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Vanishing Theorems in Colombeau
Algebras of Generalized Functions

V. Valmorin

Abstract. Using a canonical linear embedding of the algebra G>° () of Colombeau generalized func-
tions in the space of C-valued C-linear maps on the space D(£2) of smooth functions with compact
support, we give vanishing conditions for functions and linear integral operators of class G°°. These
results are then applied to the zeros of holomorphic generalized functions in dimension greater than
one.

1 Introduction

Differential algebras of generalized functions display a few differences from the fa-
miliar case of C* or holomorphic functions: the fact that a Colombeau general-
ized function may vanish at every classical point without being null is a well-known
structural property of Colombeau algebras, i.e., these generalized functions are not
a pointwise concept. Thereby, mathematicians working in this field have been nat-
urally led to seek characteristic conditions for nullity in such algebras. A characteri-
zation is given by Oberguggenberger and Kunzinger [11], giving at the same time a
positive answer to [10, Problem 27.4] by introducing the new concept of a compactly
supported point.

Thus, the recent result by Khelif and Scarpalezos [9] stating that a holomorphic
generalized function which vanishes at all classical points of an open set of C is the
zero function has been surprising enough. Other results involve the geometric na-
ture of the set of zeros to conclude the nullity of holomorphic generalized functions.
It has been shown [12] that holomorphic generalized functions have global holo-
morphic representatives, whereas in [3,5] only local existence of such representatives
was obtained. These results and their proofs show the difference between classical
holomorphic functions and generalized holomorphic functions (also a holomorphic
generalized function may vanish with all its derivatives at a point without being null).

We notice that holomorphic, as well as real analytic, generalized functions are
elements of class G°° [10, p. 274]. With different techniques from those in this paper,
a canonical embedding of G°°(£2) in the space of C-valued C-linear maps on the space
D(2) of smooth functions with compact support is given in [13]. This result may be
seen as a vanishing one concerning generalized functions in §*°.

The main purpose of this paper is to give vanishing theorems related to this canon-
ical embedding, and then vanishing theorems in the frame of §°° classes, covering the
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above mentioned topics. The second section of this paper is devoted to results on in-
jectivity of linear maps leading to vanishing conditions. In the third section we deal
with G°° kernels and vanishing theorems. Results of [9] on zeros of holomorphic
generalized functions are extended to higher dimensions in the last section.

2 Basic Definitions and Notations

Let Q be an open set in R and £(Q) the space of smooth functions on Q with its
usual topology. We note K € (2 to mean that K is a compact set in 2. Then the
set Epr(2) (resp. N(QQ)) of moderate sequences (resp. null sequences) consists of
sequences (f,), € E(Q)N with the properties

VK € Q, Va e N, Ire R, 3C >0, |0 fulliewy < Cn', n>1

(VK€ Q, Va e N Vg€ R, 3C >0, 0% fulliey < Cn™1, n>1)

respectively. These spaces are both algebras and moreover N({2) is an ideal of £,(€2).
The simplified Colombeau algebra G(£2) is defined as the quotient

S() = Em()/N(Y)

(see [8, p. 10]). If sequences ( f,), consist of constant functions on €2, then one ob-
tains the corresponding algebras €j; and Ny. The Colombeau algebra of generalized
complex numbers is defined as C = &, /Ny. We notice that C is a ring but not a field.
The subset of G(£2) consisting of elements for which any representative ( f,,), satisfies

VK €Q, IreR, Ya e N 3C >0, |0°flliew) < Cn", n>1,

is a subalgebra of G(2) denoted by G>°(£2) (see [10, p. 274]. It is seen that G(£2) and
G°() are sheaves over R%. The embedding of the Schwartz distribution space £’(€2)
is realized through the sheaf homomorphism £/(2) 3 f — d(f * ¢a|a) € G(Q),
(cl standing for the class modulo N(€2)) where a fixed sequence (¢,), is defined on
R? by ¢,(x) = nép(nx), n > 1, where ¢ belongs to the Schwartz space S(R?) and
satisfies

/¢(x) dx =1, /x”(b(x) dx =0,a € N, |a| #0.

