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1. Introduction. Let pu be the Gaussian measure in C" given by du(z)=
(2m)™" exp(—|z|*/2) dV, where dV is the ordinary Lebesgue measure in C". The
Segal-Bargmann space H?*(u) is the space of all entire functions on C" that belong to
L?*(u)-the usual space of Gaussian square-integrable functions. Let P be the orthogonal
projection from L*(u) onto H*(u). For a measurable function ¢ on C”, the multiplication
opzerator M, on L*(u) is defined by M h = @h. The Toeplitz operator T,, is defined on
H*(u) by

T,f=PM,f, feHYp).

Some results on Toeplitz operators have been found by Berezin, Howe and others, {1],
[6]. However more systematic study of these operators has been given by Berger and
Coburn in their recent joint works [2], [3]. We thank them for sending us these works. In
particular the description of the C*-algebra generated by the Weyl form of the canonical
commutation relations as uniform limits of almost periodic Toeplitz operators is given in
[2]. Moreover [3] completely characterized the largest *-algebra Q in L*(C") for which
I;T, — T, is a compact operator for all f, g in Q.

In this paper we concentrate on the following questions: under what conditions on
the symbol g is the corresponding Toeplitz operator PM,,P a bounded, compact or in the
Schatten—von Neumann class €,, p = 1. We give such conditions in terms of the Berezin
transform @ of @. The question of boundedness and compactness of T, has also- been
considered in [3}. Since Tj, — T;T, = PM;(I — P)M,P, there also naturally appears in this
context the Hankel operator H; = (I — P)M;P. Therefore analogous questions will be
answered for Hankel operators. Note that our results concerning Hankel operators are
not covered by the recent theory of Hankel forms given by S. Janson, J. Peetre, R.
Rochberg in [7]. We also find the spectrum of a class of bounded Toeplitz operators and
consider the behaviour of Hankel operators under the action of the Weyl representation
of C".

The notation given below will be used throughout the paper. For any p =1, L?(C")
stands for the usual L” space with respect to Lebesgue measure dV in C". We shall also
use the obvious generalization L?(p dV'), where p is a function on C". The scalar product
of 4, z € C" is denoted by (A, z), but the same notation (f, g) will be used for f, g € L*(u).
For A, z€C", e;(z) =e®"? and let k,(z) = e®»?2~(*"9 pe the normalized reproducing
kernel for H*(u1). The Berezin transform of a function @ on C" such that @k, € L%(u) for
every A € C" is given by

P = (9hs, k).

For a function f on C", g€eR, ae C" we denote by f(q-) and f(- —a) the functions
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2—f(qz) and z—f(z —a), respectively. The class of compact operators is always
denoted by X and the Schatten-V. Neumann operators by €,. C, stands for the space of
continuous functions on C" which vanish at infinity.

For an n-tuple k = (kq, . . ., k,) of non-negative integers the standard basis vector e,
in H?(u) is given by

ex(z) = %k !)"12z%,  where

kl=klk!. .. k!, k=k+...+k, and

Zh=zh . gk

All other notations will be those commonly used in operator theory.

2. Toeplitz operators. We start with a simple proof of a sufficient condition for the
boundedness of T,. A similar result is also contained in [3] but with a different proof.

LemMa 1. Suppose that @ is measurable and ®(V2-)e€ L™(C"). Then PMyP is
bounded and ||PM,P| < (87)" |#(V2)|. Conversely, if T, is bounded, then ®(-)e
L™(CH).

Proof. Note that PM,,P is the integral operator with the kernel R(z, u) given by
R(z, ) = [p(E)er@)es B) du(®).
Let C, be the integral operator with the kernel
K= [le@) e ),

Since |[PM,Pf(z)|=C, |f|(z) it is clear that boundedness of C, in L*(u) implies the
bo?ndedness of PM,P in L*(u). Applying the Schur test for C, we put p(z) = q(z) =
e””2, see [5, Theorem 5.2]. We have

[k, wp ) du) = [ 1) emc-stomcarmsreson ay ) auey
= [lo@) e gy g

=p@) 00V2)] (5),
where

¢, =2" f e GV (1) = (87)"
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Hence PM,,P is bounded and ||PM,P|| <c,|| |@(V2-)| || Since the converse is obvious by
the definition of @ the proof is complete.

Remark 1. Note that |§| (\/i-) € L*(C") implies |@| € L™(C"). There are no bounded
Toeplitz operators T,, with entire symbol @ (by Liouville’s Theorem). However, there are
many bounded Toeplitz operators with unbounded symbol. We shall see below that
unbounded symbols can even define trace class Toeplitz operators.

Our next result gives a sufficient condition for compactness of T, also expressed in
terms of Berezin symbol. Namely following the proof of Theorem C in [3] we shall prove

ProrosiTIoN 2. If |@(V2')| € C,, then T,eX.

