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Abstract

We show that for any ¢ > 0 and A € N, there exists o > 0 such that for sufficiently large n, every n-vertex
graph G satisfying that §(G) > en and e(X, Y) > 0 for every pair of disjoint vertex sets X, Y C V(G) of size
an contains all spanning trees with maximum degree at most A. This strengthens a result of Béttcher, Han,
Kohayakawa, Montgomery, Parczyk, and Person.
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1. Introduction

Determining the minimum degree condition for the existence of spanning structures is a central
problem in extremal graph theory. The first result of this direction is Dirac’s theorem [7] in 1952
which states that for n > 3, every n-vertex graph G with §(G) > 5 contains a Hamiltonian cycle.
Komlés et al. [24] proved that an n-vertex graph G with §(G) > (% + o(1))n contains a copy of
every bounded-degree spanning tree, and in [25], the result is extended to trees with maximum
degree O(@). Another notable extension is the bandwidth theorem of Bottcher et al. [4], which

finds the (asymptotically) optimal minimum degree condition forcing spanning subgraphs with
bounded chromatic number and sublinear bandwidth and resolves a conjecture of Bollobas and
Komlos [23].

Note that the extremal graphs in the above results usually have large independent sets, which
makes them far from being typical. Hence a natural project is to study how the degree conditions
drop if we forbid large independent sets from the host graph. Balogh et al. [1] initiated this study
by proving if G is an n-vertex graph with §(G) > (% + 0o(1))n and «(G) = o(n), then G contains a
Kj3-factor. This result is asymptotically optimal and requires a weaker degree bound than 6(G) >
%n from the Corradi-Hajnal theorem [6]. Nenadov and Pehova [35] extended this result to the
case of K,-factor and asked for the best possible minimum degree condition on G with «(G) =
o(n) that guarantees a K,-factor. Knierim and Su [22] resolved this question for r > 4 by showing
8(G) > (# + o(1))n is asymptotically best possible. Nenadov and Pehova [35] also generalised
a(G) into £-independence number and this inspires several recent works [5, 14, 15].
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However, just excluding large independent sets is not enough to guarantee the existence of large
connected subgraph. The union of two disjoint copies of Kx has independence number two, but
it does not contain any connected subgraphs with more than 4 vertices. Hence it is necessary to
impose stronger conditions to overcome this. The following notion of bipartite hole was intro-
duced by McDiarmid and Yolov [33] in the study of Hamilton cycles. Given two disjoint vertex
sets A and B in a graph G, we use Eg(A, B) to denote the set of edges joining A and B, and let
eG(A, B) =|Eg(A, B)|. An (s, t)-bipartite-hole in G consists of two disjoint sets S, T € V(G) with
|S| = s and |T| = ¢t such that eg(S, T) = 0. The bipartite-hole number &(G) refers to the maximum
integer r such that G contains an (s, f)-bipartite-hole for every pair of nonnegative integers s and
t with s 4 t = r. In this paper, we adopt a slightly different notion of bipartite-hole number due to
Nenadov and Pehova [35].

Definition 1.1. The bipartite independence number «*(G) is the maximum integer t such that G
contains a (t, t)-bipartite-hole.

It is clear from the definition that 2a*(G) + 1 > @(G) > a™(G) + 1. McDiarmid and Yolov [33]
showed that §(G) > @(G) is enough to force G to be Hamiltonian and the minimum degree condi-
tion is sharp. Moreover, this was recently strengthened by Dragani¢, Correia, and Sudakov to the
pancyclicity result [8]. Also, Kim et al. [21] studied the decomposition of an almost regular graph
G with &*(G) = o(n) into almost spanning trees of bounded maximum degree.

The main result of this paper is the following. We denote by 7 (#n, A) the family of all trees on
n vertices with maximum degree at most A.

Theorem 1.2. For each ¢ > 0 and A €N, there exists o = (g, A) > 0 such that the following holds
for sufficiently large n € N. Every n-vertex graph G with §(G) > en and o*(G) < an is T(n, A)-
universal, that is, G contains every T € T (n, A) as a subgraph.

That is, for a graph G with sublinear «*(G), the minimum degree condition forcing bounded-
degree spanning trees is almost sublinear. We remark that the maximum degree A of the tree
in Theorem 1.2 cannot be larger than C/n for some constant C= C, > 0 (in contrast to, for
example, the result of [25], which holds for trees of maximum degree O(@)) by the follow-
ing construction. Given any « > 0, choose positive integers n, k, A, d such that k, A are odd,
n=Ak—k+2, A>(k+2)dand é & a. It is easy to see that A > +/dn. Let T be a caterpillar
which consists of a path P=vv, ... v with A — 1 leaves attached to v; for each i € {1, k} and
A — 2 leaves attached to v; for each j € [2, k — 1]. Now we are going to construct a graph G with
8(G) =5 +d — 1 and a*(G) < an, but that does not contain T as a subgraph. Let Go = (V, E) be
an (3, d, A)-regular graph such that A < ad, whose existence is guaranteed by a result of Friedman
[11] on random d-regular graphs. Then we take two identical copies V; and V, of V, and join
u e Viandv e V,ifuv € E(Gp). The resulting bipartite d-regular graph is denoted by G*. Note that
by the well-known Expander Mixing Lemma (applied to Go), we have that forany A C V},BC V),
each of size an,

d 2d
ec+(A, B) = eg,(A, B) > EIAIIBI — 2/IA|IB| = —(an)* — (ad)an > 0.
0 n
We further add two disjoint copies of K> on Vi, V, and call the resulting graph G. Thus we
have o*(G) < an. Suppose G contains a copy of T and V; has at least % vertices of P since k
is odd. Indeed, whenever we embed a branch vertex v; € V(P) into V1, we have to embed at least
A — 2 — d leaves, which are attached to v;, into V7 as well. Thus the order of V; is at least

k+1 k+1 A—(k+1)d-3
%-F%(A—Z—d):n—i_ (2+) >z

as A > (k+ 2)d, a contradiction.
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Another motivation of our result is its connection to the randomly perturbed graphs intro-
duced by Bohman et al. [2], where the host graph is obtained by adding random edges to a
deterministic graph with minimum degree conditions. Krivelevich et al. [28] showed that for any
£>0,AeNand T €T (n A),if G is an n-vertex graph with §(G) > en, then the randomly per-
turbed graph GU G(n, %) a.a.s. contains T as a subgraph, where C depends only on ¢ and A. They

suggested that such a result can be improved to a universality result, that is, GU G(n, %) a.a.s.
contains all members of 7 (1, A) simultaneously. This is confirmed by Boéttcher et al. [3]. Indeed,
in their technical result which we state below, they replaced G(n, %) by a deterministic sparse
expander graph, and thus get the universality part for free.