We use the notations x* = x{" - - - x%¢ and || = a1 + - - - + @g. This sheaf homomor-
phism is extended as an embedding of D’(2) into §(2).

The integral of f € G(Q2) over L € (2 is defined as the generalized complex num-
ber cl( fL fa(x) dx) and does not depend on the chosen representative ( f,),. If f has
compact support, one defines the integral fQ f as fL f where L is an arbitrary com-
pact set in {2 which contains supp f in its interior.

3 Embeddings and Vanishing Theorems

The following classical result (Poincaré lemma) will be used throughout the paper.
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Lemma 3.1 Let ) be an open set in RY and ¢ € D1 (Q). Then

[l @) < VAD) D] 120
where D = (0/0x)) - - - (0/0x4), X denoting the Lebesgue measure.

Let G.(€2) denote the algebra of generalized functions € §(£2) that have compact
support. Let © denote an open set of R?. We consider the C-linear maps

A: G(Q) = L(Ge(2)C) and Ay G(Q) — C

fr—Af ul—>/qu.

The following result is proved in [7] from a study of invertible elements in R.. Here
we give a direct proof.

Proposition 3.2 The linear map A is injective.

Proof Let f € G(Q) be such that Ay = 0. Let (f,), denote a representative of f
and let L be a compact set in €2. Choose a positive function ¢ € D(Q2) such that
¢|U = 1 on a bounded open neighborhood U of L and set u, = D(¢Df,) where
D = (0/0x1) - - - (0/0x4). Wehave u = cl(u,) € G.(£2) and consequently A ¢(u) = 0.
Using integration by parts we find [, f(x)u,(x) dx = (=1)4 Jo @)D fu(x)|? dx.
From Lemma 3.1, it then follows that

I fullzew < VADIDfllzwy < VALV SDfull2e-

Consequently, for all g > 0, || fu||rcx) = O(n~1) as n — o0, and then, f = 0 (see
[8, Theorem 1.2.3]). [ |

It is well known [4, p. 60] that A: G(Q2) — £ (@(Q);@ is not injective. Never-
theless, the following theorem was obtained with a different proof in [13].

Theorem 3.3 The restriction of A to G>°() is an injective linear map from G°°(Q2)
to L(D(Q); C).

Sketch of the proof Let f € §°°(£2) be such that Af = 0, that is, A () = 0 for all
@ € D(Q) and take (f,), € E57(§2) a representative of f. Let Ky denote a compact
subset of 2, K € D(Q) such that k|Ky = 1. There exist a number s such that for all
m, pr,m+d(Kfn) < 1 forall n > ny for some ny € N large enough. Next, fix a positive
number g and set D = (9/9x;) - - - (0/0xy).

Let Sy, n € N defined on £(2) by S,(¢) = fQ D(kfn)(x)(x) dx and let By =
{n*S,;n € N}, k > 0. Using the Banach—Steinhauss theorem leads to the equicon-
tinuity of the By which is equivalent to their boundedness on a neighborhood of
zero in £(2). One may choose a neighborhood U of the form U = {p € &(Q) :
PrLm(p) < p}, where L is a compact set containing K and such that

IT(p)] <1, Te€By,pel.
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At this stage one sets
pD(k fu)
n+ prmra(hfa)
It is shown that ¢, € U. Then taking k = 2q + s and using px;m+a(xfu) < n' for
n > ny, a constant C is found such that

n =

s ) = i [ —IDOENL

o 17+ promea(Kfy)

which leads to
|”2q+55n(§0n)| 2 C—anq/ |D("$fﬂ)(x)|2 dx’ n> Mo.
Q

Now from Lemma 3.1, it follows that

([ full o= (Ko) < VA DK fu) [ 20) < VCAK)n™?, 1> ng.

This proves the theorem. ]

In the sequel, functions with compact support are assumed to be trivially extended
to © or R? if needed.

Corollary 3.4 Let f € G°(R?) and Q denote an open set of RY. Then we have

(i) Iffx¢=0forallp € D), then f =0in

(ii) IfQis a convex cone, then f = 0 in 2 implies that f x ¢ = 0 for all ¢ € D(2).

