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1. Introduction. Let us consider the Cauchy problem

p+v.Vp=0

plv. + (v.V)v] + Vp = uAv + pf

divv=0 (1.1: )

P ‘:=o = Po(x)

v |:=0 = vy(x)
in Qr =R’ x [0, T], where f(x, t), py(x) and v,(x) are given, while the density p(x, t), the
velocity vector v(x, t) = (v'(x, t), v*(x, t), v(x, £)) and the pressure p(x, t) are unknowns.
The viscosity coefficient u is assumed to be nonnegative. In these equations, the pressure
p is automatically determined (up to a function of ¢) by p and v, namely, by solving the
equation

div(p~'Vp) =div(up ' Av+f— (v.V)v). (1.2)

Thus we mention (p, v) when we talk about the solution of (1.1:u).
The purpose of this paper is to establish the uniform convergence of the solution of
(1.1: u) with g >0 to the solution of (1.1:0) as u— 0. We wish to prove

THEOREM. Assume that

po(x) — p e H(R?) for some positive constant p, (1.3)
inf po(x)=m >0 and suppy(x)=M <o, (1.4)
vo(x) € H*(R?) and div v,=0, (1.5)
f(x, t) € L*(0, T : H*(R?)) (1.6)
and
u=1. (1.7)

Then there exists T* € (0, T) independent of u such that the problem (1.1:u) has a unique
solution (p, v) which satisfies

(p — p,v) € L0, T*: H¥(R?)) x L0, T*: H(®?)) (1.8)
and
v LX0, T*: H*(RY) provided u>0. (1.9)

Moreover, let (p°, V") be the solution of (1.1:0) and (p*, v*) the solution of (1.1:u) with
u>0. Then we have

Sup, (" = p*)OII5 + I(v = v¥)(O)II5] =0 as pu—0, (1.10)
where || . |lx = | « @3-
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In the case that p =1, we refer to Ebin and Marsden [2] and Ladyzhenskaya [4].

2. Preliminaries. In this section we obtain an a priori estimate for solutions of
(1.1:u). Let (p, v) be a sufficiently regular solution.

LemmMma 2.1. If we put

p=p—p (2.1)

and
W0 = [ 1+ 156+ IVOIBF as, 2.2)

then
sup 1E)IRZ 170l + (o), 2.3)

where p,= p,— p and ¢ is a positive constant depending only on imbedding theorems.
Proof. It follows from (1.1:u), and (1.1: u), that  satisfies the equation
p+v.Vp=0
{ﬁ li=0 = Po(x).

Applying the operator D (= (3/3x,)*'(8/3x,)**(3/8x3)**) to (2.4),, multiplying the
result by D“p, integrating over R* and adding in & with |&|(=a, + a, + a3) =3, then
we have

(2.4)

EIBORSEVOLIAOIE @)

Hence, by Young’s inequality, it is easy to see that (2.3) holds.
LeEmMA 2.2. Put

A=1+|poll3 (2.6)

and
T
B=lvll3+ | IEOI3 @7
0
Then we have
IVOI+ [ IvA)3ds + i | (o) ds S ELAPB -+ A(A + BYW(0) + (A + BYWGY + (),
0 0

(2.8)
where ¢ is a positive constant depending only on m, M and imbedding theorems.
Proof. We first note that
m=p(x,H)=EM, (2.9)
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since we have the representation
p(x, ) = po(¥(T, X, 1) |=0), (2.10)
where y(z, x, ) is the solution of the Cauchy problem
d
d_i”(y’ 2 2.11)
Yler=x

(i) We multiply (1.1: ), by v and integrate over R>. Taking (1.1:u),, (1.1: u); and
(2.9) into account, we get

%dgt VoVl + #IDVIF= M{fllolivlo, (2.12)
where we use the notation D*u=Z%,,,_,D “u. Multiplying by v, and integrating over R*
then gives
m||v,|I5 + ||DV||0—M(||V|| DYV llo + IEllolivello)
= cy(lIvllz + IEI1E) + = ||V:||0 (2.13)
Thus
m||v, |15+ ko HDVHO‘Cz(“V”z +|I£113). (2.14)

Here and hereafter ¢; are positive constants depending only on m, M and imbedding

theorems.
(ii) Apply the operator D* with |&| =1 on each side of (1.1:u),, multiply the result
by D°v and integrate over R>. Then, similarly to (i), we get

L IVPDVIR + WIDMIES ex(IDp vl DVl + IDVI
+[1DplNVILIDYIE + DNl DVl + [ Dol DVIl0)
= c(IIDplIz + IVIE + IIVIIZ + NFIIT) + [RAFS (2.15)
If we multiply by D%, and integrate over R>, then we have
m{|Dv,[5+ ||DZV||05CS(||DP“ ¥lloll D¥:llo + VN1 DV Ilol| DV, Il

+ IIDVIIfIIDV:IIM NDp YN Dvllol DY llo+ | Do ll2lIflloll D¥:llo+ | DEoll DV, ]l0)

=co(lIDpIBIVIG+ VI + I DRlZIVIIZ+ I Doll3 ||f||o+|IDf||o)+ IDvill5.  (2.16)

https://doi.org/10.1017/50017089500030639 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030639

126 SHIGEHARU ITOH

Therefore
m||Dv,||5+ M— ID*V115= s LIDPIAIVAIE + IvIl2 + RIS + 1Ivliz + A1) (2.17)
(iii) Adding (2.14) to (2.15), we get
mllv,|[§ + 2# ||DV||o ll\//_?DVII(Z) +2u(IDIG= cs(IDpliz + (VI3 + (IvII2 + (1K)

