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APPROXIMATION OF A QUASILINEAR ELLIPTIC EQUATION
WITH NONLINEAR BOUNDARY CONDITION

T.R. CRANNY

We consider a quasilinear elliptic partial differential equation with nonlinear bound-
ary condition under assumptions which do not allow the application of standard
degree theory results or techniques such as the method of continuity. An approx-
imation using mollifiers is introduced, allowing the application of Leray-Schauder
degree theory, and homotopy arguments are then used to prove the existence of
solutions to the approximating problems. A subsequent paper will discuss the
question of the convergence of these approximate solutions to a classical solution
of the original problem.

1. INTRODUCTION

We consider the quasilinear partial differential equation with nonlinear boundary

condition

Qu = a‘j(m,u,Du)D;ju +a{z,u,Du) =0 in Q

(1.1)
Gu = g(z,u,Du) =0 on 989,

for ) a suitable domain in R™, and seek conditions which ensure the exjsteﬁce of a
classical solution of (1.1).

Two of the main techniques used to prove the existence of such a classical solution
are the Leray-Schauder degree theory and the nonlinear method of continuity. The de-
gree theory approach is not directly applicable for problems were the boundary operator
G is nonlinear in the gradient term, while the method of continuity relies heavily on
invertibility conditions such as: a¥/ = 0, a, <0, G, < 0 (see [4, 8]).

We describe an approach which has the advantage of dealing with nonlinearities in
the boundary condition while relaxing (in some senses) the smoothness and invertibility
conditions needed for the method of continuity. The boundary 8§ is assumed to be
C1=, while the regularity conditions imposed upon the domain and differential operator
are similar to those of the best existing results using the method of continuity ( that

Received 19th January, 1994
The results described in this paper, and its sequel [2], are based upon the author’s doctoral thesis {1].
I wish to thank Dr. H.B.Thompson for his supervision during the course of my doctoral studies.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/94 $A2.00+0.00.

405

https://doi.org/10.1017/5S0004972700013526 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013526

406 T.R. Cranny 2]

is, where the intermediate Schauder estimates of [3, 7] are used). The results do not
require () to be monotonic in z, however the dependence of G' upon z is no better
than that needed for the method of continuity, while the continuity conditions imposed
upon G are stronger than those needed for the method of continuity in the intermediate
Schauder formulation. This is despite the extensive use of the intermediate Schauder
estimates in this paper. The situation may be summarised by saying that in comparison
with the method of continuity, the results presented here constitute a relaxing of the
conditions imposed upon the differential operator and a tightening of those imposed
upon the boundary operator. In [8], Lieberman and Trudinger describe an approach
which makes use of a version of the method of continuity to apply degree theory to
problems in which the boundary operator is nonlinear in the gradient. This technique
removes the need for the strong monotonicity conditions used by both the method of
continuity and the results presented here, but again the use of the method of continuity
requires more smoothness of the boundary than is needed here. Most of the comments
directed at the method of continuity also apply to the techniques used by Lieberman
in [6] and associated papers.

The techniques described herein have as their motivation the approach developed
by Thompson {10, 11], for two point boundary value problems for ODE’s, where it was
noted that the existence of a solution of (1.1) is equivalent to the existence of a patr of

functions (u,w) such that

(1.2) Qu=20 in O
u=w on 00
(1.3) g(z,w,Du) =0 on 9.

In order to allow the application of degree theory under quite general circumstances,
we consider an approximating problem, in which g(z,w,Du) = 0 is replaced with the
equation g(z,w,(Du)n) = 0, where (), is a regularisation operator.

The introduction of the function w above serves to weaken the connection between
the differential equation and the boundary condition, since the boundary condition
(1.3) no longer depends explicitly upon the values of v upon 89, but now upon the
function w. (It will still depend upon u through the (Du), term.) We continue the
‘disconnection’ of the two facets of the original problem, deriving a Dirichlet problem for
u which makes no reference to w or the boundary operator G, and a condition upon w
unrelated to u, Du, or the differential equation. This disconnection is attained through
a series of homotopies for the Leray-Schauder degree, and produces an existence result
for the approximating mapping under quite mild assumptions.

In a subsequent paper [2], we shall show that standard C'1° (ﬁ) a priori estimates

ensure the convergence of these ‘approximate’ solutions to a classical solution of the
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original problem (1.1), and describe results which give such a prior: estimates.

The format of this article is as follows: In Section 2 we establish notation and
construct a number of necessary technical results. In Section 3 we give the statement of
the main results, and combine them to prove the existence result Theorem 3.7. Some
of the longer and more technical proofs have been collected in the Appendix.

2. PRELIMINARIES

Let © be a bounded domain in R™ such that Q2 € C1'® where 0 < a < 1. Welet
7t denote the unit inward normal. We consider the problem (1.1) under the assumptions
that o', a € C¥! (ﬁ x R x ]R") , and there exist positive constants A, A, x such that

0 < Mé* < a¥(z,2,p)ti; AP <oo  forall ¢ € R™\ {0}
—9p(z,2,p) - i > max{ x |95(z,2,p)|, x}-

(2.1)

REMARK. The above assumption on g, is stronger than the standard obliqueness as-
sumption, requiring also that the angle between —g, and the inward normal be less
than and bounded away from w/2. Such an assumption follows directly from oblique-
ness for linear boundary conditions, (and for the purposes of this paper, for quasilinear
boundary conditions) and for many nonlinear boundary conditions. It will be shown in
{2] that in many cases one can proceed using only obliqueness.

