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1. Introduction and results

Let n > 2 and S ! be the unit sphere in R™ equipped with the normalized Lebesgue
measure do. Let {2 be a homogeneous function of degree zero on R™ (which is then
naturally identified with a function on S"~1) satisfying 2 € L1(S"~!) and

[ 2acw) ~o. (1)

For a suitable mapping @ : R® — R¢ we define the Marcinkiewicz integral operator Ha, 0
along a mapping ¢ on R¢ by

o0 ()(z) = ( / N F¢,t<x>2‘“>1/27

where

Foae) = [ 20— aty) ay
i<t 1Yl
If d=n and @(y) = (y1,Y2,- - -, Yn), we shall simply denote the operator pug o by peo.
The study of the Marcinkiewicz integral operator ug, began in Stein [13], where (2 was
assumed to be in a certain Lipschitz class (see also [2]). In two recent papers [5,6], the LP
boundedness of the operators g o was established for §2 in the Hardy space H'(S"™!)
and @ in several classes of mappings.
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The purpose of this paper is to investigate the L? boundedness of the operators e o
when 2 € F,(S"1), where for an o > 0, F,(S"!) denotes the set of all {2 which are
integrable over S"~! and satisfy

1 1+«
o [ 19w (tos ) o) <o (12)

Condition (1.2) was introduced by Grafakos and Stefanov in [9]. The examples in [9]
show that there is the following relationship between F,(S"~!) and H!(S"71):

() Fa(S™ ) ¢ H'(S™ ) ¢ [ Fa(S™7).

a>0 a>0

It was proved in [9] that, under condition (1.2), the usual singular integral operator with
the kernel £2(y)|y|~™ is bounded on L?(R™) for

c 2+ o 9+
— al.
p +a
The range of p was later enlarged to

24 2«
1+ 2a

,2+2a)

in [8].
‘We shall state our main results as follows.

Theorem 1.1. Let d € N and P(y) = (P1(y), ..., Paly)), where P; is a real-valued
polynomial on R? for 1 < j < d. If 2 € F,(S") for some a > 0, then up.q is bounded

oan(Rd) for
24 2«
— .24+ 2.
pe <1+2a’ * O‘)

Moreover, the bound on the operator norm is independent of the coefficients of the
polynomials {P; }1<j<ad-

There is a similar result for n > 3 when the condition {2 € F, is properly modified
(see Theorem 4.1).

Singular integrals along surfaces of revolution have been studied quite extensively (see,
for example, [4,10-12]). Theorems 1.2 and 1.3 deal with L” bounds for corresponding
Marcinkiewicz integrals.

Theorem 1.2. Let d = n+ 1 and &(y) = (y,$(|y|)) be the surface of revolution
generated by a function ¢ : [0,00) — R. Suppose that ¢ € C'([0,0)), ¢’ is convex and
increasing, and §2 € F,(S™™!) for some a > 0.

(i) If n =2, then ug g is bounded on LP(R?) for

24 2«
— .24+ 2« ).
€<1+20z’ * a>
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(ii) If n > 3 and ¢'(0) = 0, then ug g is bounded on LP(R"*1) for

24+ 2«
2+ 20 ).
p€<1+2a’ * a)

Theorem 1.3. Let d = n+ 1 and Y(y) = (y,d(|y|)), where ¢ is a polynomial. In
addition, let 2 € F,(S"~1) for some a > 0.

(i) If n =2, then ug. ¢ is bounded on LP(R?) for
2+ 2«
—,2+ 20 |.
pe (1 Toa T a)
(ii) If n > 3 and ¢'(0) = 0, then ug g is bounded on LP(R"*1) for

24+ 2«
2+ 2
p€<1+2 + )

Moreover, in both (i) and (ii), the bounds on the operator norm are independent of the
coefficients of ¢.

Our method is based on a lemma presented in §2. The proofs of our results can be
found in §§3 and 4.

2. Main lemma

We shall begin by establishing some notation. For a family of measures 7 = {7, : k €
N, t € R} on R?, we define the operators A, and 7} by

1/2

Ar(f)(x):;< / m,t*f)(xn?dt) and (1) (o) = sup(ri| + 7).

Lemma 2.1. Let m € N and L : R* — R™ be a linear transformation. Suppose that
there are constants Cy, Cy, o,y > 0 such that the following hold for k € N, t € R and

¢ e R4
[[7,e ]l < Co2 (2.1)
17k,t(§)| < Co2 ’“|2”“ M LE; (2.2)
1716 (€)] < Co2 F(log [27¢= R Le|)=(UHe) i 27K Lg| > 2; (2.3)
7% ()l e mey < Cp2 27| fll 1o Ry, forl <p < oo. (2.4)
Then, for

24 2«
2+ 2
e(1+2 + )
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there exists a constant A, > 0 such that

1A ()l e ey < Apll fll Lo wey (2.5)

for all f € LP(R?). The constant A, may depend on Cy, Cp, @, v, d and m, but it is
independent of the linear transformation L.