Theorem 1.3 ([3], Theorem 2). For any ¢ > 0 and integers C > 2 and A > 1, there exist o > 0,
Dy and ny such that the following holds for any D> Dy and n > ny. Let G be an n-vertex graph
satisfying the following two conditions:

1. A(G) <CD,
2. e(U,W)> %|U||W|for all sets U, W C V(G) with |U|, |W| > an.

Suppose G is an n-vertex graph on the same vertex set and §(Gg) > en. Then H:= G, UG is
T (n, A)-universal.

Note that the graph H in Theorem 1.3 satisfies «*(H) < a*(G) < anand §(H) > §(G,) > en, so
His T(n, A)-universal by Theorem 1.2. Hence Theorem 1.2 slightly improves upon Theorem 1.3,
where we do not need to distinguish two graphs (or equivalently the maximum degree condition
on the sparse graph G is no longer needed).

2. Proof strategy and preliminaries

2.1. Notation

For a graph G=(V,E), let ¥(G) =|V| and e(G) = |E|. Given a collection of subgraphs F =
{Fi:iel},let V(F) = Uier V(F;). Given two vertex-disjoint graphs Gy, G, let G; U G, be the union
of G; and G,. For U C V(G), let G[U] be the induced subgraph of G on U and let G— U be
the induced graph after removing U, that is G — U:= G[V\U]. Given a vertex v € V(G) and
X,Y C V(G), denoted by Nx(v) the set of neighbours of v in X and let dx(v) := |Nx(v)|. The
neighbourhood of X in G is denoted by Ng(X) = (Uyex N(v))\X and let Ny(X) = Ng(X) N Y. We
omit the index G if the graph is clear from the context.

For a graph Fon [k] := {1,..., k}, we say that B is the n-blow-up of F if there exists a partition
Vi,..., Vi of V(B) such that |V;| =---=|Vi| =n and we have that {u, v} € E(B) if and only if
u€ V;and v € V; for some {i, j} € E(F). Given a spanning subgraph G of B, we call the sequence
V1,..., Vg the parts of G and we define 5(G) = miny;jiepr) 8(G[Vi, Vj]) where G[V;, V;] is the
bipartite subgraph of G induced by the parts V; and V;. A subset R of V(G) is balanced if [ RN V| =
.-+ =|RN Vg|. In particular, we say a subset of V(G) or a subgraph of G transversal if it intersects
each part in exactly one vertex.

For a path P, the length of P is the number of edges in P. Given two vertices x, y, an x, y-path is a
path with ends x and y. Let T be a tree and T’ be obtained from T by removing all leaves. A pendant
star is a maximal star centred at a leaf of T’, where the unique neighbour of the centre inside T” is
called the root of the pendant star. A bare path in T is a path whose internal vertices have degree
exactly two in T. A caterpillar in T consists of a bare path in T’ as the central path with some
(possibly empty) leaves attached to the internal vertices of the central path, where branch vertices
are the internal vertices attached with at least one leaf. The length and ends of the caterpillar refer
to the length and ends of its central path.

For two graphs H and G, an embedding ¢ of H in G is an injective map ¢ : V(H) — V(G)
such that {v, w} € E(H) implies {¢(v), (w)} € E(G). For all integers a, b with a <b, let [a, b] :=
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{i €Z:a<i< b} and [a]:= {1,2,...,a}. When we write @ < 8 < y, we always mean that
a, B, y are constants in (0, 1), and 8 < y means that there exists 8y = Bo(y) such that the sub-
sequent arguments hold for all 0 < 8 < fy. Hierarchies of other lengths are defined analogously.
For the sake of clarity of presentation, we will sometimes omit floor and ceiling signs when they
are not crucial.

2.2. Graph expansion and trees
We will introduce some graph expansion properties to embed the trees.

Definition 2.1 ([18]). Let n € N and d > 0. A graph G is an (n, d)-expander if |G|=n and G
satisfies the following two conditions.

1. |[Ng(X)|>d|X]| forall sets X C V(G) with 1 < |X]| < (%1.
2. eg(X,Y) > 0 for all disjoint X, Y € V(G) with |X| = Y| = [5;].

In [27], Krivelevich considered trees differently according to whether they contain many leaves
or many disjoint bare paths.

Lemma 2.2 ([27]). For any integers n, k > 2, a tree on n vertices either has at least ﬁ leaves or a
collection of at least j. vertex-disjoint bare paths of length k.

We will use the following corollary to divide 7(n, A) into trees with many pendant stars and
trees with many vertex-disjoint caterpillars.

Corollary 2.3. For any integer n, k > 2, a tree on n vertices with maximum degree A either has at

least ;75 pendant stars or a collection of at least 57« vertex-disjoint caterpillars each of length k.

Suppose T is an n-vertex tree with maximum degree at most A and T is the subtree obtained
by removing all leaves. Then it holds that |T| 4+ |T"|(A — 1) > n. We can apply Lemma 2.2 on T

to obtain at least ‘ | >
oflengthkin T.

In [16], Haxell extended a result of Friedman and Pippenger [12] and showed that one
can embed every almost spanning tree with bounded maximum degree in a graph with strong
expansion property. We will use the following result by Johannsen et al. [18].

Theorem 2.4 ([18]). Let n, A € N, d € RT with d > 2A and G be an (n, d)-expander. Given any
TeT(n—4AT551, A), we can find a copy of T in G.

7#x pendant stars or a collection of at least ;7'x vertex-disjoint caterpillars

As shown by Johannsen et al. [18], the following lemma is useful for attaching leaves onto
certain vertices.

Definition 2.5 ([18]). Given a bipartite graph G = (4, B, E) with |A| < |B| and a function f : A —
N with )", .4 f(u) =|B|, an f-matching from A into B is a collection of vertex-disjoint stars
{Su:u € A} in G such that S, has u as the centre and exactly f(u) leaves inside B.