We assume that the boundary condition can be written in the form
(2.2) g{z,z,p) =z —q(z,p) =0 on 89,

where ¢, g, € C1*(9Q x R™). Such a form for the boundary condition is possible for
example if g(z,z,p) is sufficiently smooth and g,(z,z,p) # 0, conditions which are
roughly similar to those used in the method of continuity, but by utilising intermediate
Schauder estimates the method of continuity can proceed under more general conditions.
(See for example the final section of [8].) A possible improvement in our results is
indicated in the concluding remarks.

We shall always assume that ¢} satisfies the natural structure conditions
A < Mu(jz)
lal < Mmo(I2) (1 + Ipf?),
ol lal» 1ol lap] < Mua(121) (1 + Ipl?),

a2, |aZ], (1 +Ipl) |ag| < Ma(l2),

(2.3)

where p, pg, g1 are positive non-decreasing functions.
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On a number of occasions we shall need to approximate a given function with a
smooth function. To do so, consider p(-) € C*®°(R™ R) where p(-) > 0 and p(z) =0
if |z| 2 1, and [p(-)dz = 1. For f € C°(Q), and n > 0, consider the operator ¢y *
defined by

(oo ) =1 [ o222 ) a,

provided that dist(z,890) > n. We call ¢, * f the mollification or regularisation of
f, and n the mollification parameter. The properties of the mollification operator are
described in [4, 9].

The set {(z,2,p) € 00 x R x R" | |z| + |p| < A} is denoted by 9Q(A).

We shall say a function af-) (respectively B(-)) € C*()NC?*(Q) is a lower (upper)
solution of (1.1)if Qa >0 (QB < 0) in . The results which follow make extensive
use of such functions, and we shall require additional geometric properties such as the

following,.

DEFINITION 2.1: The lower solution a(-) and the upper solution () are a bound-
ary diverging pair, or BD pair, if a(-) = ~8() < 0 on ©, B(-) € C1=(Q) N C*(9),
||Dﬂ||0;ﬁ < 1 and there exist constants S;, 7 > 0 such that (.5'1)_1 >DB-7>=5 >0
and DB g, < —T.

These properties will allow us to adapt the boundary condition while keeping es-

sential properties such as obliqueness.

LEMMA 2.2. If Equation 2.1 holds and a(z, 2,p) satisfies
(2.4) (sgn z)a(z,2,0) < 0 in 9,

for |z| 2 M; some nonnegative constant, then there exists a BD pair of upper and
lower solutions 3(-) and af(-).

PROOF: It is clear that there exists an € > 0 such that
infa(z,-M,0)> ¢
a

2.
(2:9) supa(z,M,0) < —e,
)

for M > M,;, so —M is lower solution while M is an upper solution. We show
that these constant functions can be perturbed to give a BD pair. Since 8Q € C!'<,
as in [3] there exists a regularised distance function p(-) € H.;(Ha). One can in
fact generalise that result so that for any § > 0 one may choose p®(-) such that
Dpb(z)-7i(z) > (1 — 6) |Dp’(z)| on 8Q. There also exists a constant v > 0 such that

(2.6) vo < Dp® A< (1)™"  on 0N
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Using (2.1) and the fact that x > 0, we may choose § > 0 sufficiently small that
Dpb(z) - g, < —(x/2) |Dp6(:c)| |gp|, and drop the superscript.

We extend the function p(-) to € DD Q, and consider the mollification of p(-).
We choose 77 > 0 sufficiently small that

v0/2 < (Dpn % p) -7 < 2ve) ™
De, xp-gp < —(x/4) | Doy * pl 9p]

and denote the appropriate mollification (restricted to 2) by ¢(-). Since the a*/(z, z,p)

and a(z,z,p) are continuous, we may choose o > 0 sufficiently small that

‘a’ a(z,— M — oc(z), —oDe(z)) D;je(z) l <ef2 in Q

(2.7) ’a(:c, —M,0) —a(z,—M — oc(z), —aDc(a:))’ <ef2 in Q

lr Delloz < 1.

It then follows from (2.5) that 8(-) = M + oc(-) is an upper solution, and by taking
a(-) = —B(-), the desired result holds for S; = ov,/2 and 7 = o x*10/8. 0

REMARKS. 1. The condition (2.4) is significantly weaker than the corresponding in-
vertibility condition used in the method of continuity. 2. When discussing a(-) and
B(-) a BD pair, we shall assume that both functions are of the form constructed above.

We fix 0 < €0 << 1, and define a, to be infg a(z)—¢€o and 3, to be supq B(z)+
Ep.