Proof. First note T\, € X implies that T, € X. We claim that T, € ¥. Let y, be the
characteristic function of {z, {z] >r}. Then

Tio1 = Tigia—x) T Tipi,-

Since Tig1—y,) is compact we only have to show that
i | ;g = 0.
By Lemma 1 it is enough to check that

lim |lg, || =0, (+)

where g,(1) = [@[x,(V2-)(A). But g, € Cy, g,(z) <g,(z), when r>s and lim g,(z) =0 for
every z € C". Hence by Dini’s Theorem (+) holds and this completes the proof.

ReMARK 2. This proof is exactly the same as the proof of the implication
|p|* € Co=> M, P € ¥ given in [3]. It turns out that using the integral expression of T, one
can also give sufficient conditions (in terms of Berezin symbol of @) for the inclusions
T,e%,p=2and T, € %,.

: 2
ProposiTioN 3. Let p=2 d pt+qgl=1. I —q< )( )
N et p and p q f |®| s p = p €
LFY(C", pdV), where p(z) =exp[(¢*— 4)(4—q) (g —1)""|2|*27"] then T,e%,.

Proof. Let S, be the integral operator with the kernel R(z, u) given in the proof of
Lemma 1. We have S;)y2) = T,. Applying the Theorem of Russo [9], it is enough to
check that

IU IR(z, u)|? du(u)]p_ldu(z)<+Oo
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But this integral is less then
[[[ (@0~ [io@n et avie) e au) |~ duto
= [[[1otr (F2)ere au) |~ auce)

By direct computation we find that the last integral is equal

of [f1or (=) -t av)| p@ ave,

where c,=(4—¢q)""™", p(z)=expi[(g°—4)4—q) (g —1)"|z]"]. The proof is
complete.

Remark 3. Note that for p =2, the condition imposed on @ reduces to a simple
requirement: |@| € L*(C").

Before we proceed further let us recall the following fact (contained in [1, p. 1137]). If
T, € ¢, then |@| e L'(C") and

TrTq,=I(pdV

Applying the above equality we have the following
ProvposiTION 4. T, € 6, if and only if e L'\(C"). If T, € %,, then Tt T, = { @ dV.

Proof. By the above mentioned result of Berezin the “only if” part and the equality
Tr T, = [ ¢ dV are obvious (note that [ |@|dV = [ |@|dV).

On the other hand suppose that |@|e L'(C"). Let {gg} be an arbitrary basis in
H?*(u). It is enough to check that

; (T,gx, gx)l <+, see[d].

We have
S (Tt 81 = S 10118l du = 3 (191 85, £6) = [0l ., ) du(@)

- [1614v = i1 av.

This completes the proof.

ReMARK 4. In the case 1 <p <2 one can also find a certain sufficient condition for
T, € €,. However it is not formulated in terms of ¢. Namely, if for the standard basis ex

https://doi.org/10.1017/50017089500007400 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500007400

TOEPLITZ AND HANKEL OPERATORS 319

in H*(u),
Il(p(z)l” ; lec(2)IP d2 du(z) <, then T, € G,.
Here
k
: r(7q+ 1) 1 1
dk=flek|"du=——,2—, —+Z=1.
(k1) P q

We conclude this part of the paper with a result concerning the spectrum o(7,) of T,,, for
a class of symbols. First some remarks on homogeneous polynomials. Let Py denote the
space of homogeneous polynomials of degree N in C". It is clear that

H (W)= @ Pu.

By a simple computation one can check that any Py, considered as a finite dimensional
subspace of H*(u), has the reproducing kernel e{’ given by

(a, )"

egN)(a)= 2NN' *

Now we are ready to formulate the next result.

ProposrTiON 5. If Ty, is bounded and @(e”®z) = @(z) for every 6 € R, then
) 7, = @ (Toin)

ii) o(T,) = NQO o(Toip,)

Proof.
i) Let ex be the standard basis in H?(u). Direct computation shows that

(T,ex, €)= e KI=O(T ¢, e,).

Hence T, Pyc Py, for N=0,1,2,.... Since ¢(e’°z) = @(z) and T = T this completes
the proof of i).
ii) Denote by Ty = Ty)p,. We have to show that

o(T) c NQO o(Ty),

because the opposite inclusion always holds.
Take A ¢ O o(Ty). There exists 6 >0 such that ry =dist(4, o(Ty)) = 6 for every
N=0

N=0,1,2,.... Let || |lo be any cross norm in the set of finite rank operators in H*(u).
Suppose that || ||o is not equivalent to the operator norm. Then by Lemma 3 of [8] we
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have
1A = Tn) Ml = 3ra" exp[39rn’ | Tvllo T(rn/6 11 Tvllo)), (*)

here 7:R.— R, is a decreasing function such that t(r) =0, for r >1.