(iii) If 2 is a symmetrical convex cone, then f = 0 in Q if and only if f x ¢ = 0 for all
¢ € D(Q). In particular, f = 0 if and only if f * ¢ = 0 for all p € D(R?).

Proof (i) If f x ¢ = 0 for all ¢ € D(Q), then a fortiori (f * ¢)(0) = 0 for all
@ € D(Q). This means that fQ fi =0forall ¢ € D(Q2). By Theorem 3.3, we have
f=0in.

(ii) Conversely, assume that €2 is convex and f = 0 in Q. Let ¢ € D(2) and
K € Q. We have suppp = —suppp. If x € Kand y € (—suppy), thenx — y €
K + supp ¢. Since (2 is a convex cone, it follows that K + supp ¢ C 2. Let ; denote
a bounded open neighborhood of K + supp ¢ in Q. Since f = 0in §2, we have f =0
in £y which is a neighborhood of K. Hence f * ¢ = 0 in (2.

(iii) Since € is symmetrical, it suffices to note that ¢ — ¢ is an isomorphism from
D(2) to D(2) and apply Theorem 3.3. [ |

As in [7, Theorem 1.1], for £t(G.(92) ; C), it is easily seen that L(D(Q) ; C) is a
sheaf over R?, which allows us to give the following definition.

Definition 3.1 Let T € L(D(Q) ; C). Then the support of T, denoted supp T, is
defined by

Q\ supp T := {x € ; IV, open neighborhood of x : Vo € D(V,), T(¢) = 0},

where ¢ € D(V,) is trivially extended to €.
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Proposition 3.5 Forall f € §°°(Q), supp f = supp Ay.

Proof Let f € G>°(£2). Let x € Q2 \ supp A. There exists an open neighborhood V
of x such that A s(¢) = 0 forall ¢ € D(V). This means that Vi € D(V), fv f=0.
It follows that f|V = 0. Hence x € Q2 \ supp f and then supp f C supp Ay.
Conversely, if x € Q \ supp f, there exists an open neighborhood U of x such that
fIU = 0. Then we have [, fo = 0 forall p € D(U), that is, As(¢) = 0 for all
¢ € D(U); hence x € supp f and supp Ay C supp f. ]

We now determine the image of the restriction of A to §°°(2). The following
proposition will be needed for this purpose.

Proposition 3.6 Let E, F, and G denote vector spaces over a field K and m: E — G
a surjective linear map. If T: F — G is a linear map, then there exists a linear map
p: F— Esuchthat T = wo p andkerp = kerT.

Proof Let E; be a supplementary subspace of ker 7 in E. Denote by g the projection
on E; parallel to ker 7, r the canonical embedding of E; in E, and m; = =|E;. It is
easily seen that mr; is bijective and gor = Idg, and ™ = 7, 0q. Weset p = rom; ' o T,
The maps r, 7! and T being linear, the same is true for p. We have

rop=(mogq)o(rom'oT)=[mo(qor)on; ' moploT=T.

Since r is injective, ker p = T~ (m(kerr)) = T~1({06}) = ker T. [ ]

Let ¢ € G*°(Q2) and let (¢,), denote a representative of . We denote by ¥, the
linear map defined on D(Q2) by ¥,(y)) = fﬂ ), Y € D(Q). Tt is easily seen that
the W,,’s satisty the following property:

(3.1) VK € Q,3r € R,Va € N, 3C > 0 such that
|V, (0%Y)| < Ch'[|Y]|p k), forallyy € D(Q2),n > 1.

Let T be a linear map from D(£2) to C. From Proposition 3.6, there exists a linear
map ¢ = (®,), associated with T, such_that 7mo® = T and ker ® = ker T where 7
denotes the canonical map from Cys to C. The map P will be called a representative
of T.

Definition 3.2 A linear map ® = (®,), € L(D(Q2,CY)) is said to be G of type
L, if it satisfies (3.1). A linear map in £(D(£,C)) is G of type L' if it admits a
representative which is G of type L!.

The subspace of L(D(€2, C)) of all linear maps G>° of type L! will be denoted by
L5 (D, @). It follows straightforwardly from the definitions that A(G°°(£2)) C
L§e(D(€2, C€)). Actually we have the following.