In order to use degree theory, we first need to define the open sets from which the
functions u(-} and w(-) are to be chosen. Since a ‘ Du’ term appears in the boundary
condition, we assume that u is chosen from an open subset of the Hélder space C 1*"’(@
for some v € (0,a). We therefore assume 0 < ¥ < p < a < 1 and consider the set T
(from which u will be chosen), to be

def

(2.8) T = T(Ly) ={ue Clﬂ(ﬁ) | a. < u(z) < B, ”'”’”1,7;5 < Lr},

where we shall always assume Ly < oo. Similarly, we consider the set A, from which

w is chosen, to be

def

(29) A = A(La) = {w e C'*(8Q) | a(z) < w(z) < B(=), lwlly pon < La},

where Lp < oo. We shall also make use of the set

A & {w e CT*(89) | a(z) < w(z) < B(z)}-
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We begin the disconnection process by introducing an operator which will ulti-
mately be used to replace the ‘Du’ term in (1.3). For every w € A (in other words, for
every candidate for the boundary values of a solution), we assign to each point =z € 8Q
a vector lflw(:c). The operator used is constructed so as to facilitate the impending

homotopy arguments.
DEFINITION 2.3: Given the set A, a function ¥ : Ay — Co09,R™) will be
called strongly inwardly pointing if it satisfies 1-3 below:
1. ¥ : Ap — CU%8Q,R™ is continuous, and ¥(A) is bounded in
Cch(89).

2. Given an w € A and an z; € 99 such that w(z1) = a(z1), we have
(¥w(e1) — Da(a1)) -ii(z1) >0, (Fw(e1) - Dafe1)) - gp(21,a(21), ) < 0.

for all p € R™ such that |p| < ]\iw( s0 +1.
0;

3. Given an w € A and an z; € 89 such that w(z1) = B(z1), we have
(Fw(ar) -~ DB(=1)) -7i(21) <0, (Fw(z1) = DB(21)) - gp(21,B(21),7) > 0.

for all p € R™ such that |p| < li’w‘ s0 +1.
0;

We shall soon need to restrict our attention to those ¥ which give a bound on

\AI-'(A) even when a bound on La is unavailable.

DEFINITION 2.4: For R > 0, let SIP(R) be the set of all strongly inwardly

pointing vector field operators ¥ such that l"i’(A)’ < R for any La.

1,038

Note that if a(-) and B(-) are a BD pair, then SIP(R) is non-empty since ¥=0
and perturbations thereof are always in SIP(R).

DEFINITION 2.5: Given af-), B(-) a BD pair and R € (0,00), we say that the
boundary operator g(z,z,p) is R-compatible if for all My > 0 there exists an M > M,
such that for A = A(M)

L g(hw()¥u() £0  ondQifwedA
2. The Leray-Schauder degree d(g (z,w,‘iw),A,O) # 0
for all ¥ € STP(R) .
Note that if g is R-compatible with o and 3, then d(g (x,w,(ﬁw),A,o) is inde-
pendent of the ¥ € STP(R) chosen, by virtue of homotopy invariance.
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DEFINITION 2.6: Given a(:) and §(-) a BD pair, we say that the boundary op-
erator g(z,z,p) is BD compatible if for all Ry > 0O there exists an R > Ry such that
g(z,z,p) is R-compatible with a and 3.

LEMMA 2.7. Ifthe assumptions of Lemma 2.2 apply, and g(z, z,p) is of the form
z — g(z,p) where ¢ € C1*(85) x R™) then there exists a BD pair a(-), B(-) such that
g(z,z,p) is BD compatible with a(-) and B(-).

PROOF: See Appendix.

The boundary operator is now in a suitable form for the use of a homotopy argu-
ment for the degree, but we have yet to phrase (1.2) in an appropriate form. Before we
establish the notation and results required for re-writing the differential operator, we
adapt it in a way which will simplify comparison with upper or lower solutions, without
disturbing the search for solutions. This is done by leaving the differential operator
unchanged between a(-) and B(-) (the region in which we shall guarantee the existence
of solutions), while adapting the operator outside the ‘envelope’ of a(-) and 8(-) . We
establish here the desired notation and results.

DEFINITION 2.8: Let m(z,c,d) denote the middle operator given by
n(z,¢,d) = min{d,maz{z,c}}.
Consider an function K € C!(R x (0, 00); [—1,1]) such that K(-,€) is odd, K(¢,¢) =
0 if and only if ¢ =0, and K(t,¢) =1 for all t > e. We denote ||K(-,€)||; by M;(e).
DEFINITION 2.9: Taking 0 < € < ¢¢ and K the above function, we define the
operator 7 (-;¢€) by:
T(y; €)(=) = K(y(z) - (y(2), o(2), B(2)),€).

Note that for any 8 € [0,1], y € CP(Q) implies T (y;€) € CA(Q) and ||T(y;e)||o,ﬁ;ﬁ
< 2My(e) lylly 5,5
DEFINITION 2.10: Let K be the differential operator defined by
Ku(z) = aij(:c,w(u(:c),a(z),ﬂ(z)),Du(z))D,-ju(z:)
(2.10) + (1 = [T (u;e)(2)]) a(z, m(u(z), oz), B(z)), Du(z))
— T(u;e)(z)(la(z, m(u(z), a(z), B(z)), Du(z))| + €).
LEMMA 2.11. Ifuj,, € A, then Ku = 0 implies that Qu = 0.