Lemma 2.6 ([18]). Let d, m € N and let G be a graph. Suppose that two disjoint sets U, W C V(G)
satisfy the following three conditions:

L. INg(X)NW|>d|X]| forall sets X C U with 1 < |X| <m,

2. eg(X,Y)>0forall XS Uand Y C W with |X|=|Y| > m,

3. duw)=mforallwe W.

Then for every f: U — {1,...,d} with ), .; f(u) = |W]|, there exists an f-matching from U
into W.
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2.3. Proof overview

We give a brief outline of our proof here. Similar to previous works [27, 28, 34], we classify the
trees and deal with them separately. Our classification is given in Corollary 2.3, which refines
Lemma 2.2. First, for the pendant star case, let T} be a subtree obtained by deleting the centres
and leaves of pendant stars in T' (but not the roots). We randomly partition V(G) into V1, V; and
V3 and embed T into G[V;] by Theorem 2.4. Then we greedily embed most of the centres into
V3. The o property guarantees that we are left with a small portion of centres and we shall embed
them by the degree condition into V3. Finally we use Lemma 2.6 to find a desired star-matching
and complete the embedding.

For the caterpillar case, we shall embed a suitable subset of branch vertices into a random set
with “good” expansion properties. In this way, we can greedily finish the last step of embedding
leaves of caterpillars by a star-matching. To embed this suitable branch vertex set, we control the
length of the caterpillars and let T, be the subforest obtained by deleting these caterpillars except
the ends. First, we randomly partition V(G) into V1, V3, and V3, and embed T, into V; as the
above case. To embed central paths of these caterpillars, we randomly partition V set into k — 1
equal parts Xj, ..., Xy_1, where k is the length of the caterpillars. Then we define an auxiliary
graph H with V(H)=X'; UX’, U -UX',_, which is a spanning subgraph of the blow-up of
Cr_, and X'; is roughly the same as X;. In this way, we transform the problem of embedding
vertex-disjoint central paths into finding a transversal cycle-factor in H, as Lemma 2.7 below.
Once central paths have been embedded, we can greedily embed leaves of caterpillars by a star-
matching as mentioned above and complete the embedding. Now we state Lemma 2.7. Let G=
(V1, ..., Vi, E) be a spanning subgraph of the n-blow-up of Cy and let a;; (G) be the largest integer
ssuch that G=(Vy,..., Vi, E) contains an (s, s)-bipartite-hole (S, T) where SC V;, T C Vi1 for
some i € [k].

Lemma 2.7. Given a positive integer k € 4N and a constant § with § > %, there exists o > 0 such

that the following holds for sufficiently large n € N. Let G= (V1, .. ., Vi, E) be a spanning subgraph
of the n-blow-up of Cy with 3(G) > én and a;;(G) < an. Then G has a transversal Cy-factor.

Although the minimum degree bound in Lemma 2.7 is not best possible and it only works for
k € 4N, but it is enough for our purpose (indeed, we only need it work for large k). We suspect
that the (asymptotic) tight condition should be (1 + 0(1))%, given by the so-called space barrier.
Indeed, let G be a (complete) n-blow-up of Cj, with parts labelled as V7, . . ., Vi. One can specify a
set U; of size n/k — 1 in each cluster V;, i € [k] and remove all edges not touching U := Uie[k] U;
from G. Then we add a k-partite Erdés graph (obtained from random graph) to V(G) \ U so that
the resulting graph G’ satisfy af(G") = o(n) but G' — U is Cy-free. Now every transversal copy
of C in G’ must contain a vertex in U and §(G’) > n/k — 1. Since |U| < n, G’ does not have a
transversal Ci-factor.

If we remove the o} condition in Lemma 2.7, then the minimum degree threshold for transver-
sal Cy-factor is asymptotically §(G)>(1+ %)g + o(n), as determined recently by Ergemlidze and
Molla in [9].

Our proof of Lemma 2.7 is based on the absorption method, which will be given in Section 4.4.
Finally, there are some other minimum degree-type results in blown-up graphs [9, 19] and in
multi-partite graphs [10, 20, 29, 31, 32], but not with any randomness condition.

3. Proof of the main theorem

Proof of Theorem 1.2. Given a positive integer A and a constant ¢ > 0, we set k= 48(%1, y =
1

—_1
Az and = gx. Choose
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1 1 1

" KoK P Les, A
and let G be an n-vertex graph with §(G) > en and a*(G) < an. Given any tree T € T (n, A), by
Corollary 2.3, we proceed the proof by considering the following two cases.
Case 1. T has at least nn pendant stars.

We can easily pick a collection of yn vertex-disjoint pendant stars in T and label it as D =
{D1,...,D,,} for convenience. Write A := {al, R ayn} and B:= {bl, N byn} where a; and
b; are the root and centre of D;, respectively. Let S = {Sl, e Syn} where each S; is obtained
from D; by removing the root. Let T} be a subtree of T obtained by deleting vertices of S. Note
that |T1| < n — 2yn. Moreover we claim that V(G) can be partitioned into Vi, V3, V3 of sizes
ni1, na, n3, respectively, such that

dﬂﬂz;WHmmveWQJeB] (1)
where
d|Ty| +4Ad o
n=————oo, Nny=yn, HnH3=n-—n;—n.
1 d—2A 2=Y 3 1 2

Choose a partition { V7, V3, V3} of V(G) uniformly at random where |V;| = n;. For every v € V(G),
let f; = dy,(v) and note that ui, = E[fv’] > en;. Let q be the probability that there exist v € V(G)
and i € [3] which violates property (1). Then by the union bound and Chernoff’s inequality (see
e.g. [17], Theorem 2.1),

— (i /2)2 .
q <3nexp <(l;+{v)) <3nexp (—%) =o(1)

for sufficiently large n. Therefore, with positive probability the randomly chosen partition
{V1, V2, V3} satisfies property (1). Then we have
d(n—2yn)+4Ad (d+2A)yn—2An—4Ad
d—2A B d—2A
6Aan

n
EVTE —, (3)

ns>n—yn—

- dyn—2An
- 2d

where in the penultimate inequality we use dyn —2An> % because é Ls, % and the last
inequality follows since o < &, %.

Claim 3.1. G[V}] is an (n;, d)-expander.