(2.18)
Thus, noting that g =1, we get

[ v ds + wlDVIE+ IDVIR+ | 1DVIRds SclB+w@)  @19)
0 0

(iv) Making use of the operator D® with |a| =2 in place of the operator D* with
la| = 1 and repeating the argument in (ii), we have

57 “\/‘DZVH() +ulIDVIG= (Dol DV, llol DVl

+ 1DV ILID*V]lo + 1DplLNIVIZID?VIle + I D llIVILI DI
+IVISID*VIIS + I Dp LI |1 D?Vllo + ”f”z“DZV“o)

= cn(IIDpll3 + VIS + VI3 + IR + NIV, )13) + = IIDV,llo (2.20)
and
m|| D5+ M— ID*VI[G= clllDplZUIDYAIE+ VIS + IENT) + (Ivils + I61Z].  (2.21)
(v) If we add (2.17) to (2.20), then we obtain
mIDV.IR + 235 1DV + 2 VAW + 24 DV

= ciaI1Dp IV 16 + HIvliz + NIFIIG)
+IDplI2 + IvIIs + IVIZ + NIEIS + (v AIG]- (2.22)
Hence, due to (2.3) and (2.19),
t t
[ UDVIE ds + DR + D%+ 1t [ ID*VIR ds
0 ]

=c[AB + (A + BY¥(t) + W(t)Y. (2.23)

(vi) Applying the operator D® with |a|=3 to (1.1:u),, multiplying by D®v and
integrating over R, then we have

2 IVBDIE + DI

= ci6(IDPII3 + VIS + VI3 + AN + VIS + 1DV, 1IE) + ”Dzvr“()~ (2.24)
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(vii) Add (2.21) to (2.24). Then, due to (2.3), (2.19) and (2.23), we get

! !
f ID*v|I5 ds + ul D>VIG+ ID*II5+ 1 | [ID*VIIG ds
0 0

=c¢1[A’B + A(A + B)W(1) + (A + B)W()* + ¥(1)*).
Consequently, it follows from (2.12), (2.19), (2.23) and (2.25) that (2.8) holds.
LemMa 2.3. There exists T* = T*(¢, ¢, A, B) € (0, T] such that
W)=l for t=T*

Proof. From Lemma 2.1 and Lemma 2.2, we have a differential inequality

d
ZYO= Ly(1)°,

where y(t) =1+ ¥(¢) and L = [ééA*(1 + B)]>. We conclude that
y(&)= (1 —5Lt)""" provided t < (SL)™',
and thus
y()=2 for t=T*=31/160L.
Because of the above lemmas, the following is easily proved.

ProrosiTiON 2.4. There exists a positive constant ¢ = c(¢, ¢, A, B) such that

T

sup (PO + VORI + [ IviZdr+ [ IvlBdisc
=13 0

0
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(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

3. Proof of Theorem. We first prove the unique solvability of (1.1: ). We apply the
semi Galerkin method with the basis in H*R*)NJ provided =0 and H*(R*)NJ
provided u >0, where J={ue {C5(R*}> divu=0}. Our approach is completely
parallel with that of [1, Chapter 3] without any specific difficuity. To be brief, estimates of
the type (2.9) and (2.30) are true for the semi Galerkin approximations and these are
sufficient in order to pass to the limit. Hence we can verify the existence of ‘a unique
solution of the problem (1.1:u) as well as the applicability of the inequalities (2.9) and

(2.30) to it. For the detail we refer to [1].

Next we prove (1.10), which is the main result in this paper. If we subtract (1.1:u)
with >0 from (1.1:0), then we get the following linear system for t=p’~ p*,

w=v'—v*and g =p°—-p*
(1, +v'.Vi=—-w.Vp*,
pH[w, + (v* . V)w] + Vg = —p*(w. VW + (Vp"/p")t — uAv*=F,

< divw=0,
T |1=0=O,
(W I:=0=0-
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From this, by proceeding in the same way used for getting a priori estimates, we have

IR K, f Iw(s)|3 ds (3.2)
and
IW(OIES K, f IF(s)|3 ds, (3.3)

where ‘K, and K, are positive constants depending only on sup |33,
0==T*
sup |[v*(t))l3, T*, m, M and imbedding theorems. =T

O==T*

==

Let us estimate for the right hand side of (3.3). To begin with, by the usual
calculation, we get

(" (w . VIVIOIE = lI(p*(w . VIVYOIIE + D (p*(w . VIV
+ID*(p*(w - VIVIUOIG= Kx(M + [ IV OIS Iw )13, (3.4)

where Kj; is the constant of the theorems of imbedding.
Next, from (1.1:0), and (3.2), we obtain

1((Vp*/ ") D))= Kall (VR p YO 31 20113
S K KON+ V@)l + IIV"(t)|I§|IDV"(1)II§)L lIw(s)Iiz ds, (3.5)

and thus it follows from Proposition 2.4 that

[1Fegass K (u+ [ moBa). G.6)

Where K4= K4(K2, K}, T*, M, C).
Hence, if we put K = K, K,, then

wOBEK (u+ [ IweIEds). ()

and, by Gronwall’s inequality,
liw(0)II3 = Ku(K exp(KT*) - 1). (3.8)

Now, because of Lemma 2.3 and Proposition 2.4, we find that K and T* are
independent of u, which completes the proof of the theorem.
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