sp = the set of all regular points of C; having dimension q.
C:k - (Ci)sp - Uj>1: Sb(Cj—u (Ci)sp)
R* = the set of all regular values of the mapping
F:0fxXxM-—C¥ XR.

Then, since f, is not locally constant for any ac A, R* is a non-
empty open subset of C¥ X R and C¥ = =n(R*). And the restricted map
F: FY(R*)— R* ig a stratified mapping with their trivial stratifications
S(F-Y(R*)) and S(R*) consisting of the connected components of F-'(R*)
and of R* respectively.

For any subanalytic submanifold Y of #(R*) x M — F~Y(R*) = C¥ X
M — FY(R*) and for any point a of C¥, the restricted function
flYNpa) = f1Y N(aXx M) is a locally constant function, where p: A
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X M — A is the canonical projection. Hence, by Lemma 6.3, the set
S,(f: C¥ X M,Y) is well-defined for such a manifold Y and it is a sub-
analytic subset of Y having dimension < dimY.

Therefore, with a similar argument to Proposition 5.3, we see that
there exist Whitney stratifications S(C¥ X M — F-Y(R*)) of C¥ x M —
F(R*) and S(C¥ X R — R*) of C¥ X R — R* whose strata are all sub-
analytic, which are both compatible with all strata of S(#~!(R*)) and of
S(R*) and which satisfy the following conditions (ix) and (x):

(ix) F:(C¥{¥ X M — FY(R*)) —» C¥ X R — R* is a stratified mapping:

(x) S,(f:Cf X M,Y) =@ for any stratum Y of S(C} X M — F~Y(R*)).

For each stratum X of S(Cf X R — R*) we denote by Xy the set of
all critical points of the restricted mapping =|X: X — C¥. Set

C;_, = the closure of the set (C; — CH) U U (2% ,

where X rans over all strata of S(C¥ x R — R*). Then C,_; is a closed
subanalytic subset of C, having dimension < 4.

We denote by S(C, — C,_) X M) the set of all connected components
of X — p~X(C,_) where X runs over all strata of S(F-'(R*)) U S(C}¥ X M
— FY(R%*)), by S((C; — C,;_) X R) the set of all connected components of
Y — z7%(C,_,), where Y runs over all strata of S(B*) U S(C¥ X R — R*)
and we denote by S(C, — C,_,) the set of all connected components of

Ci - C’i—l'
It is easy to check that the sets {C.}, ¥ =¢— 1, and the stratifica-
tions thus obtained satisfy the conditions (iv)—(viii). Q.E.D.

8. Proof of Theorem 3.

Let the notations be as in Theorem 3: f: A X M — R is a real an-
alytic function, A being a real analytic set and M being a compact real
analytic manifold. F:A X M — A X R is the map defined by F(a,x) =
(a, f(a, ®).

P:AXM—A and 7:AXR— A
are the canonical projections.

Let C be the set of points ac A such that the restricted function
fla X M:a X M — R is a locally constant function. Then C is a closed

subanalytic subset.
Then by Lemma 7.1, there exists a Whitney stratification S(4A — C)
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of A — C satisfying the conditions (i)-(iii) of Lemma 7.1. Now, we
prove that for each stratum Z of S(A — C), the restricted map F:Z X
M —Z.X R is a Thom-mapping over n:Z X R— Z.

Let Z be a given stratum of S(A — C) and let X and Y be strata
of S(Z x M) with F(X) < F(Y). (For the symbol F(X) < F(Y), see the
notation given at the end of §1.) Since dimZ X R = dim F'(X) > dim F(Y)
> dim Z, by the condition (iii) in Lemma 7.1, X is an open set of Z X M
and hence, by the condition (ii), S,(f:X,Y) is well defined and = 0.
Hence for each point aeZ, S.(f: XNpa),Y Npa) =0 Therefore
F:ZxM—Z xR is a Thom-mapping over #: Z X R — Z.

Since C is a closed subanalytic subset of A, by Proposition 4.3, there
is a Whitney stratification S(C) of C compatible with all strata of
S(A — C). Since the restricted function fla X M:a X M — R is a locally
constant function for each a e C, for each stratum Z of S(C), F:Z X M
—Z X R is a Thom-mapping over n: Z X R—Z. Set S(4) =S4 — C)
U S(C) and S(A4) is what we want. Q.E.D.
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