[V1l

Proof. Let m; = fﬁ] and my = |—8|V1|

2d+2
between any two vertex-disjoint sets of size m; in G[V;]. For X C V; with 1 < |X]| <my, by (1),

we have

1. Since o*(G) < an < mj, there is at least one edge

&
INv, )1 = Vil = 1X] = d]X]. (4)

For X C V7 with my < |X| < my, since o K ;li, &, we can arbitrarily pick Z C X with |Z| = an.
As there is no edge between Z and Vi\(ZU Ny, (Z)), we have |Vi\(ZU Ny, (Z))| < an, then
INy,(Z)| > | V1| — 2an. Thus

INv,(X)| = INv, (2)] = (IX] = 1Z]) = |V1] — |X] —an = d|X]. (5)

Together with (4), G[V1] is an (n;, d)-expander. O
Note that |T| =n; — 4A(g_[11 +1)<n —4A f;’—tﬂ, where the first equality follows since n; =
d‘T‘;_‘—';ZAd. Then by Theorem 2.4, there exists an embedding f; : V(T1) — V. Let Ly = Vi \fi(T1)
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and L; = f1(A). Next, we will embed the centres of pendant stars into V, U V3 and we do it in two
steps.

In the first step, we embed most of the vertices of B into V,. Consider the bipartite graph
H on vertex sets L and V5, where |L;| =|V3| = yn. Let M be a maximum matching in H and
we claim that |[E(M)| > yn — an. Otherwise, since o*(G) < an, there is at least one edge in H —
V(M), contrary to the maximality of M. Let L, = V(M) NV, and L3 = V; \ L,. Without loss of
generality, suppose we have embedded B; = {bl, R bt} into Ly, where t > yn — an.

In the second step, we shall embed the vertices of B\ Bj into V3. For every u € V(G), by (1) and
(3), we have dy, (u) > %|V3| > Aan. Hence we can greedily embed S;11, ..., Sy, into G[V3]. Let
S1=1{S1,..., S} It follows that there exists an embedding f, : V(B1) U V(S \ S1) = V2 U V3 such
that ,(B1) =L and fo(S \ S1) € V3. Let Ly = V3 \ fo(S \ S1) and we have |Ly| > | V3| — Aan.

Now it remains to embed the leaves attached to the vertices of B;. Consider the bipartite graph
Q on vertex sets L, and L, where L =Ly U L3 U L4. Let m:= 2anand d:= A — 1. Since a™(G) <
an < m, there is at least one edge between any two disjoint vertex set of size m in Q. Forall X C L,
with 1 < |X| <m, by (1) and (3), we have [No(X) N L| > [NQ(X) N Ly4| = 5|V3| — Aan > d|X].
Moreover for each u € L, we have dr, (u) > §|V2| —an>mdueto o <, %. Therefore by apply-
ing Lemma 2.6 on Q, we obtain an embedding f3 of S} in Q such that f3(u) = f,(u) for every u € B;.
In conclusion, it is clear that the map f : V(T) — V(G) defined by

filw) ifue V(T)
fw) = fhw) ifueV(S)\V(S)
fu) ifueV(S)

is an embedding of T in G. The proof of Case 1 is complete.
Case 2. T has at least nn vertex-disjoint caterpillars of length k.

A caterpillar in T consists of a bare path in T’ as the central path with some (possibly empty)
leaves attached to the internal vertices of the central path, where T” is the subtree obtained by
deleting the leaves of T and we say that the internal vertices attached with leaves are branch ver-
tices. Observe that T either has a family of at least * caterpillars of length k that have at least one
leaf or a family of at least - bare paths of length k. Here, we will give a detailed proof for the first
subcase and the second subcase can be derived by the same argument.

Let n’ = and K’ be an integer from {’5‘, %‘ -1, %‘ -2, ’5‘ — 3} such that k¥’ =2 (mod 4). It is
easy to pick a collection of n’ vertex-disjoint caterpillars of length k" in T such that one end of

each caterpillar is adjacent to a branch vertex in T. Let 7 = {Fy, ..., F,;} be such a collection
and P ={Py,..., Py}, where each P; is the central path of F;. Write S:= {s;,...,sy} and W:=
{wi, ..., wy} where s; and w; are the ends of F; and assume that the neighbour of s; in P; is a

branch vertex, i € [r].

Let T, be a subforest of T obtained by deleting the vertices of F except the ends of every cater-
pillar and note that | T5| < n — n'k’. In a similar way as Case 1, there exists a partition {Vy, V2, V3}
of V(G) such that

dy.(u) > §|v,»| for all u € V(G), i € [3] ©6)
where
2A|Ty| +4Ad o 2A|Ty| +4Ad
Vil=|T — V= =-1) - ——————, | V3| =n— V1| = |Va|. (7
Vil =|T2| + FREYN [Va| =n'( ) FREYN [Vil=n—|Vi|—|V2l. (7)
Then we have
2A
[Vi|l>n—(n—nk)—n'(kK —=1)=n'> om) (8)
e

https://doi.org/10.1017/5S0963548323000378 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548323000378

Combinatorics, Probability and Computing 277

where the first inequality follows since |T>| < #n — #'k’ and the last inequality follows since o <«

1
&, Ar

Note that |T,| = | V7| — 4A(% +1)<|Vi| —4A [%1, where the first equality follows since

V1= T2 + Mﬁ%{ Then Theorem 2.4 implies that there exists an embedding g; of T in
G[V1]. Let Ly = V1\g1(T2) and V), = V5 U Ly. It now remains to embed #’ caterpillars in F.

First, we shall embed the internal vertices of P into Vé. Randomly partition Vé into
X1,...,Xp_1 each of size n’. The union bound and Chernoff’s inequality imply that, if # is suf-
ficiently large, then there exists a partition such that for every u € V(G) and i € [k — 1], we have
dx; (u) > ‘ST”,. Since &*(G) < an < 1/, there exists a matching M; between g;(S) and X; such that
t1:= |E(M;)| > n' — an. Similarly, there exists a matching M, between g; (W) and Xy, such that
ty:= |E(M3)| >n" —an.Let Sy ={s1,...,s,} S Sand W; = {wy, ..., w,} € W. Without loss of
generality, we assume that ¢1(S1) € V(M) and g1 (W) € V(M;). By the choice of X3, ..., Xp_1,
for each u € g1((SU W)G' — Us(S; U Wp)) € V(G), we have

en’ , ,
dx, (u) > Vi 2an>(n' —t)) + (0 —t).