PROOF: Assume u is such that u|,, € A and Ku = 0. To show that Qu =0,
it suffices to show that u lies between a and . Assume there exists a point z; where
(v — a)(z) has a negative minimum. Clearly z; € 2, so

(2.11) a(z,,a, Da)D;ju(z,) > a*(z1,a, Da)D;ja(z,).
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Now Ku =0, Du(z,) = Da(z,), m(u(z1),a(z1),8(z1)) = a(z1) and T (u;e)(z1) < 0.
Therefore ’

a"j(:cl,a,Da)D.;ju(:cl) = —a(zy,a,Da) + €T (u;e)(z;)
+ T (u;€)(z1)[|a(z1, @, Da)| — a(z1, e, Da))
< —a(zy,a,Da) aij(a:l,a,Da)D;ja,

contradicting (2.11). Therefore u(-) > a(-) on € . That u(-) < 8(-) follows similarly. 0

Note that a, is a lower solution of Ku = 0, and B, is an upper solution. The
use of K rather than @ will lead to some simplification in later techniques. The above
result shows that the change in differential operator will not introduce solutions other
than those we seek. This is sufficient, since solutions to Kz = 0 on € will be shown to
exist.

We now simplify the notation by writing Ku = b*(z,u, Du)D;ju + b(z,u, Du),
and consider the adapted problem

Ku=0 in
(2.12)
u(z) =w(z) on 89,
where .
(2.13) w(z) — g(z,Du(z)) =0 on IN.

As promised, we return now to the task of re-writing (2.12) in a form suitable for
the application of degree theory methods. To do so we apply the standard approach,
in which for a given (u,w) € T x A, T(u,w) is defined to be the function v such that

(2.14) b9 (2, u(z), Du(z)) Dijv + b(:c,u(a:),Du(z);

v(z

Il

0 in
w(z) on 6N

REMARKS. 1. It is easy to check via Intermediate Schauder estimates that for any
(u,w) € T x A, T(u,w) € C¥(Q)NC'*(Q) (see [3]). 2. While this approach of
defining an operator by ‘freezing’ coefficients is standard (see for example [4, Chapter
11]), we require the explicit dependence of the operator upon the boundary data w,
since we cannot restrict our attention to a single known boundary function.

Equation 2.12 can thus be written in the form v—T(z,w), allowing the full problem
to be written as

(2.15) a-1(5) = (5 " germny) = (0)
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where it is assumed that (u,w) € T x A. Unfortunately, it is not possible to choose
v, p such that the operator K is compact (see [1]).

We find ourselves in the well-known position of being unable to apply degree theory
directly because the problem cannot be written in a suitable form. The conventional
approach at this point is to impose conditions which allow the use of degree theory, or to
abandon degree theory and derive existence results by alternative methods such as the
method of continuity. We investigate an indirect route by which the Leray-Schauder
degree can be applied to equations which in some sense approximate (2.15). This
approximation is achieved by using mollifiers to replace the Du term in the boundary
condition with a smoother approximation.

We therefore consider the case in which the Du term in the equation for ¢ is
replaced to give the approximating problem

239 ()= C-riom) = 6)

where the notation (( )), is used to indicate a mollifier of a yet-unspecified nature. It is
assumed that the mollifier parameter 7 > 0, and (u,w) € T X A where T C C*7(Q7),
ACCY(8Q),and p>v. Y and A are not assumed to be independent of 7.

We now adapt the mollification operator in order to allow arguments which make
use of the strongly inwardly pointing nature of the vector valued argument of g. The
gradient function is extended outside  before mollification to allow evaluation on 8.

The details for such a process can be found in [9].

THEOREM 2.12. Assume that af-), B(-) are a BD pair. Given T, there exists
a mollification operator, denoted by ( ),, and parameterised by n € (0,7m0) (where mo
is some constant independent of L~ ), with the following properties:

1. For any = € 890 such that u(z) = a(z), if Du(z)—Da(z) = e7i(z) where
a > 0, then

((Du),’(z) - Da(:c)) - >0 and ((Du)n(z) - Da(z)) - gp(z,a(z),p) <0,
for all p € R™ such that [p| < |Duly pq + 1.

2. For any z € 89 such that u(z) = B(z), if Du(z) — DB(z) = —aii(z)

where a 2> 0, then
((Du),(2) ~ DB(2)) -7 < 0 and ((Du),(2) - DA(2)) - g5(2.B(=),p) > 0,

for all p € R™ such that |p| < |Dulypq + 1.
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3. H(Du),’“1 _ Is bounded by Cy, a constant determined by 7 alone, in-

aifl

dependent of L.
4. Forany u € C*(Q) (where1<b<1+a), (Du), — Du in ct-1(9)
PRrROOF: See Appendix.
LEMMA 2.13. If of-),B(:) are a BD pair, and v < p, (u,w) € T x A, then the

operator
u—T(u,w
(2.17) - K,,)(") = ( (v,) )
w w —q(:c,(Du)n)
is of the form ‘Identity - compact’on T x A forall 0 <n < ng.
PROOF: The compactness of the ‘first component’ of the equation, u —T(u,w) = 0,

follows from standard theory since p > 7. To show that w — q(z,(Du)ﬂ) is of the

correct form, note that by construction if v € T is bounded, we have an a priori bound

(Du)”Hl ;60
bounded in C'*(81) for any u € Y. The precompactness then follows as above.

on . We therefore have that for each nonzero 7 < 7, q(:c,(D‘u.)r, ) is

The mappings can be shown to be continuous from standard linear theory and the
construction of the mollifier. 1]

The above mollification operator has the highly desirable feature that for solutions
of (2.17), the approximation to Du can be embedded in a strongly inwardly pointing
operator ¥ € SIP(R) for some R > 0.