Proof. By an argument in [7] we may assume that m < d and L = (&1,...,&n) =&
for ¢ = (&,...,&a) € R% Choose a C* function 1 : R — [0, 1] such that supp(¢)) C [, 4]
and -

/ ) gy =0, (2.6)
0 T

Define the Schwartz functions ¥, %, : R™ — C by

V(e bm) =0(EE+ - +E2)

and ¥ (u) = t~™W(u/t) for t > 0 and v € R™. If we let 64—, represent the Dirac delta
on R4 then by (2.6), for any Schwartz function f,

Define the g-function g(f) by

1/2
o)) = ([ 100 60« p)as)
By me U, (z)dz = ¢(0) = 0 and Littlewood—Paley theory, we have

lg(llLrray < CllfllLrmay, for 1 <p < oc. (2.8)

For s € R, k € N and Schwartz function f, let

1/2
H 1 (f)(z) = (/R |(Woy sty @ Sgm) * Thet * f(2)]? dt) (2.9)

and

Hs(f) = ZHs,k(f)
k=1

It follows from (2.7) and Minkowski’s inequality that

A(f)(@) < (Y1og2) / HL(f) () ds. (2.10)

Hence, if we can prove that, for
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there exist 6, > 0 and 6, > 1 such that
Cp27%%  for s >0,

| Hsllpp < Cpls| ™%, fors < —N, (2.11)
Cp, for — N <s<0,

where N > 0 depended only a and -, then (2.5) follows from (2.10) and (2.11).
We shall first establish (2.11) for p = 2. When s > 0, by (2.2) we have

[ e og e ar < e (Pl ar
R (2vettgr) L2z jer) !
< C(2FOFD+r5) =2, (2.12)

It then follows from Plancherel’s Theorem and (2.12) that
[ Hsll22 < C277°. (2.13)

Now let us consider the case of s < 0. For given a > 0 and v > 0, take

—8 > max 1+§7m .
v log2

Then for 1 < k < —s — (4/v), by (2.3) we have
[ e e o a
R

< o2 / (log |27 R)¢!|)=2(1Fe) q
@+t <2m ()
< C272K (1 4 s 4 k|) 720+, (2.14)

On the other hand, for s chosen above and k > —s — (4/7), by (2.2) we have
/ ‘¢(|2W(S+t)§/|2)7ﬁk,t(€)|2 dt < ¢22kg=2v(s+k) (2.15)
R

Apply Plancherel’s Theorem again, by (2.14) and (2.15), for s chosen above we have

CZ_k(l+’Y|S+k‘)_(1+a)||f||L2(Rd), fOI' 1
02_k2_7(s+k)”f”L2(Rd), for k

k< —s—(4/7),

<
> —s—(4/7).

| Hs k()2 (mey < {

(2.16)
Thus, by (2.16) we get

||Hs||272<0{ > 27U 4ls k)4 Y 2’“27(“’@)}. (2.17)
1<k<—s—(4/7) k>—s—(4/7)
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We have

Z 27F(1 4+ s + k)~ 0+
1<k<—s—(4/7)
=2 > 29 (1 + ~j)~ 1+
(4/7)<j<—(s+1)

< 28( > 27 (1 +44) ") 4 > 27(1 +w‘><1+“>>

(4/7)<i<—(s+1)/2 —(s+1)/2<5i<—(s+1)
—(1+a)
_ o +1) j
< 95 |g—(s+1)/2 (1+a) _ (s Y
[ I e
4<j<o0 —(s+1)/2<j<—(s+1)
< C(2°/2 + ||~ (F9) (2.18)
and
Yoo 2thebRigor N7 20 o2, (2.19)
k>—s—(4/7) j=—[4/4]-1

It is easy to see that, for given a > 0 and v > 0, there exists an
1
N> maxf1y 8 20+
v log2

such that, for all s < —N, 2° < 25/2 < |5|~(1+%) Hence, by (2.17) and (2.18), (2.19), we
see that
| Hyll22 < Cls|~AF) | for s < —N. (2.20)

Next we shall prove that, for every p € (1,00), there exists a Cj, > 0 such that for any
selR

[Hsllpp < Cp. (2.21)
Let Gy(x) = (Paru @ dg—m) * f(x). Then by (2.1),
H‘ / Tht % Gore(-) dt <o27k / |G ()] dt (2.22)
R L1 (R) R L1 (R)
On the other hand, by (2.4), for 1 < ¢ < co we get
| < |7 (sup 1) <crt|swial| @2
s imec Gosel] oy < i CspIG) ey < 02 iG]y 229

Hence, (2.22) and (2.23) show that the linear mapping T : Gt — T+ * G54 is bounded

from LY(L'(R),R%) to itself and from LI(L>(R),R?) to itself, respectively. If ¢ > 1

satisfies 1/¢ = 2/p — 1, then by using the operator interpolation theorem between (2.22)

and (2.23), it can be concluded that for 1 < p < 2 the mapping 7" is bounded from