Therefore we can greedily find a matching M3 between g(S \ S1) and X, covering g;(S\ $1), and
a matching My between g1 (W \ W) and X, covering g;(W \ W;), where V(M3) N V(My) = 0.
Let X| := (V(M1) N X)) U(V(M3) N X2), X, == (V(M2) N Xpr_1) U(V(My) N X3), X5 := (X2 \
(V(M3) U V(M4))) U (Xl \ V(Ml)) U (Xk’—l \ V(Mz)) and let Xz/ = Xi forie [3, K — 2]. In this
way, we obtain a new partition {X{, e Xl/c’—l} of Vé such that there exist perfect match-
ings between X| and g1(S) and between X}, | and g1(W). Let X| ={x1,...,xy} and X}, | =
{yl, - ,yn/} where for each i€ [n'], {x;,£1(s;)} and {y;, g1(w;)} are edges of the above perfect
matchings.

Let X{ = {z1, ..., 2y} be a new set of vertices disjoint from V(G). Define an auxiliary graph H
with vertex set V(H) =X UX, U---U X;{Lz. For 2 <i <k’ — 3, the edges of H between X/ and
X}, are identical to those of G. For v € X} and z; € X[, {v, z;} is an edge of H if and only if {v, x;}
is an edge of G. Similarly, for u € X],C/—Z and zj € X(’), {u, zj} is an edge of H if and only if {u,yj} is
an edge of G. Observe that if H has a transversal Cy_,-factor, then G has n’ vertex-disjoint paths
of length k" — 2 that connect x; and y;. Since we moved at most 2an vertices when we constructed
the new partition, now we have that

S(H) > en’ n > en' 2n'
— —2an>— > .
4 - 8 k-2
Then Lemma 2.7 implies that H contains a transversal Cy _,-factor. Together with the perfect
matchings, we find an embedding g, of V(P) to V, that connects g; (s;) and g; (w;) for each i € [n'].
Now it suffices to embed the leaves of caterpillars into V.

Let I C V} be the set of images of branch vertices in V(F). Since every vertex in S is adjacent
to a branch vertex in F;, we have X/1 ClLletm:= anandd:= A.Forall X CIwith1<|X|<m,
by (6) and (8), we have [NG(X) N V3| > 5|V3| > d|X|. Moreover for each u € V3, by (9), we have

dr(u) > dXi (u) > %”/ > m. Together with the assumption that «*(G) < m, Lemma 2.6 implies that

there exists an embedding g3 of V(F)\V(P) to V3 that respects the edges between the branch
vertices and the leaves of caterpillars. It follows that the map g: V(T) — V(G) defined by

)

gi(u) ifueV(T)
gw):= { @) ifueV(P)
s ifue V(F\V(P)

is an embedding of T in G. This concludes the proof of the first subcase.
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As for the second subcase, we adopt a similar argument and the main difference is that we split
V(G) into two parts because the caterpillars have no leaves and it suffices to find g; and g,. U

4. Transversal C-factor
4.1. Proof of Lemma 2.7

Following the typical absorption method, the main tasks are to (i) establish an absorbing set R and
(i1) find an almost perfect transversal Ci-tiling in G — R. For (i), we will introduce some related
definitions.

Definition 4.1. Let G=(V7,.. ., Vi, E) be a spanning subgraph of the n-blow-up of Cy and F be
a k-vertex graph.

1. We say that a balanced subset R C V(G) is a &-absorbing set for some & > 0 if for every
balanced subset U C V(G)\R with |U| < &n, G[R U U] contains an F-factor which consists
of transversal copies.

2. Given a subset S C V(G) of size k and an integer ¢, we say that a subset Ag C V(G)\S is an
(F, t)-absorber of S if |Ag| < kt and both G[Ag] and G[Ag U S] contain an F-factor.

Now we state the first crucial lemma, whose proof can be found in Section 4.4.2.

Lemma 4.2. (Absorbing Lemma). Given k € N with k > 4 and positive constants 8,y with § > %
and y < g, there exist o, & > 0 such that the following holds for sufficiently large n € N. Let G =
(V1,..., Vi, E) be a spanning subgraph of the n-blow-up of Cy with §(G) > én and o (G) < an.
Then there exists a £-absorbing set R C V(G) of size at most y n.

For (ii), Lemma 4.3 provides an almost transversal Ci-tiling, whose proof will be given in
Section 4.3.

Lemma 4.3. (Almost perfect tiling). Given a positive integer k € 4N and constants §, ¢ with § > %,
there exists o > 0 such that the following holds for sufficiently largen € N. Let G=(V1,..., Vi, E)
be a spanning subgraph of the n-blow-up of Cy with §(G) > én and o, (G) < an. Then G contains a
transversal Cy-tiling covering all but at most ¢ n vertices.

Now we are ready to prove Lemma 2.7 using Lemmas 4.2 and 4.3.

Proof of Lemma 2.7. Given k € 4N and a constant § with § > %, we set n:= 8 — % and choose
% <L« <<_ {KEKLy «n,8.Let G=(Vy,..., Vi, E) be a spanning subgraph of the n-blow-up of
Cy with §(G) > (% +n)nand o} (G) < an.

By Lemma 4.2 and the choice that y <« 1, §, there exists a £-absorbing set R C V(G) of size at
most yn for some § > 0. Let G := G — R and note that G’ isan (n — ‘—I;l)-blow-up of Cy. Then we

have
— 2 yn 2 7
5(G)z(k+n>n p z<k+2)n.

Therefore by applying Lemma 4.3 on G’, we obtain a transversal Cy-tiling M that covers all but a
set U of at most ¢ n vertices in G'. Since ¢ < &, the absorbing property of R implies that G[R U U]
contains a transversal Cy-factor, which together with M forms a transversal Ci-factor in G. U

4.2. Regularity

The proof of Lemma 4.3 is based on a standard application of the regularity method. We will
introduce some basic definitions and properties. Given a graph G and a pair (X, Y) of vertex-
disjoint subsets in V(G), the density of (X, Y) is defined as
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_ e(X,Y)

dX,Y)= .
) IX[1Y]

Given constants ¢, d > 0, we say that (X, Y) is (¢, d)-regular if d(X,Y)>d and for all X' C X,
Y’ C Y with |[X'| > ¢]|X]| and |Y'| > ¢|Y]|, we have

dX,Y) —d(X, Y)| <e.

The following fact results from the definition.