We choose ||Al]jo = (tr A*A)". The above estimation (*) shows that ||(A — Ty)™'|| are
uniformly bounded, if || T||¢ are uniformly bounded.

But

d(N)

NTnliz= >

s,p=0

2
3

Jwepés dp

where d(N) is finite and is equal to dim Py. By the Schwarz inequality it is enough to
estimate

d(N)

> [19lleP = [19@)1e7(2) dut2)
Since T, is bounded and { ||ef)||” du() = c,, we have

10021 €2, ) du@) = 1T [ NI du(®) = . 1 T

Hence {||Tyllo} are uniformly bounded and this completes the proof.

The question how to describe the spectrum of T, for more general ¢ seems to be
open.

3. Hankel operators. This part of the paper contains a few results concerning
Hankel operators in H*(u). For a given measurable function ¢ we define the Hankel
operator by

Hof =(I-P)M,f,  feHn). (H)

In the classical case of the unit disc there are plenty of bounded Hankel operators with
anti-holomorphic symbol ¢. However in the Bargmann space there are only trivial
bounded Hankel operators with anti-holomorphic symbol. Indeed, if H,, is bounded, then
for any feH*(u) we have @f € H*(u), so by Remark 1 @ must be a constant.
Nevertheless even for unbounded symbol ¢ one can sometimes extend H, given by (H)
on a dense domain D, to a bounded operator in H*(u). Namely applying the Schur test
once more we have

Prorosition 6. If H, is defined by (H) on a dense domain D and g satisfies the
inequality

lp(2) — p(w)| < Me' ™", (++)

then there exists a unique extension H, of H, which is bounded in H*(u). Moreover
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\|H, |l = Mc,, where

¢, =Qm)™" |e B gV,
Proof. Direct calculation shows that H, is given on D by the formula

Hyu(2) = [[9(2) — 9OeWu(w) dus(w)
uebD.
Define the integral operator S, on L*(u) by

5,/ = [Il9(2) = 9O)le. (W] Fw) du(w)

We claim that S, is bounded in L*(u). Indeed, applying the Schur test for p(z) = q(z) =
€ and the kernel S(z, w)=|[@(z) — p(w)]e.(w)| we have by (++)

IS(Z’ w)p(w) d“(w) < MIe|z—-w|2/8+Re(z,w)+|w|2/4 du(w)

= (2Jr)_"Mp(z)Je"'z“‘"z’8 dv(w) = Mc, p(z).
Hence §,, is bounded and ||Sw|| = Mc,. Since
|Hyu(z)| =S, |ul (2)

it follows that H,, has the unique bounded extension H, on H*(u) and ||H,|| < Mc,. The

proof is complete.

Remark. The above proposition does not contradict our earlier comments on the
lack of non-trivial bounded Hankel operators with anti-holomorphic symbols. This is clear
because the extension H, of H, from D onto H*(u) is not given in general by (H). For
example, complex conjugate of polynomials satisfy (++), but they don’t define bounded
H, on H*(u) given by (H).

Our next result concerns the question: when is H, € 6,? Applylng once again the
Theorem of Russo we shall find out when the above deﬁned S, is in €,. (and thus
H,e%,).

ProrosITION 7. Let p=2 and p~'+q~'=1. If oel?(ndV) and |p|? (% ) €
LP~(ndV), where n(z) =exp[(p* - 4)8'(p — 1)7" |z|*), then H, € 6,.
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Proof. Applying the Theorem of Russo to S, we have
plq
[[] 156wy duon] ™ duto)

=¢, [ oot + loommer=e2 auom | duce)
=e{[[ (o emeo duon) " au]

[ ([ioomr ez auom) " aun]

Direct calculation shows that under our assumptions on @ both integrals in the brackets
[ ] are finite.
This completes the proof.

REMARK. For p =2 the assumptions of Proposition reduce simply to ¢ € L*(C")
(because then |@|> e L'(C") automatically).

We conclude this work with a result concerning the behaviour of Hankel operators
under the action of the Weyl representation of C" in L*(u). Recall that the Weyl (unitary
in L*(u)) operators W;, A € C" are defined by

Wif(z)=hki(2)f(z—2),  feL¥p)
We have
ProposiTION 8. For any bounded Hankel operator H, and u € H*(u)
(WiH, W3 'u)(2) = (Hp( -3u)(2)- (**)
Proof. Applying the integral form of H,, and the equality

- )(a> k@)l

one can check (**) by direct calculation.

RemMark. The last result shows that any necessary and sufficient conditions concern-
ing various properties of H,, (like H, € €,) should be invariant under translations of the
symbol g.
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