LP(L*(R),R%) to itself. By using an appropriate duality argument, we know that 7T is
also bounded from LP(L?(R), R?) to itself for 2 < p < co. Thus, for 1 < p < oo,

1/2 1/2

([ ranGunitp ar) <2t ([1er )

R Lr(R4) R

LP(R4)
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From this and (2.8), we get that
1 i ()| o ay < Cp2 " [ flloqay  for 1 <p < oo, (2.24)

holds for s € R and k& € N, which implies that (2.21) holds for s € R and 1 < p < oo.
Finally, by interpolating between (2.13) and (2.21), (2.20) and (2.21), respectively, we
obtain (2.11) for every p in

with 6, > 0 and 6}, > 1. Lemma 2.1 is proved. O

3. Theorems 1.2 and 1.3

Proof of Theorem 1.3. Let 2 € F,(S" 1) for some a > 0 and let {2 satisfy (1.1).
Let @(y) = (y,¢(|y|)), where ¢ is a real-valued polynomial. In addition, we assume that
¢'(0) = 0 when n > 3.

Let Dy = {y € R": 2° < |y| < 25"} and define the family of measures 7 = {75, : ¢ €
R, k € N} on R"! by

[ Swmdne=2" [ swou) 22
R+

- W dy. (3.1)
Then

a0 (f) < A-(f). (3.

It is easy to see that (2.1) follows from the integrability of £2 on S™~!. In light of (3.

and Lemma 2.1, it suffices to show that (2.2) and (2.3) also hold when we choose v =

and L(&, Eny1) = €.

2)
2)
1

For A € R, let
2
Bt = [ D200 g, o
1
By using a van der Corput type estimate in [3, Corollary 7.3] and (1.2) we obtain
[ I 6 ) 2wl doly) < Clog" el)=+ (3.4

for A € R and (&,&,41) € R"L. The distinction between the cases n = 2 and n > 3 was
made clear in [4] (see also the example given at the end of §3 in [4]). Thus

[Th,e(& Engr)| < 2_k/

Sn

B |15t (&, Ent1,y)2(y) | do(y)
< 027 F(log* |2t Fg[)~ (e, (3.5)

On the other hand, by (1.1),

~ — i[€- i §2
(€, Enin)] < 2 t/ i€+ €0 1901y _esn+1¢<y>|:y|£y)l dy
Dy

< C27F 2Ry, (3.6)
Clearly, (3.5) and (3.6) imply (2.2).
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Finally, one may apply a theorem of Stein and Wainger on maximal operators along
curves in [14] to obtain (2.4). This completes the proof of Theorem 1.3. O

The proof of Theorem 1.2 is similar. Details are omitted.

4. Proof of Theorem 1.1 and additional results

For n,m € N we let A(n,m) denote the set of polynomials on R™ which have real
coeflicients and degrees not exceeding m. Let

U(n,m)= {Z agy® € A(n,m)\ A(n,m —1) : Z aﬂQ—l}
1Bl= 18l=
Based on the work in [1] regarding singular integrals, we have the following theorem.

Theorem 4.1. Let « > 0, n > 2, m,d € N and P(y) = (Pi(y),...,Pi(y)) €
(A(n,m)). If 2 € LY (S™1) and 02 satisfies

1 1+«
s [ 10l (s pry ) dat) < . (4.1)
PeUrr, Un,l) sm' |P(y)l (

then up o is bounded on LP(R?) for

2+ 2«
ST 9 1 9a).
p€<1+2a’ + O‘)

Moreover, the bound on the operator norm is independent of the coefficients of the
polynomials {P; }1<<d-

Proof. Define the family of measures o = {0}, | k € N, t € R} on R by

F(a) dopa(e) =2 /D fz—PWw) lj,ﬁy_)l day.

Rd

Then
wp.o(f) < As(f). (4.2)

By the arguments in [7] and [1], there are families of measures
={r{)keN, teR},...,r™ = {7 keN, t e R},

each of which satisfies (2.1)—(2.4) with appropriate choices of v, ...,y and linear trans-
formations L™, ..., L(™) such that

Okt = Z T,Elz (4.3)
1=
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for k € N, t € R. It then follows from Lemma 2.1 and Minkowski’s inequality that

e (H)llze@ey <3 140 (Flle@ey < Coll flloo@e)
=1

for f € LP(R?) and

Theorem 4.1 is proved. O

It was shown in [1] that, when n = 2 and 2 € F,(S'), (4.1) holds for all m € N.
Therefore, one obtains Theorem 1.1 as a corollary of Theorem 4.1.

The authors express their gratitude to the referee for very valuable comments. This paper was
written while Y.D. was visiting the University of Pittsburgh. He gratefully acknowledges the
generous support provided by the University of Pittsburgh. His research was also supported in
part by the NSF of China (grant no. 10271016).
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