Fact 4.4. Let (X, Y) be an (¢, d)-regular pair and B C Y with |B| > ¢|Y|. Then all but at most ¢|X]|
vertices in X have at least (d — ¢)|B| neighbours in B.

We now state a degree form of the regularity lemma (see [26], Theorem 1.10).

Lemma 4.5. (Degree form of Regularity Lemma [26]). For every & > 0 there is an N = N(g) such
that the following holds for any real number d € (0,1] and n € N. Let G= (V, E) be an n-vertex
graph. Then there exists a partition P = Vo U V1 U - - - U Vi and a spanning subgraph G' C G with
the following properties:

(@) L <k=<N;

(b) |Vol<enand|Vi|=---=|Vi|=m=<en

(c) do(v)=dg(v) — (d+e)nforallv e V(G);

(d) every Vi is an independent set in G’ for i € [k];

(e) every pair (Vi, Vj), 1 <i < j<kise-regular in G’ with density 0 or at least d.

A widely used auxiliary graph accompanied with the regular partition is the reduced graph. The
reduced graph R; of P is a graph defined on the vertex set { V1, ..., V} such that V; is adjacent to
Vi in Ry if (V;, V) has density at least d in G'. We use dr(V;) to denote the degree of V; in R, for
eachi e [k].

Fact 4.6. Given positive constants d, ¢ and §, fix an n-vertex graph G = (V, E) with §(G) > én and
let G’ and P be obtained by Lemma 4.5, and R, be given as above. Then for every V; € V(R;), we
have dg (Vi) > (8 — 2¢ — d)k.

4.3. Almost perfect tilings

Here we shall make use of the following result which provides a sufficient condition for a
transversal path among given sets.

Proposition 4.7. Given an integer k> 2 and a positive constant o < %, let G=(V1,..., Vi, E)
be a spanning subgraph of the n-blow-up of Cy with a(G) < an. For any integers i,j with 1 <
i <j<k and a collection of subsets X; C Vs with s € [i,j], if |Xil|, |Xj| >an and |X,| > 2an for
¢ e i+ 1,j— 1] (possibly empty), then there exists a transversal path xxi1 . . . Xj—1x; where x; € X;
for s € [i,]].

Proof of Proposition 4.7. Without loss of generality, we may take i =1, j =k for instance. Let
Z1:= X1 and Z;:= N(Z;) N X;. By the fact that a(G) < an <|Z1], |Xz|, it holds that |Z,| >
|X2| — an> an. If k=2, then there exists an edge {x;, x»} between Z; and Z, and we are done. If
k > 2, then for each s € [k — 1], there exist Z; C X; of size larger than an such that Z; is the set of
neighbours of Z;_;. Since |Z;_1], |X| > an, there exists an edge {xk,l, xk} between Z;_; and X.
Therefore, we can find a transversal path x1x; . . . xx_1 Xk, where x; € X; for s € [k]. O

Now we are ready to prove Lemma 4.3.
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Proof of Lemma 4.3. Given k € 4N and 8, ¢ with § > l%’ wesetn:= § — % and choose % Lo K
NLO L&k, 6,n Let G=(Vq,. .., Vi, E) be a spanning subgraph of the n-blow-up of C; with
8(G) > én and oy (G) < an. By applying Lemma 4.5 on G with d := g, we obtain a partition P =
{Up} U {U,',j CVitielkl,je [No]} that refines the partition {Vi, V>, ..., Vi} of G and a spanning
subgraph G’ of G with properties (a) — (e), where we write m := |U; j| for all i € [k], j € [No]. Let
R, be the reduced graph defined on the vertex set {U,- j i€ [kl,je[No] } Foreachie [k],letV; =
{Ui,j je [No]} and note that {V;:i € [k]} is a partition of R;. Then Fact 4.6 implies that §(Ry) >
(6 — HNo= (3 + $)No.

To obtain an almost perfect transversal Ci-tiling in G, we define an auxiliary graph H with
k vertices and two disjoint edges and then use it for embedding copies of transversal Cy (see
Claim 4.9). Now we will show that there exist Ny vertex-disjoint copies of specific H in Ry.

Claim 4.8. For every i € [k — 1], Ry[V;, Viy1] has a matching of size min{Ny, 28(Ry)).

Proof. Let m = min{Ny, 28(R,)} and without loss of generality, we may take i = 1 for instance. Let
M be a maximum matching in Ry[V, V] and assume for the contrary that |[E(M)| <m — 1. Let U
be the minimum vertex cover of Ry[V1, V,]. Then by Konig’s theorem ([30]), it holds that |U| =
|[E(M)|. We write A= U NV, and B= U N V,. By the pigeonhole principle, we get |A| < LmT_lj
or |B| < LmT_IJ. Suppose |A| < L'”T_IJ. Since m < Ny, we have |V, \B| # 0. Arbitrarily choose u €

V,\B, then u has no neighbour in V;\A. Thus we have dy, (1) =da(u) < L’”T_IJ < LZS(R#J =
8(R;) — 1, a contradiction. O
By Claim 4.8, for each i e [%‘], there exists a matching M; of size min{Np, 28(R;)} between

Vai—1 and V;;. Let Aj C V) be the vertices uncovered by matchings for j € [k]. We pick a fam-
ily H of Ny vertex-disjoint copies of H such that each copy contains two disjoint edges e; and

e; where e; € Mp;_1 and e, € My; for some i€ [%] and exactly one vertex inside each A; for
je[k]\ {4i — 3,4i — 2,4i — 1, 4i}. Since

k _
[Mpi—1| = 1 - min{Ny, 26(R;)} > Ny,

o

i=1

and similarly ZZ [i |Mai| > Np, we can greedily find Ny vertex-disjoint copies of H that together
cover all vertices in R;.

Claim 4.9. For each copy of H in H, we can find a transversal Cy-tiling covering all but at most ch
vertices in the union of its clusters in G.