LEMMA 2.14. Forany 0 <7 <79 and (ug,ws) € T X Ay a solution of (2.17),
there exists a strongly inwardly pointing operator ¥y, and a positive constant R
depending on n alone such that

1. U, € SIP(R).
2. ‘-i’o,,, wo = (l)’ll.()),,7 on 09.

PROOF: For any 0 < 7 < 79 define the operator \‘170," : Ao — C12(8Q,R™) by
Ty qw(z) = (DT(wo,w)),(z) on 89,
noting that for w = wy, (2.17) implies
Ty, wo = (DT (uo,wo)),
= (Duo),,-
Let v(w) = T(up,w). By applying Theorem 2.12 to Dv and comparing with the re-

quirements of Definition 2.3, we see that the operator “Ivlo,,, is strongly inwardly pointing.
That \-I'lo,,, € SIP(R) with R determined by 7 also follows from the properties of the
(), operator, since for any (u,w) € T x A, T(u,w) is bounded in C° (R) by 28.. 0
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3. EXISTENCE OF APPROXIMATE SOLUTION

Having modified the problem to allow the application of degree theory, we prove
the existence of solutions to the modified problem by continuing the disconnection of
the two facets of the problem, ultimately making the ‘Dirichlet half’ independent of w
and the ‘boundary condition half’ independent of « and Du. For clarity of exposition,
this disconnection is done in three sections, with each stage using a homotopy for
the Leray-Schauder degree to simplify the problem. The existence of solutions to the
approximating equation (I — K, )(u,w) = 0 is then proven using degree theory and the
properties of strongly inwardly pointing operators.

The first simplifying homotopy replaces the gradient term with a strongly inwardly
pointing operator depending upon w.

THEOREM 3.1. Let (2.1)-(2.4) hold. If af-) and B(-) are a BD pair, and
g(z,z,p) is BD compatible with () and B(-), then for each n € (0,70), we may
choose the constants «v,Ly,La and the strongly inwardly pointing operator ¥ such
that there is a homotopy for the Leray-Schauder degree on T x A between the equa-

tions
u—T(u,w u—T(u,w
o0 () = @) = ) - )
w — q(:c,(Du)"(:z:)) 0 w — q(z:,\Ilw(:c)) 0
PRrOOF: See Appendix.
DEFINITION 3.2: Given w € A, we denote by W(w) the function u € C**(Q) N
C?=(Q)) which satisfies

Au=0 in Q
u(-) =w(-) on Q.

THEOREM 3.3. Let (2.1)-(2.4) hold, and let a(-) and B(-) be a BD pair, and
g(z,z,p) be BD compatible with a(-) and 8(-). Then for each n € (0,70), one may
choose the constants «,Ly, and La such that there is a homotopy for the Leray-
Schauder degree on T x A between the equations

uw—T(u,w u— W(w
w— q(:c, \Ilw(a:)) 0 w— q(:c, ‘Ilw(:c)) 0
PROOF: See Appendix.
We continue the simplification and disconnection process by simplifying the dif-
ferential equation from Laplace’s equation to an equation of the form ‘Identity - Wy,

where Wy is a constant function which lies strictly between infg a(z) and supq 8(z).
Note that Wy € T for all choices of Ly > 0.
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THEOREM 3.4. Let (2.1)-(2.4) hold, and let a(-) and B(-) be a BD pair such
that g(z, z,p) is BD compatible with a(-) and f(-). Then for each n € (0,70), we may
choose v, Ly and La such that there is a homotopy for the Leray-Schauder degree on
T x A between the equations

9 ) O )0

PROOF: See Appendix.

REMARK. It should be noted that one can easily choose @,7, La , and L~y in such
a manner that all of the above homotopy arguments hold for the same choice of the

V,v,La, and Ly, giving the following result.

THEOREM 3.5. Let (2.1)-(2.4) hold. If o) and B(-) are a BD pair, and
g(z, z,p) is BD compatible with a(-) and 8(-), then for any 1 € (0,70), we may choose
the constants v, Ly, La and the strongly inwardly pointing operator ¥ such that there
is a homotopy for the Leray-Schauder degree on T x A between the equations

u— T(u,w) 0 u—Wo 0
(3.4) = and ~ = .
w=q(2,(Du),())/ 0/ T \w—q(e,u(z))/ ~ \0
To derive an existence result for solutions of (2.17), we have the following result:

LEMMA 3.6. Assume that o and 3 are a BD pair. Then, for any n € (0,7),
the constants v, Ly, La may be chosen so as to ensure that

(3.5) d (: : Zéil‘;i)ﬂ(_))),r x A,O) = d(w _ q(., \iw(.)),A,o).

ProoF: The result follows from the preceding theorem and a degree reduction
argument. The detai's can be found in [1].