Theorem 3.7 The restriction of A to G°°(Q) is a bijective linear map from G°°(2) to
Lge (D(Q) ;@.
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Proof We already know from Theorem 3.3 that A is injective; it remains to show that
it is surjective. Let S € L§°(D(, C)) and let ¥ = (¥,,), denote a representative of S
which is G of type L'. Using the inequality || - ||11x) < mes(K)|| - ||z k), it is seen
from (3.1) that the ¥,, and all their derivatives are measures, that is, distributions of
order 0. Hence each ¥,, n > 1 is represented by a smooth function ¢, on Q. It
follows that W,,(9%) = (—1)l°l fK 0%pu1p for every ¢ € Dg(Q). Set 0%, = gyu-
We note that for any compact set N in 2 we have

= lgnllzee vy -

(32) sup | / f
ferl'(n) 'JK
”f”LI(N)Sl

Let f € L'(K) be such that || ||k < 1 andlete > 0. Let ; denote a relatively
compact open neighborhood of K in €2 and set 2, = K;. Choose 1) € D, (£2) such
that || f — 9||11x) < €. Hence we have [|¥|| 1) < || fllx) +€ < 1+e. Let f denote
the trivial extension of f to K;. Writing

/Kgnf—/Klgnf—flegn(f_Td}) +/Klgn1/)

and using (3.2) and (3.1), we then find

‘/Kgnf

for some constants r and C. Now if we let ¢ — 0 and use again (3.2), we finally get

< e|lgnlloe k) + C(A +e)n”

VK compact set C Q,3r € R,Va € N*,3C > 0, 0@, ||k < Cn', n > 1.
This means that (¢,), € €37 (). It follows that ¢ = cl(¢,) € G*°(Q) satisfies
S = A, thus proving the theorem ]

4 G* Kernels and Vanishing Theorems

Let K € G(Y x X) where Y and X denote two open sets of R? and R™. We define
linear integral operators

K:G(Y) — G(X) and 'K:G.(X) — (V)

u—K-u v—'K- v,
where (K - u) = cl (fy Ka(y, - Jun(y) dy) and ('K -v) = d (fy Ku(+, x)vu(x) dx);
(K) > (ttn)u> and (v,,), being representatives of K, u, and v respectively. If u € S.(Y)

and v € §.(X), we set

Ag,: G(X) — T and Ag,: G(Y) — C

V»—>/(Iz~u)v u»—>/(tlz~v)u.
X Y
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It is easily seen that if K € §°(Y x X), then K - G(Y) C §°°(X) and ‘K - G.(X) C
§=(Y).

We give a proof of [2, Theorem 21] without the compactness hypothesis on the
support of K.

Theorem 4.1 The linear maps K — K and K — 'K are injective.

Proof It is clear that it suffices to prove the result for the first map. We set D, =
(8/dy1) -+ (8/9y,) and D, = (3/0x1) - - - (8/Ix). Note that if K = 0, it follows
that DK - u = D.(K - u) = 0 for every u € G.(Y). Let (K,), be a representative
of K, M, and L compact subsets of Y and X respectively. We choose V' C Y and
U C X relatively compact open neighborhoods of M and L respectively, ¢ € D(Y)
and ¢ € D(X) positive functions such that o|M = 1, suppe C V and ¢|L = 1,
suppt C U. For each n there exists x,, € U such that

/ |Dny((</7 ® P)K) (- 7xn)|2 = SUP/ |Dny((<P ® Y)Ky)(- ax)|2-
Y xcU Jy

Set

1y = D, 1D, Dy(( ® $IK)I( -, x) and v, = Dyl( @ 0)Ky] - 1.