Proof of Claim 4.9. Given a copy of H, without loss of generality, we may assume that V(H) =
{Ul,b Uz,z, cees Uk,k} and {Ul,b Uz,z}, {U3’3, U4)4} S E(H) Therefore (Ul,la Uz,z) and (U3)3, U4,4)
are (g, d)-regular in G'. Now it suffices to show that for any Z; C U;; with i € [k] each of size at
m
ﬁ;
Since | Z;| > {2—’]:' > em for i € [4], Fact 4.4 implies that there exists a subset Z), C Z; of size at least
|Z;| — em such that every vertex in Z, has at least (d — €)|Z;| neighbours inside Z; and a subset
7l C Z3 of size at least |Z3| — em such that every vertex in Z, has at least (d — £)|Z4| neighbours
3 ry 3 g
inside Z, respectively.
By the assumption o} (G) < an and the fact that |Z}], | Z5| > 42—7: — em > an, there is at least
one edge between Z, and Zj. Arbitrarily choose one edge {u, v} with u€Z,’ and v € Z3/, and
let Qq =N(u)NZ; and Q; = N(v) N Zy, respectively. Then we have |Q;|, Q2| > (d —¢) - g—'lf >

an and note that |Z;| > g—r]:l > 2an for every i € [k]. By applying Proposition 4.7 with X;:= Q
and Xj:= Q, we can obtain a transversal path of length k — 3, where the ends in Q; and Q,

least 57, there exists a copy of Cj, with exactly one vertex inside each Z;.
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are denoted by u’ and v/, respectively. Together with three edges {1/, u}, {u, v}, {v,v'}, we can

construct a copy of transversal Cy in UfleZi. Thus we can obtain a transversal Cy-tiling covering
{m
2

This would finish the proof as the union of these Cg-tilings taken over all copies of H in H
would leave at most

all but at most *2* vertices in Ule U;;in G. g

{m {n
|U0|+|/H|~7§en+7§§n

vertices uncovered. O

4.4. Building an absorbing set

A typical step in the absorption method for F-factor is to show that every k:= |V(F)|-set has
polynomially many absorbers (see [14]). However, it remains unclear whether this property holds
in our setting. Instead, a new approach due to Nenadov and Pehova [35] guarantees an absorbing
set provided that every k-set has linearly many vertex-disjoint absorbers. Since the host graph
in Lemma 4.2 is k-partite, we aim to show that every transversal k-set has linearly many vertex-
disjoint absorbers. For this, we shall make use of the lattice-based absorbing method developed by
Han [13].

4.4.1. Finding absorbers
To illustrate the lattice-based absorbing method, we introduce some definitions. Let G, F be given
as aforementioned and m, t be positive integers. Then we say that two vertices u, v € V(G) are
(F, m, t)-reachable (in G) if for any set W of m vertices, there is a set S C V(G)\W of size at
most kt — 1 such that both G[{u} US] and G[{v} U S] have F-factors, where we call such S an
F-connector for u,v. Moreover, a set U C V(G) is (F, m, t)-closed if every two vertices u,v in
U are (F, m, t)-reachable, where the corresponding F-connector for u, v may not be included
in U.

The following result builds a sufficient condition to ensure that every transversal k-set has
linearly many vertex-disjoint absorbers.

Lemma 4.10. Given k € N with k > 4 and a constant § > %, there exist o, B > 0 such that the fol-
lowing holds for sufficiently large n € N. Let G=(V1,..., Vi, E) be a spanning subgraph of the
n-blow-up of Cy with §(G) > én and o (G) < an. Then every transversal k-set in G has at least
Bn—k
4k2

vertex-disjoint (Cy, 2k)-absorbers.

4.4.2. Proof of Lemma 4.2
In order to prove the existence of an absorbing set, we introduce a notion of F-fan.

Definition 4.11. ([15]) For a vertex v € V(G) and a k-vertex graph F, an F-fan F,, at vin V(G) is a
collection of pairwise disjoint sets S € V(G)\ {v} such that for each S € F, we have that |S| =k — 1
and {v} U S spans a copy of F.

To build an absorbing structure, we shall make use of bipartite templates as follows, which was
introduced by Montgomery [34].

Lemma 4.12. Let 8 > 0. There exists mg such that the following holds for every m > mg. There
exists a bipartite graph By, with vertex classes X, U Yy, and Z,,, and maximum degree 40, such that
| Xin| =m+ Bm, |Y,,| =2m and |Z,,| = 3m, and for every subset X, C X,, of size |X;,| = m, the
induced graph B[X,, U Y,,, Z,,] contains a perfect matching.
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Proof of Lemma 4.2. Given k € N with k > 4 and positive constants § > % and y < %, we choose
% LaKEKBKS, Y, % Let G=(Vi,..., Vi, E) be a spanning subgraph of the n-blow-up of

Cy with § (G) > dn and o (G) < an. Lemma 4.10 implies that every transversal k-set in G has at

Bn—
22

fan F, in V(G) of size at least
&>0suchthat|R|<tn< yn

least

k Vertex- disjoint (Cy, 2k)-absorbers. Let 7 :=
ﬂn k

8k2 Then for every v € V(G), there is a C-

> tn. Now it suffices to find a &£-absorbing set R for some

k
Let q= {5005 and ' = T For i € [k], let X; C V; be a set of size gn chosen uniformly at
random. For every v € V(G), let f, denote the number of the sets from F, that lie inside Uile,.

Note that u:= E[f,] = ¢*"!|F,| = ¢*"'tn. By the union bound and Chernoffs inequality, we
have

—(w/2)? k—1
P [there isve V(G) with f, < %] < knexp <(IZL—Z)> <knexp (—q s tn) =o(1).

Therefore, as n is sufficiently large, there exist X; C V; with |X;| = gn such that for each v € V(G),
there is a subfamily 7, of at least ¢ en _ kB'n sets from F, contained in Ué‘lei.

Let m = |X;|/(1 + B’) and note that m is linear in n. Let {Ii}ic[x) be a partition of [3km] with
each |I;| = 3m. For i € [k], arbitrarily choose k vertex-disjoint subsets Y;, Z;; for j € [k]\ {i} in
Vi\X; with |Y;| =2m and |Z;j| = 3m. Let X = ULIX,-, Y= ULIY,- and Z=UZ;;. Then we have
|X| =+ B)km, |Y| =2kmand |Z| = 3k(k — 1)m. For each j € [k], we partition Uie[k]\{j}ZiJ into
a family Z; of 3m transversal (k — 1)-sets and take an arbitrary bijection ¢; : Z; — I;. Moreover,

we define a function ¢ on [3km] such that ¢(x) := ¢j_1(x) if x € I;. Let T; be the bipartite graph

obtained by Lemma 4.12 with vertex classes X; U Y;and I;,and let T = Uf.;l T;. Then T is a bipartite
graph between X U Y and [3km] with A(T) < 40.