THEOREM 3.7. If Q, G satisfy (2.1)-(2.4), then for each n € (0,70), the con-
stants v, Ly, La and the strongly inwardly pointing operator ¥ may be chosen so that

there exists at least one u € T such that
Qu=20 in Q

(3.6) g(z,u,(Du),) =0 onoQ.

ProoF: Using BD compatibility, one may choose suitably large La and Ly so
that d(g (:c,w, ‘I’w) » A, 0) # 0. The previous result then gives existence. 0
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This solution we denote by u,, since there is an obvious dependence upon the
mollification parameter. By the standard ‘boot-strapping’ arguments it can be shown
that v € C22(Q)N C*=(Q).

Our ultimate aim is naturally to obtain a classical solution of the original problem
by means of a limiting process. The following result, taken from [2], describes one
approach.

THEOREM 3.8. Assume for some sequence of n; \, 0 there exist u,, solving
(3.6). If there exists constants 0 < o, C < oo such that

<C,

”uni | l,a;ﬁ =

then there exists a classical solution ¥ of Equation (1.1).

The proof of this result, and a discussion of how to achieve it, can be found in {2].

4. APPENDIX: PROOF OF MAIN RESULTS

ProoF oF LEMMA 2.7. The existence of a BD pair is guaranteed by Lemma 2.2. By
Definition 2.6, we must show that for any Ry > 0 there exists an R > Ry such that
g(z,z,p) is R-compatible with a(-) and B(-). We therefore consider fixed Ry and take
R > Ry. We must show that for all Ly > 0 there exists an L > Ly such that for
A = A(L) we have

1. g(-,w(-),\iw(-)) Z0on 00 if w € BA
2. d(g(z,w,&?w),A,o) #0
for all ¥ € SIP(R). We therefore consider a specific ¥ € SIP(R).
Since g(z,+M,0) = +M — ¢(z,0), we may take M from (2.5) sufficiently large
that
g9(z,M,0) > ¢,

(41) g(z,—M,0) < —¢4,

where €, is some positive constant. We impose the additional requirement that in the

construction of a(-) and B(-) in Lemma 2.2, ¢ is sufficiently small that

g(z,—M — o¢(z), —oDc(z)) < —&1/2

(4.2)
9(z, M + oc(z),0Dc(z)) > €1/2.

We begin by showing that one may choose La sufficiently large that for any w €
OA, (where A = A(La)), one has g(-,w(-),‘iw(-)) # 0 on 82. The function w(-)
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may be in the boundary of A because there exists an z; € 8§ such that w(z;) = a(z,)
(or B(z1)), and/or because |[wl|; .50 = La-

To deal with the case where w ‘touches’ the lower solution, note that this implies
that (‘i’w - Da) (z1)-7(z1) > 0 and ({f'w - Da) (z1)-9, <0, 50

g(zl,w(:cl),ilw(:cl)) = g(zl,a(zl),@w(zl)) < g(z1,0(z1), Da(z1)) < —€1/2.

so g(-,w(-),\i'w(-)) #0 on 9.
The possibility that ||w||1,p;8n = La can be simply ruled out by choosing

(4.3) La > [|a(,Fw())|

1,060 ’

< R independent

which is possible since ¢ € C1*(802 x R™) is given and ||\‘f'w
1,c;80Q

of L.
To show that d(g (:z:, w, ‘iw) ;A 0) # 0, it suffices to evaluate the degree for ¥ =0.

From basic degree theory we have d(g (z,w, ‘:flw) , A,O) =d(I —g¢(z,0),A,0) =1 since
g(z,0) € A by (4.3) and (4.1). The boundary operator g is therefore BD compatible
with « and 3. a

PROOF OF THEOREM 2.12.-= We construct such an approximator. We assume «(-) and
B(-) are a BD pair such that DB-7# > S}, DB g, < —7 <0 on 09, and a(-) = —06(").
The distinguishing feature of this situation is the simplicity with which one can
obtain the desired properties by use of a ‘scaling down’ of the standard mollification.
We accordingly consider a mollifier of the form (Du), = S¢, * Du, where S is a
constant determined by 5 and Du. A suitable choice of such a constant is given here.
Let s1(n, Du), s2(n, Du) be defined for n > 0 by
der . (pn * Du — Du)llo5

s1(n,Du) = 1—
(4.4) (m, D) = 1 51/2

def
32("7aDu) = sup{t € [0,1] I (1 - t)T 21 “‘Pn * Du ~ Du“o;ﬁ ”gP”o;an(A)}’

where A = || Dul|g.pq + Be +1. Note that s2(n, Du) is well defined since ¢ = 0 is in the
set. We shall take as the scaling constant

def

(4'5) S = S(’?aDu) = (1 _77) ma.x{O,min{ s1(n, Du), Sz(ﬂsDu)}},

(so S(n,Du) € [0,1]) and consider the operator ( ), : C7(8Q) — C**(8Q) defined
by

(4.6) (Du), ef S(n, Du) g, * Du.
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We show that the above operator satisfies the required conditions. We accordingly
consider a point z; € 80 and function u such that Du(z;) — Da(z:) = an(z:)
where a > 0. The claim that S(n, Du)p, * Du(z1) - i(z1) > Da(z,) - 7i(z;) follows
from routine calculations once one notes that we can assume without loss of generality
that ¢, * Du(z1) -7 < 0, since otherwise the desired result holds with any nonnegative
constant. We can similarly assume that ||¢q * Du — Du|| 5 < 51/2, since §(n, Du) =0
otherwise, leading trivially to the desired result.