Using partial integrations, we find

V() = (=1)° / Dny((‘P @ )K) (- 7x)Dny((‘P ® PIKy) (-, xn),
Y

which gives

()| = / 1D, Dy(( ® WK -, %)
Y

From the definition of x,,, we then have for every x € U,

()| / ID,Dy(( ® $)K,) (-, )
Y

Since supp ¢ C V, integrating over U and using Fubini’s theorem yields

N /

Y %

ID,D((p @ P)K,)|.
U

Taking into account ¢|M = 1, ¢|L = 1, and positiveness, Lemma 3.1 gives

)\(V)/\Z(U)|Vn(xn)| 2 ||(<P®1/})Kn||1%w(VxU) Z ”KnHi“’(MxL)'

Now it is easily seen that the above left-hand side is the general term of an element

of Ny. Because (x;), is compactly supported, wf.(gpu) = 0and [(@%K] ‘U=
K- (¢u). Since every compact set of Y x X has a finite covering consisting of compact
sets of the form M x L, it follows that K = 0. [ ]
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We now consider the following C—linear map:
Tx: G(Y x X) — C

W Kw.
Y xX

We note that Vu € D(Y),Vv € D(X), Tx(u ® v) = Ag,(v) = A
have the following.

.z.,(1). Then we

Theorem 4.2 LetK € G°(Y x X). The following conditions are equivalent:
(i) K=0;

(i) Tx|D(Y) ® D(X) = 0;

(iii) K|D(Y) = 0;

(iv) *K|D(X) = 0.

Proof Clearly (i) implies (ii) and (iii) is equivalent to (iv). Assume that (ii) is satis-
fied, thatis, Tk (¢®1) = Oforall p®¢ € D(Y)@D(X). Then we have Ay (1)) =0
forally € D(X). SinceK - @ € §°(X), by Theorem 33,K - p=0forallp € DY),
proving (iii). Assume that (iii) is satisfied. Hence, Af'w(v) =0forallv € §.(X) and
all ¢ € D(Y). By Fubini’s theorem, this means that A,z () = 0 forall ¢ € D(Y).
Since 'K - v € §°(Y), Theorem 3.3 implies that ‘K -v=0forallv e G.(X), that is,
'K = 0. Now from Theorem 4.1, it follows that 'K = 0 implies (i). [ |

5 Zeros of Holomorphic Generalized Functions

We consider holomorphic generalized functions in an open set € of C?. A generalized
function f € G(€2) is said to be holomorphic if it satisfies the Cauchy—Riemann
equation Of = 0. The set of holomorphic generalized functions is a subalgebra of
5(£2) denoted by G (€2). For a general account of this topic we refer to [1,3,5,6, 12].
In [12], it was proved that any f € Gy(€2) admits a representative ( f,), such that the
fu’s are holomorphic in 2.

From the Cauchy formula, it is immediately seen that G (2) C G*°(£2). Contrary
to the general situation for generalized functions, it is proved in [9] that if a holo-
morphic generalized function vanishes at every point of a connected open set of C,
then it must be the zero function in this open set. We extend this result to higher
dimension. For the sake of simplicity we work in dimension d = 2.

Theorem 5.1 Let ) denote a connected open setin C2, Y a nonvoid open set in C, and
T" a nonvoid open interval in C such thatY x I C Q. IfF € Gy(Q) satisfies F(£,{) =0
forall (€,() € Y x I, then F = 0in (.

Proof Let X denote an opensetin CsuchthatY x X C Qand XNT # @. Let (F,),
be a holomorphic representative of F (see [12]). For every fixed ( € X, F,(-,() €
H(Y), and the corresponding sequence is moderate because this is true for (F,),.
We denote by g its class in Gy (Y). If ( € X N T, it follows from the hypothesis
that g-(§) = 0 for every & € Y. Using the result of [9], we get g¢ = 0 for every
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¢ € XNT. Consequently, for every ¢ € D(Y), (Ax(¢))(¢) = 0 for ¢ in a nonvoid
interval non reduced to a point. Since Ax(¢) € Gu(X), it follows, using a result of
[9], that Az(¢) = 0. Hence Ay = 0, and from Theorem 4.2, F = 0inY x X. Since
2 is connected, using the analytic continuation property of holomorphic generalized
functions [6,12], we get F = 0in (2 |

A straightforward induction gives the following.

Corollary 5.2 Let ) denote a connected open setin C%, d > 2, Y a nonvoid open set in

Candli,1 <1 < d—1nonvoid open intervals in C such that Y xI'y x - - - xT'y_; C Q.

IfF € Gu(Q) satisfies F(€, 1y ..., Ca—1) = Oforall (€,(y,y ..., Ci—1) €Y Xy x -0 %

T'y_1, then F = 0in €.
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