We claim that there exists a family {A.},cg(r) of pairwise vertex-disjoint subsets in V(G)\(X U
Y U Z) such that for every e = {w;, wp} € E(T) with w; e XUY and w; € [3km], the set A, is a
(Ck, 2k)-absorber for the transversal k-set {w;} U (p(wz) Indeed otherwise, there exists an edge
¢’ € E(T) without such a subset. Recall that m = . + ﬂ, and A(T) < 40, then we have

XI+1YI+1zi+| | A §4km+3km(k—1)+2k2|E(T)|§4k2m+80k2-3km§Tz—n.
ccE(D\(¢)

Since every transversal k-set has at least 7# vertex-disjoint (Cy, 2k)-absorbers in G, we can choose
onein V(G\(XUYUZU UeeE(T)\{e/} A,) as the subset A/, a contradiction.

Let R=XUYUZU,cgr) Ae- Then |R| < Tn and we claim that R is a £ -absorbing set in G.
Indeed, for an arbitrary balanced subset U C V(G)\R with |U| < &n, we shall verify that G[RU U]
admits a C-factor. Note that if there exist Q; C X; with |Q;| = 8’m for i € [k] and a transversal
Cy-factor in G| Uf.(zl Q; U U], then G[R U U] contains a transversal Cy-factor. In fact by setting

X} = X;\Qi, Lemma 4.12 implies that there is a perfect matching M in T between Ule X;UY and
[3km]. For each edge e = {w;, w»} € M take a transversal Cy-factor in G[{w1} U ¢(w;) U A.] and
for each ¢’ € E(T)\M take a transversal Ci-factor in G[A. ], which forms a transversal C-factor of
G[R\ U — 1 Qi]. Thus together with the above assumption, we can obtain a transversal Cy-factor in
G[RU U]

Hence, it suffices to find the desired Q; as above. Recall that every v € V(G) has a subfam-
ily F), of at least kf'n sets in U;‘=1X,~. By the choice that & « ﬂ,% and thus |U| <&n < B'n,
one can greedily find a family C; of vertex-disjoint copies of transversal Cy covering U with

vertices in UleXi. Let Q;1 := X; N V(Cy). Then we have |Q;1| = '%1|U| and C; is a transversal
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Cy-factor in G Uf-;l Qi1 U U]. Moreover, one can greedily pick a family C; of g'm — %|U|
vertex-disjoint copies of transversal Cy in G[X\V(C;)]. This is possible since every vertex v has
at least kB'n — (k— 1)|U| > k(B'm — (k;kl)|U|) sets from F, that are disjoint from V(C;) . Let
Qi = X;NV(C) and Q; := Qj1 U Qjz. Then Q; is desired because C; U C; is indeed a transversal
C-factor of G[Uf:1 Q; U U]. This completes the entire proof. U

4.4.3. Proof of Lemma 4.10

Proof of Lemma 4.10. Given k € Nwith k>4 and § > %, wesetn:= & — % and choose % Lo K
B < 8,n.Let G=(Vy,..., Vi E) be a spanning subgraph of the n-blow-up of C; with §(G) > én
and o (G) < an.
Claim 4.13. For each i € [k], V; is (Cy, Bn, 2)-closed.
Proof of Claim 4.13. Without loss of generality, we may assume that i = 1. For any two vertices
u, v € Vi, since §(G) > §n, we can choose four vertex-disjoint sets Dy, D, € V, and D3, Dy C Vi
each of size at least ‘37” such that D; € Ny, (u), D € Ny,(v), D3 € Ny, (u), and Dy € Ny, (v),
respectively. Given any vertex set W C V(G)\ {u, v} of size at most fn, let V] =V;\W and
D]{ =D;\W fori € [k] and j € [4]. Note that | V]| > n — Sn > 10an and |D]/<| > 67” — Bn>an.
Since o (G) <an < |D]’-|, |Vi], there exist subsets S; C V| of size at least | V]| — an such that
every vertex in §; has at least one neighbour inside DJ/-. By the fact that |S;| > | Vil —an> %| Vil, we

have that S:= ﬂ;-lzl Sj # ¥. Arbitrarily choose x € S, and therefore there exist vertices y1, y2, ¥3, y4
satisfying y; € NDg(x) for i € [k]. Note that |NV§(y1)|, |Nv;<71()’3)| >én— Bn>anand|V]| > 10an
for i € [k]. When k > 4, by applying Proposition 4.7 with X;:= Nvg (y1) and X;:= NVLl(%)’
we can obtain a transversal cycle C; passing through u,y1,ys. When k=4, since |Ny:(y1)l,
|NV§(y3)| >dn—pBn> (% +n—pBn> g, we can easily find a common neighbour of yi, y3 and
thus obtain a transversal cycle C; passing through u, y;, y3. Similarly, we can obtain a transversal
cycle C; in V(G)\(W U V(Cy)) that passes through v, y, 4. In fact, the set {x} U (V(C)\ {u}) U
(V(C)\ {v}) is a Cg-connector for u, v. Therefore by definition, u is (Cg, Bn, 2)-reachalee
to v.

For every transversal k-subset S € V(G), we greedily find as many pairwise disjoint (Cy, 2k)-
absorbers for S as possible. For convenience, we write S = {s1, 52, . . ., sx} where s; € V; for i € [k].
Let A={A;,A,,..., A} be a maximal family of such absorbers. Suppose to the contrary that

¢ < 222k Since each A; has size at most 2k%, we have ‘Ule Aj‘ < bk

4k2 2
Since o « B K 8, we can easily find a copy T of transversal Cy in V(G)\( Ule AjUS) and
write T ={t1, 2, ..., g} where t; € V; for i € [k]. By the closedness of V;, we can pick a collec-
tion {I1, I, . .., I;} of vertex-disjoint subsets in V(G)\( Ule AjUSUT) such that each I; is a
Cy-connector for s;, t; with |I;| < 2k — 1. In fact, for any 1 <k’ <k, we have

K

4
—k
Uau|Un|usur gﬁnz 4 k(2k — 1) + 2k < Bn.
j=1 i=1

Therefore, we can choose such I; one by one because s; and ¢; are (Cy, B#, 2)-reachable. At this

point, it is easy to verify that Ule L UT is actually a (Cy, 2k)-absorber for S, contrary to the
maximality of £. 0
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