To show that (S(n, Du)p, * Du(z;) — Da(z1)) - gp < 0, note that S < s2(n, Du).
Since Du(z:) = Da(z1)+an(z1) where a 2 0, it follows that (Sy, * Du — Da)(z;) =
(8§ —1)(Da+an)(z1) — S(Du — @y * Du)(21) + ai(z,), so

(S¢q* Du— Da)(z1) - gp = (S — 1)Da - gp + aSi(z1) - gp — S(Du — oy * Du)(z1) - gp
<($—1)7+ 5 ||Du — ¢y x Dully.g llgplly, 4 < O-

The constructed approximation therefore satisfies the first two conditions required.
The third condition follows trivially from the corresponding result for the original molli-
fier, since S(n, Du) € [0,1] is constant. We now need only show that the last condition,
the convergence result, holds. This follows since for any continuous Du, as 1 goes to
zero, ||py * Du ~ Dul|, 5 also goes to zero, so from (4.4) it follows that S(n, Du) — 1
as 7 — 0 (since 7 > 0 is constant) giving the convergence result from the equivalent
result for the standard mollifier. 0

PrOOF OF THEOREM 3.1. We consider the problem

(4.7) C_—qu(’f )_ 6)(Du),(z) + o@w(z))) ) (g>

and obtain the desired homotopy by showing first that for some choice of 6,7, La and
Ly, there are no solutions of (4.7) on the boundary of T x A for any 4 € {0,1]. We
then show that the above transformation is sufficiently smooth in 8. This is sufficient
since the above equation is clearly of the form ‘Identity - compact’ for all 4 € [0,1].

Clearly (u,w) € 8(T x A) implies w € A while u € T, or u € 8T while w € A.
We begin by considering the former of the two possibilities.

We therefore wish to choose 1-1;,7,LA and Ly in such a way that there can-
not exist a solution (ug,wq) to (4.7) where wp € A and up € T. We can there-
fore assume that a, < uo(z) < P and |luofl, .g < Lr, and that either there
exists an z; € 00 such that wo(z1) = a(z1) or B(z1), while |lwoll;, 90 € La,
or [lwoll, .60 = La while a(z) < we(z) < B(z) on 0. To consider the first of
these subcases, we therefore assume that there exists a point z; € 0 such that
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wo(z1) = a(z,) while ““’0“1,,;;60 < La. We recall that Lemma 2.14 allows us to
embed (Duo), in the strongly inwardly pointing operator ifh,,,,, where ¥, € SIP(R)
for all R> R; > 0. Let ¥ € SIP(R,). Therefore (1 — 6)¥, + 89w, € SIP(R) for
R > maz{ Ro,R,}. Since the boundary operator g(z,z,p) is BD compatible with «
and B, we may choose R suitably large while preserving the property that g(z, z,p) is
R-compatible with & and #. By Definition 2.5, we may therefore choose an arbitrarily
large La such that wqo — q(z,(l - 0)\iowo + o‘iwo) # 0, since wg € A. Therefore

wo — q(z,(l — 0)(Duo),, + O\iwo) Z0.

We now consider the other subcase. As before, we choose ¥ € ST P(R) for some
suitably large R. For notational convenience, we denote such a suitable R by Cy , and
recall that C;, is the constant specified in Theorem 2.12. We shall also use the notation

0(4) ¥ {(2,p) € 82 x R™ | |p| < A}

From (4.7)

lwolly, pon = Hq(‘”’ (1-6)(Dw), + H\iwo) Hl,p;an

4.8 ¥
(48) <O Ml o scp) (1+ 0 - D), + 0], )

< Co(1 4+ Cp + Cy),

where C; is a constant determined by ¢(-) and C, + Cy. By the BD compatibility of
the boundary operator with @ and f , one may choose La 2> Cq4(1 + Cy + Cy), while
preserving the results of the preceding subcase.

We now turn to the task of preventing solutions on that portion of (T x A) which
corresponds to ug € 8T, while wy € A.

As with A, uo € 8T implies either the existence of a point zo € £ such that
up(zo) = a, or B, while ”"0”1,7;0 £ Ly, or alternatively ”"‘0”1.-1;0 = Ly while
a, € up(z) € B on Q. The first option is ruled out by the proof of Lemma 4.7, so we
consider the second subcase. The established bound on La gives a C***(8) bound on
solutions, so a result for the Dirichlet problem by Krylov in [5] (see also [12]) gives (for
some 0 < B < p) a bound on [|lug|l, g5 in terms of La. Ly is chosen to be greater
than this bound, and « is chosen to be 3.

It has now been shown that there are no solutions of (4.7) on the boundary of
T x A for any 8 € [0,1]. There is a homotopy for the Leray-Schauder degree since the
transformation (4.7) can easily be shown to be sufficiently continuous as a function of

6. 0
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PROOF OF THEOREM 3.3. We recall the definition of T(u,w) from (2.14), and define
To(-,-) on T x A by taking Tg(u,w) to be the solution v of the linear partial differential

equation

[667(z,u, Du) + (1 - 6)67] Dijv + 6b(z,u,Du) =0 in Q)

4.9
(49) v(z) = w(z) on 89,

and consider solutions to the problem

(4.10) (: _ Z Eiu;‘j)) - (g)

It is clear that Ti(u,w) = T(u,w), and Ty(u,w) = W(w). We show the homotopy
independence of Ty(:,-) for a suitable choice of v,La and Ly. The first step is again
to show that for some choice of 4, La, and Ly, there are no solutions on the boundary
of T x A for any 8 € [0,1]. By choosing the strongly inwardly pointing operator ¥ as
in the previous homotopy, we exclude the possibility of solutions where wy € 8A.

If uo € 8T while wo € A, either there exists a point zo € @ such that uo(zo) = .
or B, while |[uo|l, .q € L, or ||uoll; .o = Lx while a. < uo(z) < B. on Q. This
first case is ruled out by a result given separately after the current proof.

Using the same choice of La as used in Theorem 3.1, we now rule out the second
possibility by choosing suitable values of Ly and . We again do this by an application
of the Krylov result for the Dirichlet problem to obtain ||ul|, ;5 < C, where the
constants C, v are independent of §. We choose Ly > C and v £ 3.

We have now shown that there are no solutions on the boundary of T x A for any
6 € [0,1], and it remains to show that (4.10) is sufficiently continuous in 8. We write
the equation in the form (I — Kg)(u,w) = (0,0) and show that given an ¢ > 0 and D
a bounded subset of T x A, there exists a §(¢, D) > 0 such that

Ko (w,w) — Ko(u,w)l| = [ Te(w,w) = To(w, @)y ya S €5

for any (u,w) € D if |t —s| < §. Let v(-) denote Ti(u,w), and w(-) denote T,)(u,w).
We see that ¢ = v — w satisfies
bij(z)Dijq =(s—t)e(z) inf

4.11)
( qg=0 on 990,

where ¢(z) def b(z,u,Du) + [b*(z,u, Du) — 6] D;jw, and b:j(:c) def tb'i (z,u, Du) +
(1 — t)8% . We note that for (u,w) € D, bJ(-) € c(Q).
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To derive the desired a priori bound one may apply the Intermediate Schauder
estimates of [3, Theorem 6.2] to obtain

—-(1+ -(14
”qulmﬂ = |¢I|1.£-y;(;) <C 'qlz-i(-a-y‘/y%;n < Colt -5,

as desired.

We therefore have the desired homotopy for the Leray-Schauder degree. 0

LEMMA 4.1. Let (u,w) be such that v = Tg(u,w) and w € A. Then a, <
u(z) < B.(x) for any 6 € [0,1].

PROOF: The result holds for § = 1 by the proof of Lemma 4.7, and for # = 0 by
the maximum principle. We therefore assume that § € (0,1), and consider u = Tg(u,w)
such that there exists a point z; € Q where (u — a.)(z) has a non-positive minimum.
Since u(-) = w(-) on 89, z, € Q. Therefore Du(z1) = 0, and Au(z;) > 0. By the
nature of the 4" and b (recalling the construction of the differential operator K ), we
have
(4.12)

b (z1,u, Du)Diju + b(z1,u, Du) = a¥(z1,a(z1),0)D;ju(z;) + |a(z1,a(z1),0)| + €

2 |a(z1,a(z1),0)| +€ > 0.

But since [6b"(z,u, Du)+ (1 — 8)6*] D;ju+0b(z,u,Du) =0 in Q and Au(z;) >0,
it follows from 8 € (0,1) that b*(zy,u,Du)D;ju + b(z1,u,Du) < 0, contradicting
(4.12). The desired result then follows. a

ProoF OoF THEOREM 3.4.
We consider the problem

() )

We again show that the Leray-Schauder degree is independent of § by first showing
that there are no solutions on the boundary of the set T x A for a suitable choice of
~v,La and Ly, and by then showing that the above problem is sufficiently continuous
in 8.

As before, we need only consider the case where uo € 9T, while wg € A. If for
some 6 € [0,1] there exists a solution up of (4.13) such that ue(z,) = a., for some
z, € Q, then

(4.14) ue(z1) = a, = (1 — OOW{wo)(z1) + IWe(z1),

which is impossible since both Wy and W(wo) lie strictly between infg a(z) and
supg ().
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Recalling the constant C used as Ly in Theorem 3.3, we redefine Ly to be

Ly e + |Ws|. It is clear that with this choice of Ly, if uo = (1 — )W (wo) + W,

then [|uol|, ..q < Ly for any 6 € [0,1].

We have now shown that there are no solutions on the boundary of T x A for
any 6 € [0,1]. The uniform continuity with respect to § can be shown trivially, so the
desired homotopy has been constructed. a

CONCLUDING REMARKS. It may be possible to relax the regularity conditions imposed
upon G by further use of mollifiers, bringing this aspect of the results more in line with
the results in [8]. This option has not been pursued here since many of the techniques
used would be dramatically complicated.
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